Note: This rendition of the Elements is only a progress report. I still have years of work on it to do. However, one of the main 
objects of this report is in finding me a wife. I need help. Even if she only cooks, cleans house, and runs interference with the 
social environment — it would still be of great help. Sadly, I am currently 63. 

Self Note: No rants, not even mentions of linguistic failure in man today. It is not conductive nor relevant. 

I have three volumes, Glyphs 1, Glyphs 2, and Glyphs 3, each corresponding to the number of variables in the equations. 
Each broken down into 4 chapters. Each work of glyphs over 1000 demonstrations it appears. Then I have to go back over all of 
it, for the first pass is exploratory, to study how things can be used in problem solving. 

AUL (A Universal Language) Revision Started 2012_0916. Have also been engaged in other projects, particularly the audio- 
book project. 

The Elements. 

This work is not a replacement for the Elements of Euclid — in fact, in order to comprehend the origins of 
this work, one should be familiar with that work. I will, however, make as plainly as possible the concept 
behind the Elements of Euclid, which is also the foundation of the Platonic dialogs, in the works of Aristotle, 
and even certain metaphors in the Judeo-Christian Scripture. The most available source of the doctrine is in 
a simple definition of "thing" and is exampled even in living biology. 

The human mind is one of a group of environmental acquisition systems of a living organism. It has a 
specific job it is evolving to accomplish and specific means of doing that job. The means is language. There are 
two, and only two, primitive branches of reasoning, Logics and Analogies which is derived from a simple 
binary distinction — "is" and "is not" and even Absolute and Relative. Eventually one will come to understand 
that the more correct so called theory of Relativity was not presented by Einstein, but by Euclid. 

Whenever one hears of ancient beliefs in what the elements were once considered to be, one hears of 
earth, air, fire, and water. Why, when presented with two theories, only the one a moron would believe in 
becomes the one exampled is beyond me. There was another competing belief at the time which was in fact, 
ahead of the thinking even of today. It was a Two-Element Metaphysics. Yet it would be even safe to say that 
the Two-Element Metaphysics is intimated in some of the metaphors of the Judeo-Christian Scripture. The 
"two-witnesses" of "God" and even here, 

John 1: 1 In the beginning was the Word, and the Word was with God, and the Word was God. 

"was God," and "with God." If one has had an introduction to Set Theory, the same concept is expressed in 
another way, there are two and only two methods of constructing a set, enumeration and definition. Form and 
material, shape and that which is within the shape. 

One might also see the Two-Element Metaphysics being referenced in such obscure passages as, 

"And he said, Hear now my words: If there be a prophet among you, I the LORD will make myself known unto him in 
a vision, and will speak unto him in a dream." 

There are two, and only two elements of every thing, form and the material in that form — and if we are 
ever to do our job as mind, we must become proficient in both classes of reasoning, for Logics are derived 
from forms, and Analogies from material. It will turn out that for most of the history of philosophy, mankind 
was wrong in believing that Logics are superior to Analogies. One will come to understand that Logics are 
particular, where Analogies are Universal. And eventually, one will stop wondering why what men call "God" 
seems to communicate in a manner we find either odd, or strange, or even mad. These "visions" are 
analogies — a universal ways of communicating. They do not demand a particular response, but how we 
response reveals us at our very core. It is not that these visions are an inferior method of communicating, 
they are in fact far superior. It is, however, my belief, that if one cannot master Logic, they cannot master 



Analogic. The defect in mental ability will be expressed in both branches — simultaneously. The defect is 
actually due to our position on a scale of evolution of the mind itself. 

In a small part of this work, I will outline the Elements as expressed in both Logics and Analogies. The 
majority of this work is for a simple foundation for the study of the Logic of simple Algebra and the application 
of Geometry focused on proportion. One can look at the various demonstrations as "propositions," as short 
stories, as a dictionary of this Analogical glyph language, a dictionary of plug in functions for the language or 
as a method of curing insomnia. For me, I hope it is a workbook. The first pass is mainly exploratory. The 
second pass I hope to make will explore using what was learned for applications in problem solving. 

Physical Foundation. 

The most universal foundation of the Two-Element Metaphysics is contained in the definition of anything. 
Everything has material within some boundary. One can simply say that a thing is some container of 
something contained. One can call the material one element, and the boundary the other element. Everything 
is comprised of these two elements. It does not matter how big or how small these things are. At the 
foundation of true language competence is manipulating these two facts in reasoning itself. Understanding is 
not in the claim, no matter how fancy the words, or how involved they are, that contradiction is diction — 
Einsteinian gibberish is still gibberish. 

One of the most important things to be able to grasp and keep in mind is that neither a things form, nor a 
things material, is a thing. To make a thing, these two elements must both be present — some difference, some 
material, in some form. This is as simple as it gets — it is at the foundation of all forms of reasoning. 

Biological Foundation. 

Environmental Acquisition Systems 

Every living organism survives by crafting things it needs for survival from its environment. Even the act 
of feeding is, itself, a crafting act. 

Definition: An environmental acquisition system of a living organism is that system of an organism which 
must acquire something from the environment and process that which it has acquired for a product 
that maintains and promotes the life of that organism. 

Those Systems that Acquire Material. 

1) The Digestive-System. 

2) The Manipulative-System. 

3) The Respiratory-System. 

Those Systems that Acquire Form. 

4) The Ocular-System. 

5) The Vestibular-System. 

6) The Procreative-System. 

7) The Judgmental- System. 

Complement. 

A thing and its two elements is the foundation of our biology, and of all craft, and language is a craft. We 
make things by the manipulation of material and form. If a system abstracts material from a thing, then that 



system must impose a new form on that material in order to make some thing. If a system abstracts form 
from a thing, that system must supply material to that form in order to make some thing. Language is then 
divided into these two primitive groups — Logics and Analogies. 

Logics have forms as a given. Those forms are words, names, numbers, symbols, and the material 
supplied to those forms make things. If the material is not present, then we do not know what the symbols, 
the names, the words, make. It is traditional to use the word mean, when I just used make. Mean, however, is 
not the correct word. The material for Logics are experiences. Without experience — which comes from 
objective reality, the words cannot possibly make anything, but what is needed to be made, by definition of an 
environmental acquisition system is behavior that maintains and promotes the life of the body. The preceding 
is a critique of current educational systems. It is typical for those who are mentally defective to deliberately 
play a shell game with the experiences that are to be contained within the form of any particular word. One 
can contrast this with someone like Confucius, Plato, Christ, etc, persons who advocated that consistency, 
standards, were the only way to make these systems functional. It is on this level that one can see who 
promotes and who actually demotes functionality and thus our ability to do our job. 

Analogies have material as a given. Those materials must have forms imposed upon them to make things. 
One of the most easily accessible analogic is that which is called geometry. The Language of Geometry is the 
figure itself. Thus whatever logic that is paired with geometry is determined by the subset of geometry 
targeted. In my work, I use elementary algebra. Analogies only require the assertion of boundaries, which are 
not, in of themselves differences. One can denote this simply as "A point is that which has no part." but if the 
concept of the Two-Element Metaphysics does not reside within the mind, one cannot comprehend even that 
simple statement. One can note this lack of comprehension — this lack of linguisitic ability, when one hears 
such things as "a line is composed of an infinite number of points." etc, in other words, the smallest ball 
bearings we can imagine. As if one can wave a knife in the air an infinite number of times and make a salad. 

Another piece of rubbish is the claim that at some mythical place called infinity, parallel lines meet. Now 
in a two dimensional system, one only has two, and only two differences. How one conceives of them, 
orientation-wise, is irrelevant. Thus one can say, at some mythical place in a two-dimensional system, one 
dimension disappears. So why not length? Why not say that at some mythical place called infinity, length 
disappears and I am there now, unable to side-step the ax coming down on my own head? So many things 
spoken as gospel only denote not a greater linguistic ability, but a lesser one. Take another self- referential 
fallacy, the geometry of a sphere, etc. One must first postulate a three dimensional object in order to claim 
that two dimensional operations are impossible. What rubbish. Fools speak all the time, however, one should 
learn when to call them fools and when to leave them to their madness. Words cannot cure them. 

Fallacies result in thought when concepts are not abstracted. Displacement occurs and concepts are 
replaced by what one does, not by what is understood. Many believe that a line is that which is drawn, when 
in fact, what we scribble may be called linear functions, but not lines. 

Logics require standards of experience in order to create a language. Those experiences are the material 
encapsulated if you will, in those forms before they can make a thing. That thing one can call understanding. 
In Logics, the material for any form differs in accordance with a persons experiences. Logics are therefore 
particular ultimately to the individual unless those experiences are standardized. Standardization of 
experience for words do take place, for example, standards of weights and measures is one system of 
standardizing logic systems. Common grammars are logic systems. 

Analogies require standards for the application of form in order create a language. In traditional geometry, 
that standard has been straight edge and compass. One can expand this to include any instrument that 



renders one, and only one difference between two points. In so doing, one will note that it sets the same 
standard for a language that simple arithmetic does — a unit standard. One may also note, that without this 
concept, the geometry I posit here would not be possible. One may see that what I have done here is bring 
into fruition something that has been sought for since almost the creation of geometry itself. A standardized 
language for doing what is called mathematics. 

I did not do this work because I am a mathematician. I am not. I do not do this work because I am, by 
definition a prophet, that would be foolish as it would be hard to find anyone who had any understanding on 
that score. I do it because it is my job as a mind to function in accordance with standards of language itself. 

As a thing is composed of both material and form, education itself is only possible with teaching which 
includes both branches of reasoning together in what was once called a formal system. A logic paralleling an 
analogic. One can slowly instill the importance of this linguistic, this living functional duality, on rudimentary 
levels, by simple habits, such as involve what appear to be disparate and strange habits of diet, like chewing 
the cud and having cloven hoofs. Material and form, the two witnesses of any possible "God" for language, 
and the principles of language, is the only power a mind can ever know. 

Analogies need to be studied. As mind is responsible for behavior in any creature, and since the principles 
of language are universal, it is these principles which are the foundation for behavior in a truly aware species. 
Thus moral, ethical, sane behavior is demonstrably abstracted from the principles of language itself, on earth, 
or in the heavens. All constitutions, all human behavior, have the same foundation. Man simply does not yet 
know how savage and primitive it is. 

The Equation 

Note: I will not apologize for that fact that common grammar has really never been taught. And that 
presently I will not get into it. This work is only a progress report. 

In the common grammar of English, for example, we have only three possible fundamental categories of 
names. The names of things, the names of a things forms, and the names of a things material difference. 

This also gives us two naming conventions. We can name things directly, or we can name things as a 
combination of material and form. Let us call the one convention where we name things directly, Subjects and 
the convention where we build the name of a thing by naming its parts, predicates. 

Thus we have sentences which can have no subjects, no predicates, or subject and predicate. The same is 

true of an equation. 

10 20 
If I say N = 32. The sentence has no predicates. Both N and 32 are subjects. If I say ~^r = —, I have a 

W + N 
sentence with no subject, both are predicates. If I say, R = N _ 1 , I have the subject, R and the predicate, 

N 2 + N 
N _ .. . N being the material and the structure itself the form imposed upon that material. This predicate is 

equal to the subject, R — which stands for Results. Thus, even in Algebra, we have two fundamentally distinct 
naming conventions — just as we do in common grammar. Common grammar has evolved many ways to add 
together these units of predication and also sentence types often into what appear to be single sentences. But 
what is true of any logic, one starts with a name, and the product is always a name. 



An Introduction to Analogic. 

We use language to do our job as mind; that job being to maintain and promote the life of the body. And since the mind 
manipulates virtual things, it does so by example. 

"Socrates: At the Egyptian city of Naucratis, there was a famous old god, whose name was Theuth; the bird which is called the Ibis is sacred to 
him, and he was the inventor of many arts, such as arithmetic and calculation and geometry and astronomy and draughts and dice, but his great 
discovery was the use of letters. Now in those days the god Thamus was the king of the whole country of Egypt; and he dwelt in that great city of 
Upper Egypt which the Hellenes call Egyptian Thebes, and the god himself is called by them Ammon. To him came Theuth and showed his 
inventions, desiring that the other Egyptians might be allowed to have the benefit of them; he enumerated them, and Thamus enquired about their 
several uses, and praised some of them and censured others, as he approved or disapproved of them. It would take a long time to repeat all that 
Thamus said to Theuth in praise or blame of the various arts. But when they came to letters, This, said Theuth, will make the Egyptians wiser and 
give them better memories; it is a specific both for the memory and for the wit. Thamus replied; O most ingenious Theuth, the parent or inventor of 
an art is not always the best judge of the utility or inutility of his own inventions to the users of them. And in this instance, you who are the father of 
letters, from a paternal love of your own children have been led to attribute to them a quality which they cannot have; for this discovery of yours will 
create forgetfulness in the learners souls, because they will not use their memories; they will trust to the external written characters and not 
remember of themselves. The specific which you have discovered is an aid not to memory, but to reminiscence, and you give your disciples not truth, 
but only the semblance of truth; they will be hearers of many things and will have learned nothing; they will appear to be omniscient and will 
generally know nothing; they will be tiresome company, having the show of wisdom without the reality." Plato 

"For it is sense-perception alone which is adequate for grasping the particulars: they cannot be objects of scientific knowledge, because neither can 
universals give us knowledge of them without induction, nor can we get it through induction without sense-perception." Aristotle 

"We conclude that these states of knowledge are neither innate in a determinate form, nor developed from other higher states of knowledge, but 
from sense-perception." Aristotle 

The early Greeks were exploring the fact that there are two and only two elements of anything — a things form and a things material 
difference. And, so, there are two, and only two, primitive systems of reasoning. I call one Logic and the other Analogic. One of these 
branches produces particular systems of reasoning, the other produces universal systems of reasoning. And since the principles of 
language are the same throughout all of reality, which do you suppose would be used for communication? Logics, which are 
particular, or Analogies, which are universal? 

What do the visions of the prophets have in common with dreams? What do the so called miracles of Christ have to do with either? 
And what do all of these have to do with Euclidean Geometry? They are all analogies. 

As a thing is composed of its two elements, material and form, so too is the thing called a Formal System. A Formal System is a 
Logic paired with an Analogic. And, as the elements of a thing, make one and only one thing, each system of reasoning, if properly 
executed, can only say one and the same thing. 

Within the works of Aristotle is a fundamental truth of language — one cannot say a thing both is and is not — every imaginable 
error in reasoning violates this principle. It is binary. Aristotle stated that if one cannot perform this function in reasoning, one is 
equivalent to a vegetable. Now, I will go so far as to say that one may be a Caesar Salad, but still, in the realm of reasoning, when we 
predicate that a thing both is and is not, they are on par with a vegetable. This is true because there are two predicates, and the name 
of a thing is equal to the names of that things forms and the names of the material difference in those forms. Thus we have two 
naming conventions in common grammar. 

One may see how absurd it is to state that parallel lines meet at a mythical place called infinity. It is the same as saying that a 
triangle is both equal to itself and not equal to itself. Even if one could not comprehend the propositions, it should have been realized 
that one cannot say that one can have a 2 but not a 1, i.e. in a two dimensional system, one cannot have one of those dimensions — i.e. 



one and only one difference between two lines. But no, violating the first principles of reasoning by so-call great reasoners, is, as 
Aristotle pointed out, an oxymoron. There is more salad in our schools than can be measured. 



Basic 



These are basic operations in the Analogic of Geometry. 
Complete Induction. 




Addition and Subtraction. 



Ni = 2.15789 
N 2 = 4.52632 
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Multiplication and Division. 

N x = 1.26531 
N 2 = 2.76531 
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The Square, Reciprocal and Root. 

1 N 



N = 1.77778 



N 2 -R! = 



R 7 -JN = 




With simple tools of analogic, one can construct some of the most complex equations with simple straight-edge and compass. 




N t = 1.95977 
N 2 - 2.48822 

Vi = 0.81873 vl = 0.96113 



DF = 2.31303 
/ / (N 3 »-N.»)*vl' \ 



And one can project directly the wave or curve of the equation. 

The following is chapter one of glyphs that one plug into the tree or one can use them as language themselves, for each is the same 
as the equation it performs. 

There may be countless numbers of these plug in modules constructible. I will only work on a couple thousand. This work is 
scheduled for 12 chapters. This is the shortest. At this time videos on the work can be found on the Internet Archive under 
johnclark8659 and on YouTube under Philosopher8659. 
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BOOK I. 

Definitions. 

1 . a point is that which has no part. 

2. a line is breadthless length. 

3. The extremities of a line are points. 

4. a straight line is a line which lies evenly with the 
points on itself. 

5. a surface is that which has length and breadth 

ONLY. 

6. The extremities of a surface are lines. 

7. a plane surface is a surface which lies evenly with 
the straight lines on itself. 

8. a plane angle is the inclination to one another of 
two lines in a plane which meet one another and do not lie 
in a straight line. 

9. And when the lines containing the angle are 
straight, the angle is called rectilineal. 

10. When a straight line set up on a straight line makes 
the adjacent angles equal, to one another, each, of the 
equal angles is right, and the straight line standing on 
the other is called a perpendicular to that on which it 

STANDS. 

1 1 . An obtuse angle is an angle greater than a right 

ANGLE. 

12. An acute angle is an angle less than a right angle. 

13. a boundary is that which is an extremity of 
anything. 

14. a figure is that which is contained by any boundary 
or boundaries. 

15. a circle is a plane figure contained by one line 
such that all the straight lines falling upon it from one 
point among those lying within the figure are equal, to 
ONE another; 

16. And the point is called the centre of the circle. 

17. a diameter of the circle is any straight line drawn 
through the centre and terminated in both directions by 
the circumference of the circle, and such a straight line, 
also, bisects the circle. 

18. a semicircle is the figure contained by the 
diameter and the circumference cut off by it. and the 
centre of the semicircle is the same as that of the circle. 

19. Rectilineal figures are those which are contained 
by straight lines, trilateral figures being those 
contained by three, quadrilateral those contained by 



four, and multilateral those contained by more than 
four straight lines. 

20. Of trilateral figures, an equilateral triangle is 
that which has its three sides equal, an isosceles 
triangle that which has two of its sides alone equal, and 
a scalene triangle that which has its three sides unequal. 

21. Further, of trilateral figures, a right-angled 
triangle is that which has a right angle, an obtuse-angled 
triangle that which has an obtuse angle, and an acute- 
angled triangle that which has its three angles acute . 

22. Of quadrilateral figures, a square is that which is 
both equilateral and right-angled; an oblong that which 
is right-angled but not equilateral; a rhombus that which 
is equilateral but not right-angled; and a rhomboid that 
which has its opposite sides and angles equal, to one 
another but is neither equilateral nor right-angled. and 
let quadrilaterals other than these be called trapezia. 

23. Parallel straight lines are straight lines which, 
being in the same plane and being produced indefinitely in 
both directions, do not meet one another in either 
direction. 



Postulates. 

Let the following be postulated: 

1 . to draw a straight line from any point to any point. 

2. to produce a finite straight line continuously in a 
straight line. 

3. to describe a circle with any centre and distance. 

4. That all right angles are equal, to one another. 

5. That, if a straight line intersecting two straight 
lines make the interior angles on the same side less than 
two right angles, the two straight lines, if produced 
indefinitely, meet on that side on which are the angles 
less than the two right angles. 



Common Notions. 

1. Things which are equal, to the same thing are, also, 
equal, to one another. 

2. If equals be added to equals, the wholes are equal. 

3. If equals be subtracted from equals, the 
remainders are equal. 

[7] 4. Things which coincide with one another are 
equal, to one another. 

[8] 5. The whole is greater than the part. 



Notes. 

Definition 1. 

a point is that which has no part. 



Notes. 

Definition 2. 

a line is breadthless length. 



Notes. 

Definition 3. 

The extremities of a line are points. 



Notes. 

Definition 4. 

a straight line is a line which lies evenly with the points 
on itself. 



Notes. 

Definition 5. 

a surface is that which has length and breadth only. 



Notes. 

Definition 6. 

The extremities of a surface are lines. 



Notes. 

Definition 7. 

a plane surface is a surface which lies evenly with the 
straight lines on itself. 



Notes. 

Definition 8. 

a plane angle is the inclination to one another of two 
lines in a plane which meet one another and do not lie in a 
straight line. 



Notes. 

Definition 9. 

And when the lines containing the angle are straight, 
the angle is called rectilineal. 



Notes. 

Definition 10. 

When a straight line set up on a straight line makes the 
adjacent angles equal, to one another, each, of the equal 
angles is right, and the straight line standing on the other 
is called a perpendicular to that on which it stands. 



Notes. 

Definition 11. 

An obtuse angle is an angle greater than a right angle. 



Notes. 

Definition 12. 

12. An acute angle is an angle less than a right angle. 



Notes. 

Definition 13. 

a boundary is that which is an extremity of anything. 



Notes. 

Definition 14. 

a figure is that which is contained by any boundary or 
boundaries. 



Notes. 

Definition 15. 

15. a circle is a plane figure contained by one line such 
that all the straight lines falling upon it from one point 
among those lying within the figure are equal, to one 
another; 



Notes. 

Definition 16. 

16. And the point is called the centre of the circle. 



Notes. 

Definition 17. 

a diameter of the circle is any straight line drawn 
through the centre and terminated in both directions by 

the circumference of 0and such a straight line, also, 
bisects the circle. 



Notes. 

Definition 18. 

a semicircle is the figure contained by the diameter and 
the circumference cut off by it. and the centre of the 
semicircle is the same as that of the circle. 



Notes. 

Definition 19. 

19. Rectilineal figures are those which are contained 
by straight lines, trilateral figures being those contained 
by three, quadrilateral those contained by four, and 
multilateral those contained by more than four straight 

LINES. 



Notes. 

Definition 20. 

20. Of trilateral figures, an equilateral triangle is 
that which has its three sides equal, an isosceles triangle 
that which has two of its sides alone equal, and a scalene 
triangle that which has its three sides unequal. 



Notes. 

Definition 21. 

21. Further, of trilateral figures, a right-angled 
triangle is that which has a right angle, an obtuse-angled 
triangle that which has an obtuse angle, and an acute- 
angled triangle that which has its three angles acute. 



Notes. 

Definition 22. 

Of quadrilateral figures, a square is that which is both 
equilateral and right-angled; an oblong that which is 
right-angled but not equilateral; a rhombus that which is 
equilateral but not right-angled; and a rhomboid that 
which has its opposite sides and angles equal, to one 
another but is neither equilateral nor right-angled. and 
let quadrilaterals other than these be called trapezia. 



Notes. 

Definition 23. 

Parallel straight lines are straight lines which, being in 
the same plane and being produced indefinitely in both 
directions, do not meet one another in either direction. 



Notes. 

Postulate 1. 

Let the following be postulated: to draw a straight 
line from any point to any point. 



Notes. 

Postulate 2. 

to produce a finite straight line continuously in a 
straight line. 



Notes. 

Postulate 3. 

to describe a circle with any centre and distance. 



Notes. 

Postulate 4. 

That all right angles are equal, to one another. 



Notes. 

Postulate 5. 

That, if a straight line intersecting two straight lines 
make the interior angles on the same side less than two 
right angles, the two straight lines, if produced 
indefinitely, meet on that side on which are the angles less 
than the two right angles. 



Notes. 

Common Notion 1. 

Things which are equal, to the same thing are, also, 
equal, to one another. 



Notes. 

Common Notions 2. 

2 . If equals be added to equals, the wholes are equal. 



Notes. 

Common Notions 3. 

3. If equals be subtracted from equals, the remainders 
are equal. 



Notes. 

Common Notion 4. 

Things which coincide with one another are equal, to 
one another. 



Notes. 

Common Notion 5. 

The whole is greater than the part. 



Proposition 1. 




BOOK I. 
PROPOSITIONS. 



On a given finite straight line 
to construct an equilateral 
triangle. 



E 



Let, 

ab be given. 



Thus it is required, 
to construct an equilateral triangle on ab. 

[Post. 3] 

With, 

centre, a, and distance, ab, let, 

©AB, be described; 

[Post. 3] again with, 

centre, b, and distance, ba, let, 

QBA, be described; 

[Post. 1] and from, 
the point, c, in which 

the circles intersect one another, to a, b, let, 
describe ca, and cb. 

[def. 15] now, since, 

a, is the centre of qab, ac = ab. 

[Def. 15] Again since , 

b, is the centre of qba, bc = ba. 

But, 

AC = AB; 

[C. N. 1] THEREFORE, 

AC = AB, BC = AB. And, 

THINGS WHICH ARE EQUAL, TO THE SAME THING, ARE, ALSO, 
EQUAL, TO ONE ANOTHER; 

THEREFORE, 

CA = CB. 

Therefore, 

ca, ab, bc, are equal, to one another. 



Therefore, 

AABC, is equilateral; and 

it has been constructed on 

the given finite straight line, ab. 

(Being) what it was required to do. 



Proposition 2. 




to place, at a given point (as 
an extremity), a straight line 
equal, to a given straight line. 

Let, 

a and bc, be given,, 

F 

Thus it is required, 
to place, at a, 
e a line equal, to bc. 

[Post. 1] 

From, 
A, to B, 
describe ab\ and 

[i. 1] on it let, 

the equilateral adab, be constructed. 

[Post. 2] Let, 

ae, bf, be described collinear with da, db\ 

[Post. 3] with, 

centre, b, and distance, bc, let, qbc, be described; 

[Post. 3] and again, with, 

centre, d, and distance, dg, let, 

QDG, be described. 

Then, since, 

b, is the centre of qbc, bc = bg. 

Again, since, 

d, is the centre of qdg, dl = dg, 

And, in these, 
DA = DB; 

[C.N. 3} 

THEREFORE, 

THE REMAINDERS, AL = BG. BUT, ALSO, 

BC=BG; 

THEREFORE, 

AL = BG, BC = BG. 
[C.N.I] And, 



Things which are equal, 

to the same thing are, also, equal, to one another; 

therefore, 
AL = BC. 

Therefore, 

at a, al, is placed equal, to bc. 

(Being) what it was required to do. 




Proposition 3. 



Given two unequal straight lines, 
to subtract from the greater, a 
straight line equal, to the less. 

Let, 

ab, c, be given, 

B 

AND LET, 

f ab be the greater of them . 

Thus it is required, 
to subtract from ab, c, the less. 

[i. 2] [Post. 3] Let, 

AT A, AD = C; AND WITH CENTRE, A, AND DISTANCE, AD, 
LET, 

©AD, BE DESCRIBED. 

[DEF. 15] NOW, SINCE, 

A, IS THE CENTRE OF QAD, AE = AD. But, C = AD. 

[C. N. 1] 

Therefore, 

AE = AD,C = AD; 

SO THAT, 

AE= C. 

Therefore, 

given ab, c, from, 

ab, the greater, 

ae has been cut off equal, to c, the less. 

(Being) what it was required to do. 





Proposition 4. 

If two triangles have the two sides equal, to two sides 
a d respectively, and have the 

angles contained by the equal 
straight lines equal, they will, 
also, have the base equal, to 
the base, the triangle will be 
equal, to the triangle, and the 
remaining angles will be equal, 

to the remaining angles respectively, namely those which 

the equal sides subtend. 

Let, 

hABC, hDEF, have 

AB = DE, and AC = DF, and zBAC = aEDF. 

I SAY THAT; 

BC = EF, kABC = kDEF, and 

THE REMAINING ANGLES WILL BE EQUAL, TO 
THE REMAINING ANGLES RESPECTIVELY, 

NAMELY, 

THOSE WHICH THE EQUAL SIDES SUBTEND, 

THAT IS, 

zABC = ^DEF, aACB = ^DFE. 
For, if, 

AABC, BE APPLIED TO hDEF, 

AND IF, 

A, BE PLACED ON THE POINT, D, AND AB, ON DE, 

THEN, 

B, WILL, ALSO, COINCIDE WITH E, BECAUSE, 

AB = DE. 

Again, 

ab coinciding with de, 

ac, will, also, coincide with df, because, 

ABAC = aEDF; 

HENCE, ALSO, 

C, WILL COINCIDE WITH F, BECAUSE, 

AC = DF. 
But, also, 



B COINCIDED WITH E\ 
HENCE, 

bc, will coincide with ef. 

[For if, 

when b coincides with e and 

C WITH F, 

BC, DOES NOT COINCIDE WITH EF. 

THEN, 

TWO STRAIGHT LINES WILL ENCLOSE A SPACE: WHICH, 
IS IMPOSSIBLE. 

[C. N. 4] 

Therefore, 

bc, will coincide with, ef\ and 
will be equal, to it. 

Thus, 

the whole aabc, will coincide with 

the whole adef, and will be equal, to it. 

And, 

the remaining angles will, also, coincide with 
the remaining angles, and will be equal, to them, 

^ABC = ^DEF, ^ACB = ^DFE. 

Therefore etc. 

(Being) what it was required to prove. 



Proposition 5. 

A 




In isosceles triangles the angles at 
the base are equal, to one another, and, if 
the equal straight lines be produced 
further, the angles under the base will 
be equal, to one another. 



[Post. 2] 

Let, 

abc be an isosceles triangle having 
AB = AC; 

AND LET, 

BD, CE, BE PRODUCED FURTHER, 
COLLINEAR WITH AB, AC. 

I SAY THAT; 

zABC = zACB, zCBD = zBCE. 

Let, 

f, be asserted at random, on bd; 

[1.3] 

LET FROM, 

ae, the greater, ag = af, the less; 
[Post. 1] 

AND LET, 

FC, GB. 

Then, since, 

AF = AG, and AB = AC, 
FA = GA, AC = AB; and 

zFAGis COMMON. 

Therefore, 

FC = GB, AAFC = kAGB, and 

THE REMAINING ANGLES 

WILL BE EQUAL, TO THE REMAINING ANGLES, RESPECTIVELY, 

NAMELY, 

THOSE WHICH THE EQUAL SIDES SUBTEND, 

[1.4] 

THAT IS, 

zACF= zABG, zAFC= zAGB. 



And, since, 

af=ag, and in these, 
ab = ac, the remainders, 
BF = CG. But, 
FC= GB; 

THEREFORE, 

BF= CG,FC= OB; and 
zBFC = zCGB, while 
BC is common to them; 

THEREFORE, 

&BFC = ACG£, and 

THE REMAINING ANGLES WILL BE EQUAL, TO 
THE REMAINING ANGLES, RESPECTIVELY, 

NAMELY, 

THOSE WHICH THE EQUAL SIDES SUBTEND; 

THEREFORE, 

zFBC = zGCB, and zBCF = zCBG. 

Accordingly, since, the whole 

zABG = zACF, AND IN THESE 
zCBG = zBCF,THE REMAINING, 

zABC = zACB; and they are at the base of 

AABC. But, 

zFBC = zGCB; and they are under the base. 

Therefore etc. 

Q.E. D. 



A 




Proposition 6. 

If in a triangle two angles be equal, to 
one another, the sides which subtend the 
equal angles will, also, be equal, to one 

ANOTHER. 

Let, 
C AABC, have ^ABC = ^ACB; 

I SAY THAT; 

AB = AC. For, if, 
AB*AC, 

THEN, 

one of them is greater. 

Let, 

AB be greater; 

AND LET FROM, 

AB, THE GREATER, 
DB = AC, THE less; 

LET, 

dc be described. 

Then, since, 

DB = AC, AND 
.BC IS COMMON, 

DB = AC, BC = CB; and ^DBC = ^ACB; 

THEREFORE, 

DC = AB, and &DBC = kACB, 

the less to the greater: which, 
is absurd. 

Therefore, 
AB = AC; 

Therefore etc. 

Q.E. D. 



Proposition 7. 

Given two straight lines constructed on a straight line 
{from its extremities) and meeting in a 
c t point, there cannot be constructed on the 
y/v di same straight line {from its extremities), 
/ y/\> \ and on the same side of it, two other 
// ^\ straight lines meeting in another point 

' \ and equal, to the former two 

a b respectively, namely each to that which 

has the same extremity with it. 

For, if possible, given, 

AC, CB, 

CONSTRUCTED ON AB, AND INTERSECTING AT C, 
LET, 

AD, DB, 

BE CONSTRUCTED, ON AB, ON THE SAME SIDE OF IT, 

INTERSECTING AT D, AND 

EQUAL, TO THE FORMER TWO, RESPECTIVELY, 

NAMELY, 

EACH TO THAT WHICH HAS THE SAME EXTREMITY WITH IT, 

SO THAT, 

CA = DA, 

WHICH, 

HAS THE SAME EXTREMITY, A, WITH IT, AND 

CB = DB, WHICH HAS THE SAME EXTREMITY, B, WITH IT; 

AND LET, 

CD BE DESCRIBED. 

[1.5] 

Then, since, 

AC = AD, aACD = aADC; therefore, 

aADC > ^DCB; therefore, 

zCDB, IS MUCH GREATER THAN zDCB. AGAIN, SINCE, 

CB = DB, zCDB = zDCB. But, 

IT WAS, ALSO, PROVED MUCH GREATER THAN IT: 
WHICH, 

is impossible. 

Therefore etc. 

Q.E. D. 





Proposition 8. 

If two triangles have the two sides equal, to two sides 

respectively, and have, also, the 
base equal, to the base, they 
will, also, have the angles equal 
which are contained by the 
equal straight lines. 

Let, 
AABC, ADEFhave 

AB = DE, AC= DF, and 
BC = EF; 

I SAY THAT; 

zBAC = zEDF. 
For, if, 

AABC, BE APPLIED TO ADEF, 

AND IF, 

B, BE PLACED ON E, AND 

BC, on EF, 

C, WILL, ALSO, COINCIDE WITH F, 
BECAUSE, 

BC = EF. 

Then, 

bc coinciding with ef, 

ba, ac will, also, coincide with ed, df, 

FOR, IF, 

BC, COINCIDES WITH EF, AND 

BA, AC, DO NOT COINCIDE WITH, ED, DF, 

BUT, 

FALL BESIDE THEM AS EG, GF, 

THEN, 

GIVEN TWO STRAIGHT LINES CONSTRUCTED ON 
A STRAIGHT LINE (FROM ITS EXTREMITIES) , AND 
MEETING IN A POINT, 

THERE WILL HAVE BEEN CONSTRUCTED ON 
THE SAME STRAIGHT LINE (FROM ITS EXTREMITIES), AND 
ON THE SAME SIDE OF IT, 

TWO OTHER STRAIGHT LINES MEETING IN ANOTHER POINT, AND 
EQUAL, TO THE FORMER TWO, RESPECTIVELY, 



NAMELY, 

EACH TO THAT WHICH HAS THE SAME EXTREMITY WITH IT. 

[1.7] 

But, 

they cannot be so constructed. 

Therefore, 

it is not possible that, 

IF, 

BC, BE APPLIED TO EF, 

BA, AC, SHOULD NOT COINCIDE WITH ED, DF, 

THEREFORE, 

THEY WILL COINCIDE, 

SO THAT, 

zbac, will, also, coincide with 
zedf, and will be equal, to it. 
If therefore etc. 



Q.E. D. 




Proposition 9. 

a to bisect a given rectilineal angle. 

Let, 

aBAC, be 

the given rectilineal angle. 

b f c Thus it is required, 

to bisect it. 

Let, 

d, be asserted at random, to ab\ 

[1.3] let, from ac, 
AE, = AD; 

LET, 

DESCRIBE DE, AND ON DE, 

LET, 

THE EQUILATERAL ADEF, BE CONSTRUCTED; 

LET, 

af be described. 
i say that; 

zbac, has been bisected with af. 

For, since, 

ad = ae, and afls common, 

the two sides, DA = EA, AF= AF. And, 

DF= EF; 

THEREFORE, 

zDAF = zEAF. 

Therefore, 

the given rectilineal zbac, 

has been bisected with the straight line, af. 

Q. E. F. 



Proposition 10. 



c 



D 



B 



\ l / 



v 



to bisect a given finite straight line. 

Let, 

ab be given. 

Thus it is required, 
to bisect AB. 

[i. 1] 

Let, 



THE EQUILATERAL AABC, BE DESCRIBED, 

[1.9] 

AND LET, 

^ACB, be bisected with CD; 

i say that; 

ab, has been bisected at d. 

For, since, 

ac = cb, and cd is common, 

AC = BC, CD = CD; and ^ACD = ^BCD; 
[1.4] 

THEREFORE, 

AD = BD. 

Therefore, 

ab has been bisected at d. 



Q. E. F. 



Proposition 11. 

f to draw a straight line at right 

angles to a given straight line from 
a given point on it. 



~ B LET > 

AB BE GIVEN, 

AND, 

c given on it. 

Thus it is required, 

to draw from c, a line at right angles to ab. 

Let, 

d, be asserted at random, of ac; 

[1.3] LET, 

CE = CD; 

[I. 1] LET, 

ON DE, THE EQUILATERAL AFDE, BE DESCRIBED, 

AND LET, 

FC be described; 

i say that; 

fc, has been drawn at 

right angles to ab, from c, on it. 

For, since, 
DC= CE, 

AND, 

CF IS COMMON, 

DC = EC, CF = CF; and DF = FE; 
[1.8] 

THEREFORE, 

zDCF = zECF; and they are adjacent angles. 

[Def. 10] 

But, 

when a straight line set up on a straight line makes 
the adjacent angles equal, to one another, 
each, of the equal angles is right; 

therefore, 

each, of \-dcf, \-fce, is right. 



Therefore, 

cf, has been drawn at right angles to ab, 
from c, on it. 

Q. E. F. 



Proposition 12. 



F 



TO A GIVEN INFINITE STRAIGHT 
LINE, FROM A GIVEN POINT WHICH IS 
NOT ON IT, TO DRAW A PERPENDICULAR 
STRAIGHT LINE. 



H . 


E 


B 




D 






Let, 

ab be the given infinite 








STRAIGHT LINE, AND 


• 


l 




C, THE GIVEN POINT WHICH IS 
NOT ON IT; 



thus it is required, 

to draw, to the given infinite straight line, ab, 
from the given point, c, which is not on it, 
a perpendicular straight line. 

For let, at random, 
d, be taken on 
the other side of ab, and 
with centre, c, and distance, cd, 

[Post. 3] let, 

QCD, be described; 

[I. 10] LET, 

the eg, be bisected, at h, 

[Post 1] and let, 

cg, ch, ce, be described. 

i say that; 

ch has been drawn perpendicular to ab, from 
c, which is not on it. 

For, since, 

gh= he, and hcls common, 
GH = EH, HC = HC; and CG = CE; 

[I. 8] THEREFORE, 

^CHG= ^EHC. 

And they are adjacent angles. 

[Def. 10] But, 

when a straight line set up on a straight line makes 
the adjacent angles equal, to one another, 
each, of the equal angles is right, and 



the straight line standing on 

the other is called a perpendicular to that 

on which it stands. 

Therefore, 

ch has been drawn perpendicular to ab, from 
c, which is not on it. 

Q. E. F. 



Proposition 13. 
e a 




If a straight line set up on a 
straight line make angles, it will 
make either two right angles or 
angles equal, to two right angles. 



c For let, 

AB, SET UP ON CD, MAKE 

zCBA, zABD; 

I SAY THAT; 

zCBA, zABD, ARE EITHER TWO RIGHT ANGLES, OR 

EQUAL, TO TWO RIGHT ANGLES. 
NOW, IF, 

zCBA = zABD, 

[DEF. 10] THEN, 

THEY ARE TWO RIGHT ANGLES. 

[i. 11] But, if not, let, 

be, be drawn from b, at right angles, to cd; 

therefore, 

\-cbe, \-ebd, are two right angles. 

Then, since, 

zCBE= zCBA + zABE, 

LET, 

zEBD, BE ADDED TO EACH; 

[C. N. 2] THEREFORE, 

zCBE + zEBD = CBA + ABE + EBD. 

Again, since, 

zDBA = zDBE + zEBA, 

LET, 

zABC, BE ADDED TO EACH; 

[C. N. 2] THEREFORE, 

zDBA + zABC, = zDBE + zEBA + zABC. 

[C.N.I] But, 

zCBE + zEBD, were, also, proved equal, to 



THE SAME THREE ANGLES; AND 

THINGS WHICH ARE EQUAL, TO THE SAME THING ARE ALSO 

EQUAL, TO ONE ANOTHER; 

THEREFORE, 

zCBE + zEBD = zDBA + zABC. 

But, 

zCBE + zEBD, are two right angles; 

therefore, 

zdba + abc, are, also, equal, to two right angles. 

Therefore etc. 

Q.E. D. 



Proposition 14. 




If with any straight line, and at a 
point on it, two straight lines not 
lying on the same side make the 
adjacent angles equal, to two right 
angles, the two straight lines will be 
in a straight line with one another. 



For, let 

with any ab, and at b, on it, bc, bd, 
not lying on the same side, make 
the adjacent angles, abc, abd, equal, to 
two right angles; 

i say that; 

bd is collinear with cb. for, if, 
bd is not collinear with bc, let, 
be, be collinear with cb. 

[i. 13] Then, since, 

AB, INTERSECTS CBE, 

A ABC + A ABE, ARE EQUAL, TO TWO RIGHT ANGLES. BUT, 

zABC + zABD, ARE, ALSO, EQUAL, TO TWO RIGHT ANGLES; 

[Post. 4 and C. N. 1] therefore, 
zCBA + ABE = zCBA + zABD. 

Let, 

zcba, be subtracted from each; 

[c. n. 3] therefore, 

the remaining, zabe = abd, the less to the greater: 

WHICH, 

is impossible. 

Therefore, 

be is not collinear with cb. 

Similarly, we can prove that, 

neither is any other straight line except, bd. 

Therefore, 

cb is collinear with bd. 

Therefore etc. 

Q.E. D. 



Proposition 15. 




If two straight lines intersect one 

another, they make the vertical 
c 

ANGLES EQUAL, TO ONE ANOTHER. 



B For let, 

AB, CD, INTERSECT ONE ANOTHER AT E\ 
I SAY THAT; 

zAEC = zDEB, and zCEB = zAED. 

For, since, 

ae, intersects cd, making zcea, zaed, 

[I. 13] 

zcea + zaed, are equal, to two right angles. 

Again, since, 

de, intersects ab, making zaed, zdeb, 

[I. 13] 

zAED + zDEB, are equal, to two right angles. 

But, 

zCEA + zAED, were, also, proved equal, to 

TWO RIGHT ANGLES; 

[Post. 4 and C. N. 1] therefore, 
zCEA + zAED = zAED + zDEB. 

Let, 

zaed, be subtracted from each; 

[C. N. 3] 
THEREFORE, 

THE REMAINS, zCEA = zBED. 

Similarly, it can be proved that, 
zCEB= zDEA. 

Therefore etc. 

Q.E. D. 

[PORISM. 



From this it is manifest that, if two straight lines 
intersect one another, they will make the angles at the 
point of section equal, to four right angles.] 



Proposition 16. 




In any triangle, if one of the 
sides be produced, the exterior 
angle is greater than either of the 
interior and opposite angles. 

Let, 

AABC, 

AND LET, 

ONE SIDE OF IT, BC, 
BE PRODUCED TO D\ 

I SAY THAT; 

THE EXTERIOR zACD, IS GREATER THAN EITHER OF 

THE INTERIOR AND OPPOSITES, zCBA, zBAC. 

[i. 10] Let, 

AC 

"2", AT E. 

AND LET, 

BE, BE DESCRIBED, AND PRODUCED TO F) 

[1.3] LET, 

EF=BE. 

[Post. 1] let, 

fc be described, 

[Post. 2] and let, 

ac be drawn through to g. 

Then, since, 

AE = EC, and BE = EF, 

AE = CE, EB = EF; and zAEB = zFEC, 

[i. 15] FOR, 

THEY ARE VERTICAL ANGLES. 

[i. 4] Therefore, 

AB = FC, and &ABE = ACFE, and 

THE REMAINING ANGLES ARE EQUAL, TO 
THE REMAINING ANGLES, RESPECTIVELY, 

NAMELY, 

THOSE WHICH THE EQUAL SIDES SUBTEND; 



THEREFORE, 



zBAE = zECF. 

[C. N. 5] But, 

zECD > zECF; therefore, 

zACD > zBAE. 
[i. 15] Similarly also, if, 

BC BE BISECTED, zBCG, 

THAT IS, 

zACD, CAN BE PROVED GREATER THAN 

zABC, AS WELL. 

Therefore etc. 

Q. E. D. 



Proposition 17. 




In any triangle, two angles 
taken together in any manner 
are less than two right angles. 



B c D Let, 

AABC; 

i say that; 

two angles of aabc, taken together, 

in any manner, are less than two right angles. 

[Post. 2] 

For let, 

bc be produced to d. 

Then, since, 

zacd, is an exterior angle of aabc, it is greater than 

the interior and opposite angle, abc. 
Let, 

zacb, be added to each; 

therefore, 

zACD + zACB > zABC + zBCA. 

[1.13] But 

zacd + zacb, are equal, to two right angles. 

Therefore, 

zabc + zbca, are less than two right angles. 

Similarly we can prove, also, that, 

zbac + zacb, are less than two right angles, and 

SO ARE zCAB + zABC, AS WELL. 

Therefore etc. 

Q.E. D. 



Proposition 18. 




In any triangle the greater 
side subtends the greater 

ANGLE. 

For let, 

hABC have AC > AB; 

I SAY THAT; 

zABC > zBCA. 

For, since, 
AC > AB, 

[1.3] LET, 

AD = AB. 

AND LET, 

BD BE DESCRIBED. 

[i. 16] Then, since, 

zADB, IS AN EXTERIOR ANGLE OF 

ABCD, IT IS GREATER THAN THE INTERIOR AND OPPOSITE, 

zDCB. 

But, 

aADB = aABD, 

SINCE, 

AB = AD; 

THEREFORE, 

zABD > ^ACB; 

THEREFORE, 

zABC, IS MUCH GREATER THAN zACB. 

Therefore etc. 

Q.E. D. 




Proposition 19. 

A In any triangle the greater angle is 

subtended by the greater side. 

Let, 

kABC have ^ABC > zBCA; 

I SAY THAT; 

AC > AB. 

For, if not, 
AC < AB. 

Now, 

AC*AB; 

[I. 5] FOR THEN, 

^ ABC = ^ACB; but, it is not; 

THEREFORE, 

AC^AB. Neither is 
AC < AB, 

[I. 18] FOR THEN, 

a ABC < aACB, but, 
IT IS not; 

THEREFORE, 

AC * AB. And, 

it was proved that it is not equal either. 

Therefore, 
AC > AB. 

Therefore etc. 

Q.E. D. 



Proposition 20. 

In any triangle two sides taken 
together in any manner are greater than 
the remaining one. 



D 




For let, 
AABC; 

I SAY THAT; 

IN AABC, TWO SIDES TAKEN TOGETHER, 
IN ANY MANNER, ARE GREATER THAN THE REMAINING ONE, 



NAMELY, 




BA + AO 


BC, 


AB+BC> 


AC, 


BC+ CA> 


AB. 


For let, 




BA BE DRAWN THROUGH TO D, 


LET, 




DA = CA, 




AND LET, 




DC BE DESCRIBED. 



[i. 5] Then, since, 

DA = AC, zADC = zACD; 

[C. N. 5] THEREFORE, 

zBCD > ^ADC. 

[i. 19] And, since, 

ADCB has aBCD > aBDC, and 

THE GREATER ANGLE IS SUBTENDED BY THE GREATER SIDE, 
THEREFORE, 

DB > BC. 

But, 

DA = AC; 

THEREFORE, 

BA + AC > BC. 

Similarly, also, we can prove that, 
AB+ BO CA, and BC+ CA> AB. 

Therefore etc. 

Q.E. D. 




Proposition 21. 

If on one of the sides of a triangle, from its extremities, 

there be constructed two straight 
lines meeting within the triangle, the 
straight lines so constructed will be 
less than the remaining two sides of 
the triangle, but will contain a 

c GREATER ANGLE. 

LET, 

ON BC, ONE OF THE SIDES OF AABC, FROM, 

ITS EXTREMITIES, B, C, BD, DC, BE CONSTRUCTED, 
MEETING WITHIN THE TRIANGLE; 

I SAY THAT; 

BD,DC<BA,AC, 

BUT, 

contain an ^bdc > ^bac. 

For let, 

bd be drawn through to e. 

[I. 20] 

Then, since, 

in any triangle, 

two sides are greater than the remaining one, 

therefore, 

in AABE, AB + AE> BE. 

Let, 

ec be added to each; 

therefore, 

BA + AC > BE + EC. 

Again, since, 

in ACED, CE+ ED> CD, 

LET, 

DB BE ADDED TO EACH; 

THEREFORE, 

CE+ EB> CD+ DB. 

But, 

BA + AC > BE + EC; 



THEREFORE, 

BA + AC ARE MUCH GREATER THAN BD + DC. 

[I. 16] 

Again, since, 

in any triangle, 

the exterior angle is greater than 

the interior and opposite angle, 

therefore, 

IN ACDE, THE EXTERIOR aBDC > aCED. 

For the same reason, moreover, 

in habe, also, the exterior zceb > ^bac. 

But, 

aBDC> aCEB; 

therefore, 

the zbdc is much greater than zbac. 

Therefore etc. 



Q.E. D. 



Proposition 22. 

Out of three straight lines, which are equal, to three 
given straight lines, to construct a triangle: thus it is 
necessary that two of the straight lines taken together in 
any manner should be greater than the remaining one. [i. 





Let, 

be given a, b, c, 

AND LET, 

OF THESE, TWO TAKEN TOGETHER, IN ANY MANNER, 
BE GREATER THAN THE REMAINING ONE, 

NAMELY, 

A + B>C,A+C>B, and, B+ C> A; 

thus it is required, 

to construct a triangle, 

out of lines, equal to, a, b, c. 

Let, 

there be set out de, terminated at d, 

BUT, 

OF CONVENIENT LENGTH IN THE DIRECTION OF E, 

[1.3] 

AND LET, 

DF= A, FG = B, and GH = C. 

LET, 

WITH CENTRE, F, AND DISTANCE, FD, 

QFDK, be described; 

AGAIN, LET, 

WITH CENTRE, G, AND DISTANCE, GH, 

QGHK, be described; 

AND LET, 

KF, KG, be described; 



i say that; 

akfg, has been constructed, 

out of three lines, equal to, a, b, c. 

For, since, 

f, is the centre of qfdk, fd = fk. 

But, 

FD = A; 

THEREFORE, 

KF=A. 
Again, since, 

g, is the centre of qghk, gh = gk. 

But, 

GH= C; 

THEREFORE, 

KG= C.And,FG=B; 

therefore, 

the three, kf, fg, gk, are equal, to 
the three, a, b, c. 

Therefore, 

out of KF, FG, GK, which, are equal, to, A, B, C, 

AKFG, HAS BEEN CONSTRUCTED. 

Q. E. F. 



Proposition 23. 

On a given straight line and at a point on it to construct 
a rectilineal angle equal, to a given rectilineal angle. 

D 
C. 



Let, 

ab be given, a the point on it, and 

zDCE, THE GIVEN angle; 

THUS IT IS REQUIRED, 

TO CONSTRUCT ON AB, AND AT A, ON IT, 

AN ANGLE EQUAL, TO zDCE. 
AT RANDOM, LET, 

on CD, CE, D, E, be taken; respectively 

LET, 

DE BE DESCRIBED, 

[I. 22] AND, 

OUT OF THREE LINES, WHICH ARE EQUAL, TO 
THE THREE LINES, CD, DE, CE, 

LET, 

AAFG, BE CONSTRUCTED, 

IN SUCH A WAY, THAT, 

CD = AF, CE = AG, and further, DE = FG 

[i. 8] Then, since, 

DC = FA, CE = AG, and DE = FG, 

zDCE = zFAG, 

Therefore, 

on ab, and at a, on it, 

zfag, has been constructed, 
equal to, the given zdce. 



QEF 




Proposition 24. 

If two triangles have the two sides equal, to two sides 

respectively, but have the one 
of the angles contained by the 
equal straight lines greater 
than the other, they will, also, 
have the base greater than the 

BASE. 

Let, 
AABC, ADEFhave 
AB = DE, and AC = DF, 

AND LET, 

A AT A > A AT D; 

I SAY THAT; 

BC > EF. 
For, since, 

zBAC > zEDF, 

LET, 

THERE BE CONSTRUCTED, ON DE, 

[I. 23] AND, 

AT D, ON IT, aEDG = aBAC; 

LET, 

DG BE MADE EQUAL, TO EITHER OF AC, OR DF, 

AND LET, 

EG, FG BE DESCRIBED. 

[1.4] 

Then, since , 

AB = DE, and, AC = DG, 
BA = ED, AC = DG; and 

aBAC = aEDG; 

THEREFORE, 

BC = EG. 
[i. 5] Again, since, 

DF= DG, aDGF= aDFG; therefore, 

aDFG > aEGF. Therefore, 



^efg, is much greater than ^egf. 

And, since, 

AEFGhas ^EFG> ^EGF, 

[I. 19] AND, 

THE GREATER ANGLE IS SUBTENDED BY THE GREATER SIDE, 

EG > EF. But, 
EG =BC. 

Therefore, 
BC > EF. 

Therefore etc. 

Q.E. D. 



Proposition 25. 

If two triangles have the two sides equal, to two sides 

respectively, but have 
n the base greater than the 

A D 

^V ] K BASE, THEY WILL, ALSO, 

/ Nw / N. HAVE THE ONE OF THE 

I N. / ^y ANGLES CONTAINED BY THE 

N^ / ^^ EQUAL STRAIGHT LINES 

B c E p GREATER THAN THE OTHER. 

Let, 

A ABC, ADEFhave AB = DE, and AC = DF, 

AND LET, 

BC > EF; 

I SAY THAT; 

aBAC > zEDF. For, 

IF NOT, THEN, 

zBAC < zEDF. 

Now, 

zBAC^zEDF; 

[I. 4] FOR THEN, 

BC = EF, but, 
IT IS not; 

THEREFORE, 

zBAC^ zEDF. AGAIN, NEITHER IS 

zBAC < zEDF; 

[I. 24] FOR THEN, 

BC < EF, but, it is not; 

THEREFORE, 

zBAC < zEDF. 

But, 

it was proved that it is not equal either; 

therefore, 

zBAC > zEDF. 

Therefore etc. 

Q.E. D. 



Proposition 26. 

If two triangles have the two angles equal, to two 
angles respectively, and one side equal, to one side, namely, 
either the side adjoining the equal angles, or that 
r- -<* subtending one of the 

equal angles, they will, 
also, have the remaining 
sides equal, to the 
remaining sides and the 
remaining angle to the 
remaining angle. 




Let, 

hABC, ADEFhave 

zABC = ^DEF, and zBCA = z EFD; 

AND LET, 

THEM, ALSO, HAVE ONE SIDE EQUAL, TO ONE SIDE, 
FIRST THAT ADJOINING THE EQUAL ANGLES, NAMELY, 

BC = EF; 

I SAY THAT; 

THEY WILL, ALSO, HAVE THE REMAINING SIDES EQUAL, TO 
THE REMAINING SIDES, RESPECTIVELY, NAMELY, 

AB = DE, and 
AC = DF, AND 
THE REMAINING ANGLE TO THE REMAINING ANGLE, NAMELY, 

zBAC = ^EDF. 

For, if, 
AB^DE, 

one of them is greater. 

Let 

ab be greater, 

AND LET, 

BG = DE; 

AND LET, 

gc be described. 

Then, since, 

BG = DE, and BC = EF, 
GB = DE, BC = EF; and 

^GBC= ^DEF; 



[1.4] 

THEREFORE, 

GC = DF, and AGBC = ADEF, and 

THE REMAINING ANGLES WILL BE EQUAL 
TO THE REMAINING ANGLES, 

NAMELY, 

THOSE WHICH THE EQUAL SIDES SUBTEND; 

THEREFORE, 

zGCB = zDFE. But by hypothesis, 

zDFE = zBCA; therefore, 

zBCG = zBCA, the less to the greater: 

WHICH, 

is impossible. 

Therefore, 

AB = DE, But, 
BC = EF; 

THEREFORE, 

AB = DE, BC = EF, and zABC = zDEF; 

[1.4] 
therefore, 

ac = df, and the remaining, zbac = zedf. 

Again, let, 

the sides subtending equal angles be equal, as 
AB = DE; 

I SAY AGAIN THAT, 

THE REMAINING SIDES WILL BE EQUAL, TO 
THE REMAINING SIDES, 

NAMELY, 

AC = DF, and BC = EF, 

AND FURTHER, 

THE REMAINING, zBAC = zEDF. 

For, if, 

BC^EF, THEN, 

one of them is greater. 

Let, if possible, 
bc be greater, 



AND LET, 

BH=EF; 

LET, 

ah be described. 

Then, since, 

BH = EF, and AB = DE, 

AB = DE, BH= EF, and, they contain equal angles; 

[1.4] 

THEREFORE, 

AH = DF, and 
hABH= hDEF, and 

THE REMAINING ANGLES WILL BE EQUAL, TO 

THE REMAINING ANGLES, NAMELY, 

THOSE WHICH THE EQUAL SIDES SUBTEND; 

THEREFORE, 

zBHA = zEFD. But, 
zEFD = zBCA; 
[I. 16] 

THEREFORE, 

IN AAHC, THE EXTERIOR 

zBHA = THE INTERIOR, AND OPPOSITE zBCA: 
WHICH, 

is impossible. 

Therefore, 
BC = EF, 

But, 

AB = DE; 

THEREFORE, 

AB = DE, BC = EF, and they contain equal angles; 
[1.4] 

THEREFORE, 

AC = DF, AABC = kDEF, and 

THE REMAINS, zBAC = zEDF. 

Therefore etc. 

Q.E. D. 



Proposition 27. 
A e/ B 




If a straight line intersecting 
two straight lines make the 
alternate angles equal, to one 
another, the straight lines will be 
parallel to one another. 



For let, 

ef, intersecting ab, cd, make the alternates, 

zAEF, zEFD, equal, to one another; 

I SAY THAT; 

AB || CD. For, 

IF NOT, 
THEN, 

ab, cd, when produced, will meet either in 
the direction of b, d, or towards a, c. 

Let, 

them be produced and meet, 
in the direction of b, d, at g. 

[i. 16] Then, 

IN AGEF, THE EXTERIOR 

zAEF = THE INTERIOR AND OPPOSITE zEFG: 
WHICH, 

is impossible. 

Therefore, 

ab, cd when produced will not meet in 
the direction of b, d. 

Similarly it can be proved that, 

neither will they meet towards a, c. 

[Def. 23] 

But 

straight lines, 

which do not meet in either direction, are parallel; 

therefore, 
AB || CD. 

Therefore etc. 

Q.E. D. 




Proposition 28. 

If a straight line intersecting two straight lines make 

the exterior angle equal, to the 
interior and opposite angle on 
the same side, or the interior 
angles on the same side equal, to 
two right angles, the straight 
d lines will be parallel to one 
f another. 

For let, 
ef, intersecting ab, cd, make 

the exterior zegb equal to 

the interior and opposite zghd, or, 
the interior angles on the same side, 

NAMELY, 

zBGH + zGHD, EQUAL, TO TWO right angles; 

I SAY THAT; 

AB || CD. For, since, 

zEGB = zGHD, [i. 15] while, 

zEGB = zAGH, zAGH = zGHD; and they are alternate; 

[I. 27] THEREFORE, 

AB || CD. Again, since , 

zBGH+ zGHD, are equal, to two right angles, 

[I. 13] AND, 

zAGH+ zBGH, are, also, equal, to two right angles, 

zAGH + zBGH = zBGH + z GHD. 

Let, 

zbgh, be subtracted from each; therefore, 

THE REMAINS, zAGH = zGHD; AND 
THEY ARE ALTERNATE; 

[I. 27] 

THEREFORE, 

AB || CD. 

Therefore etc. 

Q.E. D. 




Proposition 29. 

a straight line intersecting 
parallel straight lines makes the 
b alternate angles equal, to one 
another, the exterior angle 
equal, to the interior and 
opposite angle, and the interior 

D 

angles on the same side equal, to 
f two right angles. 

For let, 
ef, intersect the parallel straight lines, ab, cd; 

i say that; 

it makes the alternates, zagh = zghd, 
the exterior to the interior and opposite, 
zEGB, = zGHD, and 

THE INTERIOR ANGLES ON THE SAME SIDE, 
NAMELY, 

zBGH+ zGHD, equal, to two right angles. 

For, if, 

zAGH^ zGHD, one of them is greater. 

Let, 

zAGH, BE GREATER. 

Let, 

z bgh be added to each; 

therefore, 

zAGH+ zBGH, > zBGH+ zGHD. 

[i. 13] But 

zAGH+ zBGH, are equal, to two right angles; 

THEREFORE, 

zBGH+ zGHD, are less than two right angles. 

[Post 5] But, 

straight lines, produced indefinitely, from, 
angles less than two right angles, meet; 

therefore, 

ab, cd, if produced indefinitely, will meet; 



BUT, 

they do not meet, because, 

by hypothesis, they are parallel. 

Therefore, 

zAGH= zGHD, 

[i. 15] Again, 

zAGH = zEGB; 

[C. N. 1] THEREFORE, 

zEGB= zGHD. 

Let, 

zbgh, be added to each; 

[c. n. 2] therefore, 

zEGB+ zBGH = zBGH + zGHD. 

[i. 13] But, 

zEGB + zBGH, are equal, to two right angles; 

THEREFORE, 

zBGH + zGHD, are, also, equal, to two right angles. 

Therefore etc. 

Q. E. D. 



Proposition 30. 




Straight lines parallel to the 
b same straight line are, also, 
parallel to one another. 

p Let, 

AB || EF, CD || EF, 

I SAY THAT; 



AS || CD. 

For let, 

gk, intersect them. 

[I. 29] 
Then, since, 

GXn {AB || EF), ^4GFf = ^GHF. 

[i. 29] Again, since, 

GFfn [EF\\ CD), zGHF = zGKD. But 

zAGK= zGHF; 

[C. N. 1] THEREFORE, 

zAGK = zGKD; and they are alternate. 

Therefore, 
AB || CD. 



Q.E. D. 



Proposition 31. 



E 



B 



Through a given point to 
draw a straight line parallel to 
p a given straight line. 

Let, 
, a, be the given point, and, 

c bc, the given straight line; 

thus it is required, to draw 
through the point, a, 
a line parallel to bc. 

Let, at random, 

on bc, d be taken, 

AND LET, 

AD be described; 
[i. 23] 

LET, 

ON DA, AND A, ON IT, aDAE = aADC; 

AND LET, 

af, be produced, collinear with ea. 
Then, since, 

AD,n {BC, EF), has made the alternates, 

zEAD = zADC. 

[I. 27] THEREFORE, 

EAF\\BC, 

Therefore, 

through a, and parallel to bo, eaf, has been drawn. 

Q. E. F. 



Proposition 32. 

A E 




In any triangle, if one of the 
sides be produced, the exterior 
angle is equal, to the two interior 
and opposite angles, and the three 
interior angles of the triangle are 
equal, to two right angles. 



Let, 

&ABC, 

AND LET, 

ONE SIDE OF IT, BC, BE PRODUCED TO D; 

I SAY THAT; 

THE EXTERIOR, zACD = 

THE TWO INTERIOR AND OPPOSITES, zCAB + zABC, AND 
THE THREE INTERIOR ANGLES OF THE TRIANGLE, 

zABC + zBCA + zCAB = 2l. 

[i. 31] For let, 

ce || ab, through the point, c, 

[i. 29] Then, since, 

{AB || CE) n AC, the alternate angles, aBAC = aACE. 

[i. 29] Again, since, 

{AB || CE) n BD, the exterior, 

zecd = zabc, the interior and opposite. 

But, 

zACE = zBAC; 

THEREFORE, 

THE WHOLE, zACD = zBAC + zABC, 

the two interior and opposite angles. 
Let, 

zacb, be added to each; 

therefore, 

zACD + zACB = zABC + zBCA + zCAB. 

[i. 13] But, 



^ACD + ^ACB, are equal, to two right angles; 

THEREFORE, 

^ABC + ^BCA + ^CAB, are, also, equal, to 
two right angles. 

Therefore etc. 

Q.E. D. 



Proposition 33. 




The straight lines joining equal 
and parallel straight lines {at the 
extremities which are) in the same 
directions {respectively) are 
themselves, also, equal and 
parallel. 



Let, 

AB = CD, AB || CD, 

AND LET, 

AC, BD, JOIN THEM (AT THE EXTREMITIES WHICH ARE) 
IN THE SAME DIRECTIONS (RESPECTIVELY) ; 

I SAY THAT; 

AC = BD, and AC || BD. 

Let, 

bc be described. 

[i. 29] Then, since, 

ab || cd, and bc intersects them, 

the alternates, ^abc = ^bcd. 

And, since, 

ab = cd, and bc is common, 

AB = DC, BC = CB; and ^ABC = ^BCD; 

[I. 4] THEREFORE, 

AC = BD, and AABC = hDCB, and 

THE REMAINING ANGLES WILL BE EQUAL, TO 

THE REMAINING ANGLES, RESPECTIVELY, NAMELY, 

THOSE WHICH THE EQUAL SIDES SUBTEND; 

THEREFORE, 

^ACB= ^CBD. 

[i. 27] And, since, 

BC n {AC, BD) has made 

THE ALTERNATE ANGLES EQUAL, TO ONE ANOTHER, 

AC || BD, AC = BD 

Therefore etc. 

Q.E. D. 




Proposition 34. 

In parallelogrammic areas the 

A B 

opposite sides and angles are equal, 
to one another, and the diameter 
bisects the areas. 

Let, 

BACDB, and BC its diameter; 

I SAY THAT; 

THE OPPOSITE SIDES AND ANGLES OF 

BACDB, ARE EQUAL, TO ONE ANOTHER, AND 

THE DIAMETER, BC, BISECTS IT. 

[i. 29] For, since, 

AB || CD, AND BC, INTERSECTS THEM, 
THE ALTERNATES, ^ABC = ^BCD. 

[i. 29] Again, since, 

AC || BD, AND BC INTERSECTS THEM, 
THE ALTERNATES, ^ACB = ^CBD. 

[i. 26] Therefore, 
AABC, ADCBhave 

zABC = ^DCB, ^BCA = zCBD, and 

ONE SIDE EQUAL, TO ONE SIDE, 

NAMELY, 

THAT ADJOINING THE EQUAL ANGLES, AND 
COMMON TO BOTH OF THEM, BO, 

THEREFORE, 

THEY WILL, ALSO, HAVE THE REMAINING SIDES EQUAL, TO 

THE REMAINING SIDES, RESPECTIVELY, AND, 

THE REMAINING ANGLE TO THE REMAINING ANGLE; 

THEREFORE, 

AB = CD, AC= BD, and further, 
zBAC= ^CDB. 

[C. N. 2] And, since, 

^ABC = zBCD, zCBD, TO ^ACB, 

THE WHOLE, ^ABD = ^ACD. And, 



zBAC= zCDB. 

Therefore, 

in parallelogrammic areas, the opposite sides and 
angles are equal, to one another. 

i say, next, that; 

the diameter, also, bisects the areas. 

For, since, 

ab= cd, and bc is common, 

the two sides, 

AB = DC, BC = CB; and zABC = zBCD; 

[I. 4] THEREFORE, 

AC = DB, and AABC = ADCR 

Therefore, 

the diameter, bc, bisects the parallelogram, acdb. 

Q.E. D. 




Proposition 35. 

Parallelograms which are on the 
a same base and in the same parallels 

are equal, to one another. 

Let, 

BABCD, BEBCF, be on the same 

BASE, BC, AND IN THE SAME PARALLELS, AF, BO, 
I SAY THAT; 

BABCD = BEBCF. 

[i. 34] For, since, 

BABCDm, AD = BC. 

[C. N. 1] For the same reason also, 
EF=BC, 

SO THAT, 

AD = EF; and 
DEis common; 

[C. N. 2] THEREFORE, 

THE WHOLES, AE = DF. 

[i. 34] But, 
AB = DC; 

[I. 29] THEREFORE, 

EA = FD, AB = DC, and 

zFDC = zEAB, THE EXTERIOR TO THE INTERIOR; 
[I. 4] THEREFORE, 

EB = FC, and AEAB, = AFDC. 

Let, 

dge be subtracted from each; 

[c. n. 3] therefore, 

the trapeziums which remain, abgd = egcf. 

Let, 

agbc, be added to each; 

[c. n. 2] therefore, 

the wholes, BABCD = BEBCF. 

Therefore etc. 

Q.E. D. 



Proposition 36. 

Parallelograms which 

A ¥1 I* W 

i 1 >*\ ~^\ ARE ON EOUAL BASES AND IN 

/ 1/S \ X \ THE SAME PARALLELS ARE 

/ ^S^T ^S\ \ EQUAL, TO ONE ANOTHER. 

b c f g Let, 

BABCD, BEFGH, 

WHICH ARE ON EQUAL BASES, BC, FG, AND 
IN THE SAME PARALLELS, AH, BG; 

I SAY THAT; 

BABCD = BEFGH. 

For let, 

be, ch be described. 

[C. N. 1]Then, since, 

BC = FG, WHILE , 

FG = EH, BC = EH. 

But, 

they are, also, parallel. and, 
EB, HC, join them; 

[I. 33] BUT, 

Straight lines joining equal and parallel straight lines 
(at the extremities which are) in the same directions 
(respectively) are equal and parallel. 

[i. 34] [i. 35] Therefore, 
BEBCH = BABCD; 

FOR, 

IT HAS THE SAME BASE, BC, WITH IT, AND 
IS IN THE SAME PARALLELS, BC, AH WITH IT. 

[i. 35] For the same reason also, 
BEFGH = BEBCH 

[C. N. 1] 

SO THAT 

BABCD = BEFGH. 

Therefore etc. 

Q.E. D. 



Proposition 37. 




F Triangles which are on the 

SAME BASE AND IN THE SAME 
PARALLELS ARE EQUAL, TO ONE 
ANOTHER. 



B C 



Let, 
aabc, adbc be on the same base, bc, and 

in AD \\BC; 

I SAY THAT; 

AABC = ADBC. 

Let, 

ad be produced in both directions to e, f, 

[I. 31] LET, 

THROUGH B, BE || CA, 

[I. 31] AND LET, 

through C, CF || BD. Then, 

EACH, OF THE FIGURES; 

BEBCA = BDBCF, 

[i. 35] FOR, 

THEY ARE ON THE SAME BASE, BC, AND BC \\ EF. MOREOVER, 

BEBCA 
AABC = ; [i. 34] for, 

THE DIAMETER, AB, BISECTS IT. AND, 

BDBCF 



&DBC = ; 

[I. 34] FOR, 

the diameter, dc, bisects it. 

[But the halves of equal things are equal, to 

one another.] 

Therefore, 

AABC = ADBC. 

Therefore etc. 

Q.E. D. 



Proposition 38. 

. r t Triangles which are on 

G AD — __^H EQUAL BASES AND IN THE SAME 

». PARALLELS ARE EQUAL, TO ONE 

^ \ ANOTHER. 

B C E F 

Let, 
&ABC, ADFFon equal bases, BC = EF, and BF \\ AD; 

I SAY THAT; 

AABC = kDEF. 

For let, 

ad be produced, in both directions, to g, h; 

[I. 31] LET, 

THROUGH B, BG || CA, 

AND LET, 

THROUGH F, FH || DE. 

Then, 

BGBCA = BDEFH; 

[i. 36] FOR, 

BC=EF, and BF || GH. 

[i. 34] Moreover, 

AABC = ; 

2 

FOR, 

THE DIAMETER AB BISECTS IT. 

[i. 34] And, 

BDEFH 
AFED = 2 ' FOR 

the diameter, df, bisects it. 

[But the halves of equal things are equal, to 

one another.] 

Therefore, 

AABC = ADEF. 

Therefore etc. 

Q.E. D. 




Proposition 39. 

Equal triangles which are on the 
d same base and on the same side are, also, 
in the same parallels. 

Let, 

B * c AABC = hDBC, ON THE SAME BASE, BC, 

AND 

on the same side of it; 

[i say that; 

they are, also, in the same parallels.] 

And [For] let, 

AD be described; 

I SAY THAT; 

AD || BC. For, if not, 

[I. 31] LET, 

AE || BC, BE DRAWN THROUGH THE POINT, A, AND LET, 
EC BE DESCRIBED. THEREFORE, 

&ABC = kEBC; 

[i. 37] FOR, 

it is on the same base, bc, with it, and, 
in the same parallels. 

But, 

LABC = ADBC; 

[C. N. 1] THEREFORE, 

kDBC = kEBC, 

the greater to the less: which, 
is impossible. 

Therefore, 
AE JK BC. 

Similarly, we can prove that; 

neither is any other straight line except ad; 

therefore, 
AD || BC. 

Therefore etc. 

Q.E. D. 




[Proposition 40. 

D Equal triangles which are on 

equal bases and on the same side are, 
also, in the same parallels. 

Let, 

kABC = kCDE, 

on bases, bc = ce, and on the same side. 

i say that; 

they are, also, in the same parallels. 

For let, 

AD be described; 

I SAY that; 

AD || BE. For, if not, 

[I. 31] LET 

AF|| BE, BE DRAWN, THROUGH A, 

AND LET 

fe be described. 
Therefore, 

LABC = kFCE; 

[I. 38] FOR 

BC = CE, and BE || AF. But 

&ABC = ADCE; 

[CN. 1] THEREFORE, 

ADCE = AFCE, 

THE GREATER TO THE LESS: WHICH 

is impossible. Therefore, 
AFjft BE. 

Similarly, we can prove that; 

neither is any other straight line except ad; 

therefore, 

AD || BE. 

Therefore etc. 

Q.E.D.] 




Proposition 41. 

If a parallelogram have the same 

A D E 

BASE WITH A TRIANGLE AND BE IN THE SAME 

PARALLELS, THE PARALLELOGRAM IS DOUBLE 
OF THE TRIANGLE. 

C 

For let, 
babcd, have the same base, bc with hebc, 

AND LET, 

BC || AE; 

I SAY THAT; 

BABCD = 2&BEC. 

For let, 

ac be described. 

Then, 

kABC = AEBC; 

[i. 37] FOR, 

IT IS ON THE SAME BASE, BC, WITH IT, AND BC || AE. 

[i. 34] But, 

BABCD = 2AABC; 

FOR, 

THE DIAMETER, AC, BISECTS IT; SO, 

BABCD = 2AEBC. 

Therefore etc. 

Q.E. D. 



Proposition 42. 

to construct, 

A 




g in a given rectilineal 
angle, a parallelogram 
equal, to a given triangle. 

Let, 

AABC, and zD; 



THUS IT IS REQUIRED, 

TO CONSTRUCT IN THE RECTILINEAL zD, 

A PARALLELOGRAM EQUAL, TO AABC. 
A F G 

Let, 




on, 

ec, and at e, on it, 

LET, 

zCEF= zD, 

[I. 31] LET 

THROUGH A, AG || EC, 

AND LET 

through C, CG || EF. Then 

BFECG. 

[i. 38] And, since, 

BE = EC, kABE = kAEC, 

FOR, 

BE = EC, and BC || AG; 

THEREFORE, 

AABC = 2AAEC. 

[i.41] But, 

BFECG = 2AAEC, 



BC BE BISECTED AT E, 
AND LET, 

AE be described; 
[i. 23] 



FOR, 

IT HAS THE SAME BASE WITH IT, AND 
IS IN THE SAME PARALLELS WITH IT; 

THEREFORE, 

BFECG = AABC. 
And, 

ITHAS^CEF= aD. 

Therefore, 

BFECG = kABC, ^CEF = D. 

Q. E. F. 



Proposition 43. 

In any parallelogram the 
d complements of the parallelograms 
about the diameter are equal, to 
f one another. 




Let, 
B G C BABCD, AND 

AC, its diameter; and about AC, 

LET, 

BEH, BFG, and BK, KD, be the so-called complements; 
I say that; 

THE COMPLEMENTS, BK = KD. 

[I. 34] 
For, since, 

BABCD, and AC its diameter, AABC = hACD. 

Again, since, 

BEH, and AKis its diameter, AAEK = AAHK. 

For the same reason, 
AXFC = AKGC. 

NOW, SINCE, 

AAEK = AAHK, and AXFC = AKGC, 

[C. N. 2] 

AAEK + AKGC = AAHK + AKFC. 

And, 

THE WHOLES, AABC = AADC; 

[C. N. 3] 

therefore, 

the complements which remain, bk, = kd. 

Therefore etc. 

Q.E. D. 



Proposition 44. 

to a given straight line to apply, in a given rectilineal 
angle, a parallelogram equal, to a given triangle. 

F E K 






Let, 

AB, AC, and zD be given; 

THUS IT IS REQUIRED, 
TO APPLY TO AB, 

IN AN ANGLE EQUAL, TO zD, A PARALLELOGRAM EQUAL, TO AC. 






[i. 42] Let, 

BBEFG = AC, zEBG = zD; 

LET, IT BE PLACED, SO THAT; 
BE IS COLLINEAR with AB; 

LET, 

FG BE DRAWN THROUGH, TO H, 

[I. 31] AND LET, 

ah || to either bg or ef, through a. 

Let, 

hb be described. 

[I. 29] Then, since, 
HF, n (AH" || EF), 



zAHF + zHFE, are equal, to two right angles. 

Therefore, 

zBHG + zGFE, are less than two right angles; 

[Post. 5] and, 

straight lines, produced indefinitely, 

from angles less than two right angles, meet; 

therefore, 

hb, fe, when produced, will meet. 

Let, 

them be produced, and meet at k\ 

[i. 31] let through, 

K, KL, || TO EITHER, EA OR FH, 
AND LET, 

ha, gb be produced to the points, l, m. 
Then, 

BHLKF, HKis its diameter, and 

BAG, BME, and 

LB, BF, THE SO-CALLED COMPLEMENTS, ABOUT HK\ 
[I. 43] THEREFORE, 

LB = BF. But, 
BBF=kC; 

[C. N. 1] THEREFORE, 

BLB = AC. 

[i. 15] And, since, 

aGBE = a ABM, WHILE, 

^GBE= aD, aABM= aD. 

Therefore, 
BLB = AC, 

HAS BEEN APPLIED TO AB, IN zABM, = zD. 

Q. E. F. 



Proposition 45. 

to construct, in a given rectilineal angle, a 
parallelogram equal, to a given rectilineal figure. 




Let, 

abcd be the given rectilineal figure, and ze\ 

thus it is required, 

to construct, in ze, a parallelogram equal, to 
the rectilineal figure, abcd. 




[i. 42] Let, 

DB BE DESCRIBED, 
AND LET, 

BFH= &ABD, in zHKF= zE; 

[I. 44] LET, 

BGM= ADBC, be applied TO GH, in zGHM= zE. 

[C. N. 1]Then, since, 

zE = zHKF, zE = zGHM, 

zHKF= zGHM. 



Let, 

zkhg, be added to each; 

therefore, 

zFKH + zKHG = zKHG + zGHM. 

[i. 29] But, 

zFKH + zKHG, are equal, to two right angles; 

THEREFORE, 

zKHG + zGHM, are, also, equal, to two right angles. 

[i. 14] Thus, 

with gh, and at h, on it, kh, hm, 

not lying on the same side, 

make the adjacent angles equal, to two right angles; 

therefore, 

kh is collinear with hm. 

[i. 29] And, since, 

HGr\ {KM\\ FG), the alternates, zMHG= zHGF. 

Let, 

zhgl be added to each; 

[c. n. 2] therefore, 

zMHG + zHGL = zHGF + zHGL. 

[i. 29] But, 

zMHG + zHGL, are equal, to two right angles; 

[C. N. 1] THEREFORE, 

zHGF+ zHGL, are, also, equal, to two right angles. 

[i. 14] Therefore, 

fg is collinear with gl. 

[i. 34] And, since, 

FK = HG, FK || HG, and HG = ML, HG \\ ML, 

[C.N. 1; i. 30] also, 

KF= ML, KF || ML; and 

KM, FL, JOIN THEM, (at their extremities); 
[I. 33] THEREFORE, 

KM=FL, KM || FL. 



Therefore, 
BKFLM. 

And, since, 

&ABD = BFH, and kDBC = BGM, 

the whole rectilineal figure abcd = bkflm. 

Therefore, 

bkflm, has been constructed equal, to 
the given rectilineal figure, abcd, 
IN aFKM= aE. 

Q. E. F. 



Proposition 46. 



c 



On a given straight line to 
describe a square. 




E Let, 

AB BE THE GIVEN STRAIGHT LINE; 

THUS IT IS REQUIRED, 

TO DESCRIBE A SQUARE, ON AB. 

B [1-11] 

Let, 
ac be drawn at right angles to ab , from a on it, 

AND LET, 

AD = AB; 

LET, 

THROUGH D, DE || AB, 

[I. 31] AND LET, 

through the point, b, be \\ ad. 

Therefore, 
BADEB; 

[I. 34] THEREFORE, 

AB = DE, and, AD = BE. 

But, 

AB = AD; 

THEREFORE, 

THE FOUR STRAIGHT LINES, 

BA, AD, DE, EB, are equal, to one another; 

THEREFORE, 

BADEB, IS EQUILATERAL. 

I SAY NEXT THAT; 

IT IS, ALSO, RIGHT-ANGLED. 

[i. 29] For, since, 
ADn {AB || DE), 

zBAD + zADE, are equal, to two right angles. 

But, 

\-BAD is right; 



therefore, 

lADEis, also, right. 

[i. 34] And, 

in parallelogrammic areas the opposite sides, and, 
angles are equal, to one another; 

therefore, 

EACH, OF THE OPPOSITES, lABE, \-BED, IS, ALSO, RIGHT. 

Therefore, 

badeb is right-angled. 

And, 

it was, also, proved equilateral. 

Therefore, 

it is a square; and it is described on AB. 

Q. E. F. 



Proposition 47. 
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In right-angled triangles 

the square, on the side 

k subtending the right angle is 

equal, to the squares on the 

sides containing the right 

ANGLE. 

Let, 

aAB, having, lBAC; 

i say that; 

BBC = BBA + BAC. 



[i. 46] For let, 

THERE BE DESCRIBED, ON BC, BBDEC, AND 

ON BA, AC, BGB,BHC; 

LET, 

Through A, 

AL || TO EITHER, BD OR CE, 
AND LET, 

ad, fc be described. 
Then, since, 
V.BAC, \-BAG, 

it follows that; 

ba, and at a on it, ac, ag, 

not lying on the same side, make 

the adjacent angles equal, to two right angles; 

[i. 14] therefore, 

ca is in a straight line with ag. 

For the same reason, 

ba is, also, in a straight line with ah. 

And, since, 

\-DBC = \-FBA: for, each is right: 

LET, 

zABC, BE ADDED TO EACH; 

[C. N. 2] THEREFORE, 



the whole, ^dba = ^fbc, 

And, since, 

DB = BC, and FB = BA, 

[I. 4] THEREFORE, 

AB = FB, BD = BC, and zABD = zFBC; 

THEREFORE, 

AD = FC, and kABD = kFBC. 

[I. 41] Now, 

BBL = 2 AABD, 

FOR, 

THEY HAVE THE SAME BASE, BD, AND 
ARE IN THE SAME PARALLELS, BD, AL. 

[i. 41] And, 

□ GB=2AF£C, 

FOR, 

they again have the same base, fb, and 

are in the same parallels, fb, gc, 

[But the doubles of equals are equal, to one another.] 

Therefore, 
BBL = RGB. 

Similarly, 

if ae, bk be described, 

bcl, can, also, be proved equal, to bho, 

[c. n. 2] therefore, 

the whole BBDEC = BGB + BHC. 

And, 

bbdec, is described, on bc, and 

BGB, BHC, ON BA, AC. 

Therefore, 

BBC = BBA + BAC. 

Therefore etc. 

Q. E. D. 



Proposition 48. 

c if in a triangle the square, on one of the 

sides be equal, to the squares on the 
remaining two sides of the triangle, the 
angle contained by the remaining two sides 
of the triangle is right. 




DAB 



For, 

in AABC, 



LET, 

BBC = BBA + BAC; 

I SAY THAT; 

^BAC, is right. 

For let, 

ad, be drawn from a, at right angles to ac, 

LET, 

AD = BA, 

AND LET, 

dc be described. 

Since, 

DA = AB, 

BDA = BAB. 

Let, 

bac, be added to each; 

therefore, 

BDA + BAC = BBA + BAC. 

[i. 47] But, 

BDC = BDA + BAC, 

FOR, 

i_ZMC, is right; and BBC = BBA + BAC, 

FOR, 

THIS IS THE HYPOTHESIS; 

THEREFORE, 

BDC = BBC, 

SO THAT, 



DC = BC. 
[1.8] 

And, since, 

DA = AB, and 

AC IS COMMON, 

DA = BA, AC = AC; and 
DC = BC; 

THEREFORE, 

^DAC = ^BAC, 

But, 

\-DAC; 

THEREFORE, 

\-BAC. 

Therefore etc. 

Q.E. D 
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BOOK II. 

Definitions. 

1. Any rectangular parallelogram is said to be 
contained by the two straight lines containing the right 

ANGLE. 

2. And in any parallelogrammic area let any one 
whatever of the parallelograms about its diameter with 
the two complements be called a gnomon. 



Notes. 

Definition 1 . Any rectangular parallelogram is said to be 

CONTAINED BY THE TWO STRAIGHT LINES CONTAINING THE RIGHT 
ANGLE. 



Notes. 

Definition 2. And in any parallelogrammic area let any one 

WHATEVER OF THE PARALLELOGRAMS ABOUT ITS DIAMETER WITH 
THE TWO COMPLEMENTS BE CALLED A GNOMON. 



Proposition 1. 
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BOOK II. 
PROPOSITIONS. 



If there be two straight 
c lines, and one of them be cut 
into any number of segments 
„ whatever, the rectangle 
contained by the two straight 
lines is equal, to the 
rectangles contained by the 
uncut straight line and each, 
of the segments. 



H 



Let, 

A,BC, 



AND, AT RANDOM, LET, 

BC BE DIVIDED AT D, E\ 



I SAY THAT; 

AxBC = AxBD+ AxDE +AxEC. 

[i. 11] For let, 

BFbe drawn, from B, at right angles, to BC; 

[I. 3] LET, 

BG = A, 

[I. 31] LET, 

THROUGH G, GH\\BC, 

LET, 

through, D, E, C, {DK, EL, CH] \\ BG. 

Then, 

BH=BK+ DL + EH. 

Now, 

BH=AH]BC, 

FOR, 

IT IS CONTAINED BY GB, BC, AND 

BG = A; BK = AmBD, 

FOR, 

IT IS CONTAINED BY GB, BD, AND 

BG = A; and DL = AmDE, 



[I. 34] FOR, 

DK, that is BG = A. 
Similarly also, 
EH=AH]EC. 

Therefore, 

A\E\BC = A\E\BD + A\E\DE + A\E\EC. 

Therefore etc. 

Q. E. D. 



Proposition 2. 

If a straight line be cut at random, 
a c b the rectangle contained by the whole 

and both of the segments is equal, to the 
square, on the whole. 

For, at random, let, 
ab be divided at c; 

i say that; 

ABmBC + BA\E\AC = BAB. 




F E 



[i. 46] For let, 

BADEB, BE DESCRIBED, ON AB, 
[I. 31] AND LET, 

CFbe drawn, through C, parallel to either, AD or BE. 
Then, 

BAE = AF\I]CE. 

Now, 

BAE = BAB; 

\E1AF = BA\E1AC, 
FOR, 

BAmAC = DAlElAC, and 
AD = AB; and 
H CE= AB\E1BC, 

FOR, 

BE = AB. 
Therefore, 

BAH] AC + ABmBC = BAB. 

Therefore etc. 

Q.E. D. 




Proposition 3. 

If a straight line be cut at 
b random, the rectangle contained by 
the whole and one of the segments 
is equal, to the rectangle contained 
by the segments and the square, on 
the aforesaid segment. 

For, at random, let, 
ab be divided at c; 

i say that; 

ABmBC = ACm CB + BBC. 

[i. 46] For let, 

BCDEB, be described, on CB; 

LET, 

ED BE DRAWN THROUGH TO F, 

[I. 31] AND LET, 
THROUGH A, 

AFbe drawn, parallel to either, CD or BE. 
Then, 

\Z\AE= EAD+ECE. 

Now, 

AE = ABmBC, 

FOR, 

ABEBC = AB\E\BE, AND 

BE = BC; 

EAD = AGHCB, 

FOR, 

DC = CB; 

AND, 

BDB=BCB. 

Therefore, 

ABmBC = ACE CB + BBC. 

Therefore etc. 

Q.E. D. 



Proposition 4. 



H 



G 



B 



K 



If a straight line be cut at 
random, the square, on the whole is 
equal, to the squares on the 
segments and twice the rectangle 
contained by the segments. 



For, at random, let, 
ab be divided at c; 



I SAY THAT; 

BAB = BAC + BCB + 2 AC m CB. 

[i. 46] For let, 
BADEB = BAB, 

LET, 

BD be joined; 

LET, 

THROUGH C, 

CFbe drawn, parallel to either, AD or EB, 
[1.31] 

AND LET, 

THROUGH G, 

HK BE DRAWN, PARALLEL TO EITHER, AB OR DE. 

[i. 29] Then, since, 
CF || AD, AND 
bd intersects them, 
the exterior zcgb = the interior and opposite zadb. 

But, 

aADB = aABD, 

[I. 5] SINCE, 

BA = AD; 

THEREFORE, 

^CGB= zGBC, 

[i. 6] so that; 
BC=CG. 

[i. 34] But, 

CB = GK, and CG = KB; 



THEREFORE, 

GK=KB; 

therefore, 

cgkb is equilateral. 

i say next that; 

it is, also, right-angled. 

[1. 29] For, since, 
CG || BK, 

zKBC + zGCB = 2 l. 

But, 

\-KBC, is right; 

THEREFORE, 

\-BCG, IS, ALSO, RIGHT, 

[I. 34] SO THAT, 

the opposites, \-cgk, \-gkb, are, also, right. 

Therefore, 

CGKB is right-angled; and 

IT WAS, ALSO, PROVED EQUILATERAL; 

THEREFORE, 

IT IS A square; AND 

IT IS DESCRIBED, HCR 

[i. 34] For the same reason, 
HFis, also, a square; and 

it is described, bhg, that is bac. 
Therefore, 

BHF, BKC, ARE THE SQUARES, BAC, BCB. 

NOW, SINCE, 

[HAG = H GE, AND 

\E]AG = AC{E]CB, 
FOR, 

GC= CB, 

THEREFORE, 

\E]GE=AC{E]CB. 
Therefore, 



HAG +SGE= 2AC H CB. 

But, 

hhf, eck, are, also, the squares, bac, bcb; 

therefore, 

BHF + BCK + SAG + SG£ = HAC + HCB + 2 ACsCB. 

But, 

□HF + □ CK + SAG +SGE= BADEB, 

WHICH, 

is HAS. 

Therefore, 

BAB = BAC +BCB+2ACH1CB. 

Therefore etc. 

Q.E. D. 



Proposition 5. 

If a straight line be cut into equal and unequal 
segments, the rectangle contained by the unequal segments 

of the whole together 
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WITH THE SQUARE, ON THE 
STRAIGHT LINE BETWEEN 
THE POINTS OF SECTION IS 
EQUAL, TO THE SQUARE, ON 
THE HALF. 



For let, 
AB, 



EG F 

BE DIVIDED INTO EQUAL SEGMENTS, AT C, AND, 
INTO UNEQUAL SEGMENTS, AT D\ 

I SAY THAT; 

ADmDB + □ CD = BCB. 
[I. 46] 
For let, 

BCEFB, be described, BCB, 

AND LET, 

BE BE joined; 

LET, 

THROUGH D, 

DG BE DRAWN, PARALLEL TO EITHER, CE OR BF, 

LET AGAIN, 

THROUGH H, 

KM BE DRAWN, PARALLEL TO EITHER, AB OR EF, 

[1.31] 

LET AGAIN, 

THROUGH A, 

AK BE DRAWN, PARALLEL TO EITHER, CL OR BM. 

[I. 43] 
Then, since, 

the complements, \hch= \hhf, 

LET, 

□DM BE ADDED TO EACH; 

THEREFORE, 



the wholes, hcm = hdf. 

But, 

HCM = [HAL, 

[i. 36] SINCE, 
AC=CB; 

THEREFORE, 

[HAL = HDF. 

Let, 

H CHbe added to each; 

therefore, 

the wholes, hah = the gnomon, nop. 

But, 

HAH= ADHDB, 

FOR, 

DH=DB, 

THEREFORE, 

THE GNOMON, NOP = AD HDB. 

BLG = □ CD, 

Let, 

hlg be added to each; 

therefore, 

THE GNOMON, NOP, AND BLG = AD HDB + BCD. 

But, 

THE GNOMON, NOP + BLG = BCEFB, 

WHICH, 

IS DESCRIBED, HCB; 

THEREFORE, 

AD HDB + BCD=BB. 

Therefore etc. 

Q.E. D. 



Proposition 6. 

If a straight line be bisected and a straight line be added 
to it in a straight line, the rectangle contained by the 

d whole with the added 
straight line and the 
added straight line 
m together with the 
square, on the half is 
equal, to the square, on 
the straight line made up 
of the half and the 
added straight line. 
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For let, 

ab, be bisected at c, 

AND LET, 

BD, BE ADDED TO IT IN A STRAIGHT LINE; 

I SAY THAT; 

AD SDB + BCB = BCD. 

[i. 46] For let, 

BCEFD, be described, BCD, 

AND LET, 

DE be joined; 



LET, 



THROUGH B, 

BG BE DRAWN, PARALLEL TO EITHER, EC OR DF, 

LET, 

THROUGH H, 

KM BE DRAWN, PARALLEL TO EITHER, AB OR EF, 

[I. 31] LET, 

THROUGH A, 

AK BE DRAWN, PARALLEL TO EITHER, CL OR DM. 

[I. 36] 

Then, since, 

AC= CB,{E1AL={E]CH. 

[i. 43] But, 



Therefore, 



SAL = tmHF. 

Let, 

e cm be added to each; 

therefore, 

the whole, h am = the gnomon, nop. 

But, 

\E\AM = AD \E\DB, 

FOR, 

DM=DB; 

THEREFORE, 

THE GNOMON, NOP= AD\HDB. 

BLG = □ BC, 

Let, 

hlg be added to each; 

therefore, 

ADttDB+R CB = the gnomon, NOP + BLG. 

But, 

the gnomon, NOP + BLG = BCEFD, 

WHICH IS DESCRIBED, BCD; 
THEREFORE, 

AD \E1DB + BCB = □ CD. 

Therefore etc. 

Q.E. D. 



Proposition 7. 
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If a straight line be cut at 
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RANDOM, THE SQUARE, ON THE WHOLE 
AND THAT ON ONE OF THE SEGMENTS 
F BOTH TOGETHER ARE EQUAL, TO TWICE 
THE RECTANGLE CONTAINED BY THE 
WHOLE AND THE SAID SEGMENT AND 
THE SQUARE, ON THE REMAINING 
SEGMENT. 



D N E 

For, at random, let, 
ab, be divided at q 

i say that; 

BAB + BBC = 2AB SBC + BCA. 

[i. 46] For let, 

BADEB, be described, BAB, 

LET, 

THE FIGURE BE DRAWN. 

[i. 43] Then, since, 
SAG = H GE, 

LET, 

HCFbe added to each; 

therefore, 

THE WHOLES, \HAF= mCE. 

Therefore, 

EAF + m CE = 2EAF. 

But, 

SAP + E CE = the gnomon, KLM + B CF; 

THEREFORE, 

the gnomon, KLM + BCF= 2BAF. 

But, 

2ABmBC=2\E\AF, 

FOR, 

BF= BC; 



THEREFORE, 

the gnomon, KLM + BCF = 2AB mBC. 

BDG = BAC, 

Let, 

bdg be added to each; 

therefore, 

the gnomon, KLM + BBG + BGD = 2AB \E\BC + BAC. 

But, 

the gnomon, KLM + BBG + BGD = 

BADEB + BCF = BAB + BBC; 

THEREFORE, 

BAB + BBC = 2AB mBC + BAC. 

Therefore etc. 

Q.E. D. 
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If a straight line be cut at 
random, four times the 
rectangle contained by the 
whole and one of the segments 
together with the square, on 
the remaining segment is equal, 
to the square described on the 
whole and the aforesaid 
segment as on one straight 

LINE. 

For, at random, let, 



AB BE DIVIDED AT C) 
I SAY THAT; 

4AB E£C + □ AC = B{AB + BQ. 

For let, 

bd be produced collinear [with ab] 

AND LET, 

BD = CB; 

LET, 

BAEFD, BE DESCRIBED, BAD, 

AND LET, 

the figure be drawn double. 
Then, since, 

CB = BD, WHILE 
CB = GK, AND 

BD TO KN, 

THEREFORE, 

GK=KN. 

For the same reason, 
QR = RP. 

And, since, 

BC = BD, AND 
GKto KN, 

[I. 36] THEREFORE, 
HCK=HXD, AND 

□ GR TO BRN. 



But, 

BCK=BRN, 

[I. 43] FOR, 

THEY ARE COMPLEMENTS OF B CP, 

THEREFORE, 

BKD = BGR; 

THEREFORE, 

BDK, BCK, BGR, BRN, are equal, to 
one another. 
Therefore, 

the four are quadruple of hck 

Again, since, 

CB = BD, WHILE 

BD = BK, THAT IS CG, AND 

CB = GK, that is GQ, 

THEREFORE, 

CG= GQ. 

[i. 36] And, since, 

CG = GQ, and QR TO RP, 

EAG = [HMQ, AND SQL TO IE]RF. 

But, 

[E]MQ= mQL, 

[I. 43]FOR, 

THEY ARE COMPLEMENTS OF BML; 

THEREFORE, 

EAG= [HRF; 

THEREFORE, 

[HAG, \HMQ, \E\QL, \HRF, ARE EQUAL, TO 

one another. 
Therefore, 

the four are quadruple of \hag 

But, 

BCK, BKD, BGR, BRN= 4BCK; 

THEREFORE, 



THE EIGHT AREAS, WHICH CONTAIN 
THE GNOMON, STU= 4EAK 

NOW, SINCE, 

\Z\AK= AB\E\BD, 

FOR, 

BK=BD, 

THEREFORE, 

4AB mBD= 4SAK 

But, 

the gnomon, stu, was, also, proved to be 4sm; 

therefore, 

4 AB mBD = THE GNOMON, STU. 

BOH=BAC, 

Let, 

HOHbe added to each; 

therefore, 

4AB \E1BD + BAC = the gnomon, STU+ BOH. 

But, 

THE GNOMON, STU + BOH = BAEFD, 

WHICH IS DESCRIBED, BAD; 

THEREFORE, 

4AB SBD + □ AC = BAD. 

But, 

BD = BC; 

THEREFORE, 

4AB mBC + BAC = BAD, that is to 
the square, described, b{ab + bc) 
Therefore etc. 



Q.E. D. 



Proposition 9. 

E 




If a straight line be cut 
into equal and unequal 
segments, the squares on 
the unequal segments of 
the whole are double of 
the square, on the half and 
of the square, on the 
b straight line between the 
points of section. 



For let, 

ab, be divided into equal segments at, c, 

AND, 

INTO UNEQUAL SEGMENTS, AT D; 

I SAY THAT; 

BAD + BDB = 2(BAC+ BCD). 

For let, 

ce be drawn, from c, at right angles, to ab, 

AND LET, 

IT BE MADE EQUAL, TO EITHER, AC OR CB\ 



LET, 



EA, EB BE JOINED, 
LET, 

DFbe drawn, through D, parallel to EC, and 

FG, THROUGH F, PARALLEL TO AB, 
AND LET, 

af be joined. 
Then, since, 

AC = CE, zEAC = zAEC. 

[i. 32] And, since, 

^at c, is right, the remaining, zeac, zaec, 

are equal, to one right angle. and, 
they are equal; 

therefore, 

each, zcea, zcae, is half a right angle. 

For the same reason, 

each, zceb, zebc, is, also, half a right angle; 



therefore, 

the whole \-aeb, is right. 

And, since, 

zgef, is half a right angle, and zegf, is right, 

[I. 29] FOR, 

IT IS EQUAL TO THE INTERIOR AND OPPOSITE zECB, 

[I. 32] 

THE REMAINING zEFG, IS HALF A RIGHT ANGLE; 
THEREFORE, 

zGEF= zEFG, 

[I. 6] SO THAT, 

EG = GF. 

[i. 29] Again, since, 

^AT B, IS HALF A RIGHT ANGLE, AND \_FDB IS RIGHT, FOR, 

IT IS AGAIN EQUAL, TO 

THE INTERIOR AND OPPOSITE zECB, 

[I. 32] 

THE REMAINING zBED, IS HALF A RIGHT ANGLE; 
THEREFORE, 

^AT B = zDFB, 

[I. 6] SO THAT, 

THE SIDES, FD = DR 

NOW, SINCE, 

AC= CE, 

BAC = □ CE; 

THEREFORE, 

BAC+BCE=2BAC. 

[i. 47] But, 

□£A = HAC+HC£, 

FOR, 

lACE is right; 

therefore, 

□£A = 2BAC. 



Again, since, 

EG = GF,BEG=BGF; 

THEREFORE, 

BEG+BGF=2BGF. 

But, 

BEF=BEG+BGF; 

THEREFORE, 

BEF=2BGF. 

[i. 34] But, 
GF= CD; 

THEREFORE, 

BEF=2BCD. 

But, 

BEA = 2BAC; 

THEREFORE, 

BAE + BEF = 2{BAC+ BCD). 

And, 

BAF=BAE+BEF, 

[I. 47] FOR, 

\-AEF is right; 

THEREFORE, 

BAF=2{BAC+BCD). 

But, 

BAD+BDF=BAF, 

[I. 47] FOR, 

THE ANGLE AT D IS RIGHT; 

THEREFORE, 

HAD + BDF = 2{BAC + BCD). And 
DF=DB; 

THEREFORE, 

BAD + BDB = 2{B AC + B CD) . 
Therefore etc. 



Q.E. D. 



Proposition 10. 



If a straight line be 
bisected, and a straight line 
be added to it in a straight 
line, the square, on the 
whole with the added 
straight line and the square, 
on the added straight line 
both together are double of 
the square, on the half and 
of the square described on the straight line made up of the 
half and the added straight line as on one straight line. 
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For let, 

ab, be bisected, at c, 

AND LET, 

BD, BE ADDED TO IT IN A STRAIGHT LINE; 

I SAY THAT; 

BAD, BDB = 2{BAC + BCD). 
[i. 11] For let, 

CE BE DRAWN FROM C, AT RIGHT ANGLES, TO AB, 

[I. 3] AND LET, 

IT BE MADE EQUAL, TO EITHER, AC OR CB; 

LET, 

EA, EB be joined; 

LET, 

THROUGH E, EF || AD, 

[I. 31] AND LET, 

THROUGH D, FD || CE. 

Then, since, 
EFn,EC\\FD, 

[i. 29] ^CEF+ ^EFD, are equal, to two right angles; 

THEREFORE, 

zFEB + zEFD, are less than two right angles. 

[i. Post. 5] But, 

straight lines produced 

from angles less than two right angles meet; 



therefore, 

eb, fd, if produced in the direction b, d, will meet. 

Let, 

them be produced and meet at g, 

AND LET, 

AG BE JOINED. 

[i. 5] Then, since, 

AC = CE, zEAC = zAEC; 

AND, 

^at c, is right; 

[i. 32] therefore, 

each, zeac, zaec, is half a right angle. 

For the same reason, each, of 

zceb, zebc, is, also, half a right angle; 

therefore, 

\-aeb, is right. 

[i. 15] And, since, 

zebc, is half a right angle, 

zdbg, is, also, half a right angle. 

But, 

l.bdgis, also, right, 

[I. 29] 

FOR, 

\-BDG = lDCE, they being alternate; 

[I. 32] THEREFORE, 

THE REMAINING, zDGB, IS HALF A RIGHT ANGLE; 

THEREFORE, 

zDGB = zDBG, 

[i. 6] so, 

that the sides, bd = gd. 

Again, since, 

zegf, is half a right angle, and 

^at f, is right, 



[I. 34] FOR, 

ZAT F= THE OPPOSITE ANGLE, ZAT C, 

[I. 32] 

THE REMAINING, zFEG, IS HALF A RIGHT ANGLE; 
THEREFORE, 

zEGF= zFEG, 

[I. 6] SO THAT, 

THE SIDES, GF= EF. 

NOW, SINCE, 

□£C=HG4, 
□£C+HG4 = 2HCA 

[i. 47] But, 

□£A=H£C+HCA; 

[C. N. 1] 

THEREFORE, 

EEA = 2BAC. 

Again, since, 
FG = EF, 

BFG = BFE; 

THEREFORE, 

BGF+BFE=2BEF. 

[i. 47] But, 

HEG=HGF+HFE; 

THEREFORE, 

BEG = 2BEF. 
[1.34] And EF= CD; 

THEREFORE, 

BEG=2BCD. 

But, 

BEA = 2BAC; 

THEREFORE, 

BAE + BEG = 2{BAC + BCD). 



[i. 47] And, 

BAG = BAE + BEG; 

THEREFORE, 

BAG=2{BAC+BCD). 

[i. 47] But, 

BAD + BDG = BAG; 

THEREFORE, 

BAD + BDG = 2(BAC + B CD2) . 

And, 

DG = DB; 

THEREFORE, 

BAD + BDB = 2{BAC + BCD2). 
Therefore etc. 



Q.E. D. 



Proposition 11. 

to cut a given straight line so that 
f g the rectangle contained by the whole 

and one of the segments is equal, to the 
square, on the remaining segment. 

Let, 

AB be given; 

THUS IT IS REQUIRED, 

TO DIVIDE, AB, SO THAT; 

THE RECTANGLE CONTAINED BY 

THE WHOLE AND 
ONE OF THE SEGMENTS EQUALS 
THE SQUARE, ON THE REMAINING SEGMENT. 

[i. 46] For let, 

BABDC, be described, BAB; 

LET, 

AC BE BISECTED AT E, 

AND LET, 

BE, be joined; 




LET, 



CA BE DRAWN, THROUGH TO F, AND LET, 

EF=BE; 

LET, 

BFH, BE DESCRIBED, H AF, 

AND LET, 

GH BE DRAWN, THROUGH TO K. 

I SAY THAT; 

AB HAS BEEN DIVIDED, AT H, 

SO AS, 

TO make, AB H BH = BAH. 

For, since, 

ac, has been bisected, at e, 

[II. 6] AND, 

fa is added to it, 

But, 

EF=EB; 



THEREFORE, 

CFmiFA + BAE=BEB. 

[i. 47] But, 

BBA + BAE = BEB, 

FOR, 

ZAT A, IS RIGHT: 

THEREFORE, 

CF m FA + BAE = BBA + BAE. 

Let, 

bae, be subtracted from each; 

therefore, 

CFH]FA = BAB. 

Now, 

CFmiFA=[E]FK, 

FOR, 

AF= FG; and BAB = BAD; 

THEREFORE, 

\E1FK=BAD. 

Let, 

eMbe subtracted from each; 

therefore, 

BFH=H]HD. 

And, 

HD = AB H £H, 

FOR, 

AS = £D; and HFH = HAH; 

THEREFORE, 

ABH]BH=BHA, 

THEREFORE, 

AB, HAS BEEN DIVIDED, AT H, SO AS TO MAKE 

AB\E1BH=BHA. 

Q. E. F. 




Proposition 12. 

In obtuse-angled triangles, the square, on the side 
subtending the obtuse angle is greater than the squares on 

the sides containing the obtuse 
angle by twice the rectangle 
contained by one of the sides 
about the obtuse angle, namely 
that on which the perpendicular 
falls, and the straight line cut 
off outside by the perpendicular 
towards the obtuse angle. 

Let, 

aabc be an obtuse-angled triangle having 

abac, obtuse, 

AND LET, 

BD BE DRAWN, FROM B, PERPENDICULAR TO 

CA, produced; 

I SAY THAT; 

BBC > BBA + BAC, by 2CA H AD. 

[ii. 4] For, since, at random, 
cd, has been divided at a, 

BDC = BCA + BAD + 2 CAS AD. 

Let, 

bdb, be added to each; 

therefore, 

BCD + BDB = BCA + BAD + BDB + 2G4EAD. 

[i. 47] But, 

BCB=BCD+BDB, 

FOR, 

^AT D, IS RIGHT; 

[I. 47] AND, 

BAB = BAD + BDB; 

THEREFORE, 

BCB=BCA + BAB + 2G4EAD; 



SO THAT, 

BCB > RCA + BAB by 2G4EAD. 

Therefore etc. 

Q.E. D. 



Proposition 13. 

In acute-angled triangles the square, on the side 
subtending the acute angle is less than the squares on the 

sides containing the acute angle 
by twice the rectangle contained 
by one of the sides about the 
acute angle, namely that on 
which the perpendicular falls, 
and the straight line cut off 
within by the perpendicular 
towards the acute angle. 




Let, 

aabc be an acute-angled triangle having 

^at b, acute, 

AND LET, 

AD BE DRAWN FROM A, PERPENDICULAR TO BO, 

I SAY THAT; 

BAC <BCB + BBA, by 2CBHBD. 

[ii. 7] For, since, 

cb, has been divided at random, at d, 

BCB + BBD = 2CBH1BD + BDC. 

Let, 

bda, be added to each; 

therefore, 

BCB + BBD + BDA = 2CBH1BD + BAD + BDC. 

But, 

BAB = BBD + BDA, 

[i. 47] FOR, 

^at D, is right; and BAC = BAD + BDC; 

THEREFORE, 

BCB+ BBA = BAC + 2CB\E\BD, so that, 
BAC <BCB+ BBA, by 2CBH1BD. 
Therefore etc. 



Q.E. D. 



Proposition 14. 

to construct a square equal, to a given rectilineal 

FIGURE. 





Let, 

a be the given rectilineal figure; 

thus it is required, 

to construct a square equal, to 
the rectilineal figure, a. 




I G / 


F\ 


B E 
C D 





[i. 45] For let, 

there be constructed 

the rectangular bbd, equal, to 
the rectilineal figure, a. 

Then, if, 
BE = ED, 

THAT, 

WHICH WAS ENJOINED WILL HAVE BEEN DONE; 

FOR, 

bbd, has been constructed equal, to 
the rectilineal figure, a. 

But, if not, 

one of be or ed, is greater. 

Let, 

be, be greater, and let, 
it be produced, to f; let, 
EF=ED, 

AND LET, 



bf be bisected, at g. 

With, 

centre g, and 
distance of gb or gf, 

LET, 

THE SEMICIRCLE, BHF, BE DESCRIBED; 

LET, 

DE BE PRODUCED, TO H, 

AND LET, 

GH BE JOINED. 

[ii. 5] 

Then, since, 

bf, has been divided into equal segments, at g, and 
into unequal segments, at e, 

BE SEF + BEG = BGF. 

But, 

GF= GH; 

THEREFORE, 

BEmEF + B GE = □ GH. 

[i. 47] But, 

BHE+BEG=BGH; 

THEREFORE, 

BEH1EF+ BGE= BHE + BEG. 

Let, 

bge, be subtracted from each; 

therefore, 

BEH]EF=BEH 

But, 

BE\E\EF= \E\BD, 

FOR, 

EF=ED; 

THEREFORE, 

BBD = BHE. 
And, 



bd = the rectilineal figure, a. 
Therefore, 

the rectilineal figure, a = beh. 

Therefore, 

a square, namely, 

that which can be described, beh, 

has been constructed equal, to 
the given rectilineal figure, a. 

Q. E. F. 
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BOOK III. 

Definitions. 

1 . Equal circles are those the diameters of which are 
equal, or the radii of which are equal. 

2. a straight line is said to touch a circle which, 
meeting the circle and being produced, does not cut the 

CIRCLE. 

3. Circles are said to touch one another which, 
meeting one another, do not cut one another. 

4. in a circle straight lines are said to be equally 
distant from the centre when the perpendiculars drawn 
to them from the centre are equal. 

5. And that straight line is said to be at a greater 
distance on which the greater perpendicular falls. 

6. a segment of a circle is the figure contained by a 
straight line and a circumference of a circle. 

7. An angle of a segment is that contained by a 
straight line and a circumference of a circle. 

8. An angle in a segment is the angle which, when a 
point is taken on the circumference of the segment and 
straight lines are joined from it to the extremities of the 
straight line which is the base of the segment, is 
contained by the straight lines so joined. 

9. And, when the straight lines containing the angle 
cut off a circumference, the angle is said to stand upon 
that circumference. 

10. a sector of a circle is the figure which, when an 
angle is constructed at the centre of the circle, is 
contained by the straight lines containing the angle and 
the circumference cut off by them. 

1 1 . Similar segments of circles are those which admit 
equal angles, or in which the angles are equal, to one 

ANOTHER. 



Notes. 

Definition 1. Equal circles are those the diameters of 
which are equal, or the radii of which are equal. 



Notes. 
Definition 2. A straight line is said to touch a circle 

WHICH, MEETING THE CIRCLE AND BEING PRODUCED, DOES NOT 
CUT THE CIRCLE. 



Notes. 

Definition 3. Circles are said to touch one another which, 
meeting one another, do not cut one another. 



Notes. 

Definition 4. In a circle straight lines are said to be 
equally distant from the centre when the 
perpendiculars drawn to them from the centre are 

EQUAL. 



Notes. 

Definition 5. And that straight line is said to be at a 
greater distance on which the greater perpendicular 

FALLS. 



Notes. 
Definition 6. A segment of a circle is the figure contained 

BY A STRAIGHT LINE AND A CIRCUMFERENCE OF A CIRCLE. 



Notes. 

Definition 7. An angle of a segment is that contained by a 
straight line and a circumference of a circle. 



Notes. 

Definition 8. An angle in a segment is the angle which, 
when a point is taken on the circumference of the 
segment and straight lines are joined from it to the 
extremities of the straight line which is the base of the 
segment, is contained by the straight lines so joined. 



Notes. 

Definition 9. And, when the straight lines containing the 
angle cut off a circumference, the angle is said to stand 
upon that circumference. 



Notes. 
Definition 10. A sector of a circle is the figure which, 

WHEN AN ANGLE IS CONSTRUCTED AT THE CENTRE OF THE 
CIRCLE, IS CONTAINED BY THE STRAIGHT LINES CONTAINING THE 
ANGLE AND THE CIRCUMFERENCE CUT OFF BY THEM. 



Notes. 

Definition 11. Similar segments of circles are those 
which admit equal angles, or in which the angles are 
equal, to one another. 



BOOK III. 
PROPOSITIONS. 

Proposition 1. 

to find the centre of a given circle. 




IT BE BISECTED AT D) 
LET, 

FROM D, DC±AB 

AND LET, 

IT BE DRAWN, THROUGH, TO E\ 

LET, 

ce be bisected, at f; 
i say that; 

fls the centre of ©abc. 

For, 

suppose it is not, 

but, if possible, let, 
g be the centre, 

AND LET, 

GA, GD, GB BE JOINED. 

Then, since, 

ad = db, and dgls common, 
AD = BD, DG = DG; and 

THE BASES, GA = GB, 

FOR, 

THEY ARE RADII; 



Let, 

©ABC be given; 

THUS IT IS REQUIRED, 

TO FIND THE CENTRE OF 

©ABC. 

Let, at random, 
AB, 

BE DRAWN THROUGH IT 
AND LET, 



[I. 8] THEREFORE, 

zADG= zGDB. 

[i. Def. 10] But, 

WHEN A STRAIGHT LINE SET UP ON A STRAIGHT LINE MAKES 
THE ADJACENT ANGLES EQUAL, TO ONE ANOTHER, EACH, OF 
THE EQUAL ANGLES IS RIGHT; 

THEREFORE, 

^GDB, is right. But, 
aFDB, is, also, right; 

therefore, 

zFDB=zGDB, 

greater to the less: which, 
is impossible. 

Therefore, 

gls not the centre of ©abc. 

Similarly, we can prove that; 
neither is any other point, 

EXCEPT F. 

Therefore, 

f, is the centre of ©abc. 

PORISM. 

From this it is manifest that, if in a circle a straight 
line cut a straight line into two equal parts and at right 
angles, the centre of the circle is on the cutting straight 

LINE. 

Q. E. F. 



Proposition 2. 




E 



B 



If on the circumference of a 
circle two points be taken at random, 
the straight line joining the points 
will fall within the circle. 

Let, 

©ABC, 



and let, at random 
a and b, be taken on its circumference; 

i say that; 

the line, joined, from a to b, 
will fall within the circle. 

For suppose, 

it does not, but, 

if possible, let, 

it fall outside, as aeb; 

[III. 1] LET, 

THE CENTRE OF QABC, BE TAKEN, AND LET, 
IT BE D; 

LET, 

DA, DB BE JOINED, 

AND LET, 

DFE BE DRAWN THROUGH. 

[i. 5] Then, since, 
DA = DB, 

aDAE = aDBE. 

[i. 16] And, since, 

one side, AEB, of kDAE, is produced, ^DEB > ^DAE. 

But, 

aDAE = aDBE; 

THEREFORE, 

aDEB > aDBE. 

[i. 19] And, 

the greater angle is subtended by the greater side; 



THEREFORE, 

DB > DE. But, 
DB = DF; 

THEREFORE, 

DF>DE, 

the less than the greater: which, 
is impossible. 

Therefore, 

the straight line, joined, 

from a to b, will not fall outside the circle. 

Similarly we can prove, 

that neither will it fall on the circumference itself; 

therefore, 

it will fall within. 

Therefore etc. 

Q.E. D. 



Proposition 3. 




If in a circle, a straight line 
through the centre bisect a 
straight line not through the 
centre, it, also, cuts it at right 
angles; and if it cut it at right 
angles, it, also, bisects it. 



B Let, 

QABC, 



AND LET, 

in it, a straight line cd, 
through the centre, 
bisect ab, not through the centre, 
at the point, f) 

i say that; 

it, also, divides it at right angles. 

For let, 

the centre of qabc, be taken, 

AND LET, 
IT BE E; 

LET, 

ea, eb, be joined. 

Then, since, 
AF=FB, 

AND, 

FE IS COMMON, 

TWO SIDES ARE EQUAL, TO TWO SIDES; AND 

THE BASES, EA = EB; 

[I. 8] THEREFORE, 

zAFE = zBFE. 

[i. Def. 10] But, 

when a straight line set up on a straight line makes 
the adjacent angles equal, to one another, each, of 
the equal angles is right; 

therefore, 

each, laf.e, \-bfe, is right. 

Therefore, 



cd, which is through the centre, and 

bisects ab, which is not through the centre, also 

divides it at right angles. 

Again, let, 

cd divide ab, at right angles; 

i say that; 

it, also, bisects it, 

that is, that; 
AF=FB. 

For, 

with the same construction, 

[I. 5] SINCE, 

EA = EB, 
^EAF= ^EBF. 

But, 

\-AFE = \_BFE, 

[i. 26] THEREFORE, 

AEAF, AEBF are two triangles having 

TWO ANGLES EQUAL, TO TWO ANGLES, AND 
ONE SIDE EQUAL, TO ONE SIDE, NAMELY, 
EF, WHICH IS COMMON TO THEM, AND 
SUBTENDS ONE OF THE EQUAL ANGLES; 

THEREFORE, 

THEY WILL, ALSO, HAVE THE REMAINING SIDES EQUAL, TO 
THE REMAINING SIDES; 

THEREFORE, 

AF=FB. 

Therefore etc. 

Q.E. D. 



Proposition 4. 




If in a circle two straight lines 
cut one another which are not 
d through the centre, they do not 
bisect one another. 



C 



Let, 

QABCD, 



AND IN IT LET, 

AC, BD, 

which are not through the centre, 
intersect one another, at e\ 

i say that; 

they do not bisect one another. 

For, if possible, let, 

them bisect one another, 

SO THAT, 

AE = EC, and BE TO ED; 

[III. 1] LET, 

THE CENTRE OF QABCD, BE TAKEN, 

AND LET, 
IT BE F; 

LET, 

FE BE JOINED. 

[in. 3] Then, since, 

FE, THROUGH THE CENTRE BISECTS 

AC, NOT THROUGH THE CENTRE, 

IT, ALSO, INTERSECTS IT AT RIGHT ANGLES; 

THEREFORE, 

\-FEA, IS RIGHT. 

[in. 3] Again, since, 
FE, bisects BD, 
it, also, intersects it at right angles; 

therefore, 

\-feb, is right. 

But, 

\-fea, was, also, proved right; 



THEREFORE, 

\-FEA = L.FEB, 

the less to the greater: which, 
is impossible. 

Therefore, 

ac, bd, do not bisect one another. 

Therefore etc. 

Q.E. D. 



Proposition 5. 




If two circles cut one another, 
they will not have the same centre. 



For let, 

©ABC, QCDG, 

INTERSECT ONE ANOTHER AT 

Band C; 

I say that; 
they will not have the same centre. 

For, if possible, let, 
IT be E; 

LET, 

ec be joined, 

and, at random, let, 

EFGbe drawn through. 

[i. Def. 15] Then, since, 

e, is the centre of qabc, 

EC = EF. 
Again, since, 

e, is the centre of qcdg, 

EC = EG. 

But, 

EC=EFalso; 

therefore, 
EF=EG, 

the less to the greater: which, 
is impossible. 

Therefore, 

e, is not the centre of qabc, qcdg 

Therefore etc. 



Q. E. D. 



Proposition 6. 




If two circles touch one 
another, they will not have the 
same centre. 

B For let, 

©ABC, QCDE, 

TOUCH ONE ANOTHER AT Q 

I SAY THAT; 



they will not have the same centre. 

For, if possible, let, 
itbeF 

LET, 

fc be joined, 

and, at random, let, 

feb be drawn through. 

Then, since, 

f, is the centre of qabc, 

FC = FB. 
Again, since, 

f, is the centre of qcde, 

FC = FE. 

But, 

FC = FB; 

THEREFORE, 

FE = FB, 

the less to the greater: which, 
is impossible. 

Therefore, 

fls not the centre of qabc and qcde. 

Therefore etc. 



Q. E. D. 




Proposition 7. 

If, on the diameter of a circle, a point be taken which is 
not the centre of the circle, and from the point straight 
lines fall upon the circle, that will be greatest on which 

the centre is, the remainder of 
the same diameter will be least, 
and of the rest the nearer to the 
straight line through the centre 
is always greater than the more 
remote, and only two equal 
straight lines will fall from the 
point on the circle, one on each 
side of the least straight line. 

Let, 

qabcd, and let, 

ad be a diameter of it; 

LET, 

ON AD, A POINT, F, BE TAKEN WHICH IS NOT 
THE CENTRE OF THE CIRCLE, 

LET, 

E BE THE CENTRE OF THE CIRCLE, 

AND LET, 

from F, FB, FC, FG, intersect QABCD; 
I say that; 

FA IS GREATEST, 

FD IS LEAST, AND, OF THE REST, 

FB > FC, and FC > FG. 

For let, 

be, ce, ge, be joined. 

[i. 20] Then, since, 

IN ANY TRIANGLE TWO SIDES ARE GREATER THAN 
THE REMAINING ONE, 

EB+ EF> BF. 

But, 

ae = be; therefore, 
AF> BF. 

Again, since, 

be = ce, and fe is common, 
BE+EF= CE+EF. 



But, 

zBEF> zCEF; 

[i. 24] therefore, 
the bases, bf> cf. 

For the same reason, 
CF>FG. 

Again, since, 

GF+FE> EG, and EG = ED, 
GF+FE> ED. 

Let, 

ef be subtracted from each; 

therefore, 

the remainders, gf> fd. 

Therefore, 

fa is greatest, fd is least, and 
FB > FC, and FC > FG. 

I SAY, ALSO, THAT; 
FROM F, 
ONLY TWO EQUAL STRAIGHT LINES WILL FALL ON 

QABCD, 

one on each side of the least, fd. 

For, 

on ef, and at e, on it, 

[I. 23] LET, 

aFEH= aGEF, and let, 
fh be joined. 

[i. 4] Then, since, 
GE = EH, and 

EFlS COMMON, 

GE+ EF= HE+ EF; and 
^GEF= ^HEF; 

therefore, 

the bases, fg = fh. 

i say again that; 

another straight line equal, to 

fg, will not fall on the circle from f. 

For, if possible, let, 
fk so fall. 



Then, since, 
FK= FG, and 
FH=FG, 
FK=FH, 
the nearer to 

the straight line through the centre being 
thus equal, to the more remote: which, 
is impossible. 

Therefore, 

another straight line, equal, to 

gf, will not fall from f, upon the circle; 

therefore, 

only one straight line will so fall. 

Therefore etc. 

Q.E. D. 




Proposition 8. 

If a point be taken outside a 
circle and from the point straight 
lines be drawn through to the 
circle, one of which is through 
the centre and the others are 
drawn at random, then, of the 
straight lines which fall on the 
concave circumference, that 
through the centre is greatest, 
while of the rest the nearer to 
that through the centre is 
always greater than the more 
remote, but, of the straight lines falling on the convex 
circumference, that between the point and the diameter is 
least, while of the rest the nearer to the least is always 
less than the more remote, and only two equal straight 
lines will fall on the circle from the point, one on each side 
of the least. 

Let, 

©abc, and let, 

d, be taken outside abo, let, 
there be drawn through from it 
DA, DE, DF, DC, and let, 

DA BE THROUGH THE CENTRE; 

I SAY THAT; 

OF THE STRAIGHT LINES FALLING ON 

THE CONCAVE CIRCUMFERENCE, AEFC, 

DA, THROUGH THE CENTRE, IS GREATEST, WHILE, 

DE > DF and DF > DC; 

BUT, 

OF THE STRAIGHT LINES FALLING ON 

THE CONVEX CIRCUMFERENCE, HLKG, 

DG, BETWEEN THE POINT AND 

THE DIAMETER, AG, IS LEAST; AND 

THE NEARER TO THE LEAST, DG, IS ALWAYS LESS THAN 

THE MORE REMOTE, NAMELY, 

DK< DL, and DL < DH. 
[in. 1] For let, 

THE CENTRE OF QABC, BE TAKEN, AND LET, 
IT BE M; 



LET, 

ME, MF, MC, MK, ML, MH, be joined. 

Then, since, 
AM = EM, let, 

MD BE ADDED TO EACH; 
THEREFORE, 

AD=EM+ MD. 

[i. 20] But, 

EM+ MD> ED; 

THEREFORE, ALSO, 

AD > ED. 

Again, since, 

ME = MF, and MD is COMMON, 

THEREFORE, 

EM + MD = FM+ MD; and aEMD > aFMD; 

[i. 24] therefore, 
the bases, ed > fd. 

Similarly we can prove that, 
FD > CD; 

THEREFORE, 

DA IS GREATEST, WHILE 

DE > DF, and DF > DC. 

[i. 20] Next, since, 

MK+ KD> MD, and MG = MK, 

THEREFORE, 

THE REMAINDERS, KD > GD, SO THAT, 

GD < KD. 

[i. 21] And, since, 

ON MD, ONE OF THE SIDES OF 

AMLD, MK, KD, 

WERE CONSTRUCTED MEETING WITHIN THE TRIANGLE, 
THEREFORE, 

MK+ KD<ML+ LD; and MK = ML; 

therefore, 

the remainders, dk < dl. 

Similarly we can prove, also, that, 
DL < DH; 

THEREFORE, 



DG IS LEAST, WHILE, 

DK< DL, and DL < DH. 

i say, also, that; 

only two equal straight lines will fall from 

d, on the circle, 

one on each side of the least, dg. 

On, 

md, and at m, on it, let, 

zDMB = ^KMD, 

AND LET, 

db, be joined. 

Then, since, 

MK = MB, and 

MD IS COMMON, THE TWO SIDES, 

KM + MD = BM + MD; and 
^KMD = ^BMD; 

[i. 4] therefore, 

the bases, dk = db. 

i say that; 

no other straight line equal, to 
dk, will fall on the circle from d. 

For, if possible, let, 
a straight line so fall, 

AND LET, 

IT BE DN. 

Then, since, 

DK= DN, while 
DK=DB, 
DB = DN, 

THAT IS, 

the nearer to the least, dg, equal, to 
the more remote: which, 
was proved impossible. 

Therefore, 

no more than two equal straight lines will fall on 

©abc, from d, one on each side of dg, the least. 
Therefore etc. 



Proposition 9. 




If a point be taken within a 
circle, and more than two 
equal straight lines fall from 
the point on the circle, the 
point taken is the centre of the 

CIRCLE. 

Let, 

QABC, AND 

D, A POINT WITHIN IT, 



AND LET, 
FROM D, MORE THAN TWO EQUAL STRAIGHT LINES, 

NAMELY, 

DA, DB, DC, fall ON QABC; 

i say that; 

d, is the centre of qabc. 

For let, 

ab, bc be joined, and bisected at e, f, 

AND LET, 

ED, FD BE JOINED, AND 
DRAWN THROUGH TO G, K, H, L. 

[i. 8] Then, since, 

AE = EB, and ED is COMMON, 
AE + ED= BE+ ED; and 
the bases, DA = DB; 

THEREFORE, 

^AED = ^BED. 
[i. Def. 10] Therefore, 

EACH, OF THE ANGLES, lAED, \-BED, IS RIGHT; 

THEREFORE, 

GK DIVIDES AB INTO TWO EQUAL PARTS, AND 
AT RIGHT ANGLES. 

[in. 1, Por.] And since, 

IF IN A CIRCLE A STRAIGHT LINE CUT 

A STRAIGHT LINE INTO TWO EQUAL PARTS, AND 

AT RIGHT ANGLES, 

THE CENTRE OF THE CIRCLE IS ON 



the cutting straight line, 

the centre of the circle is on gk. 

For the same reason, 

the centre of ©abc, is, also, on hl. 

And, 

the straight lines, 

gk, hl, have no other point common, but d; 

therefore, 

d, is the centre of ©abc. 

Therefore etc. 

Q.E. D. 



Proposition 10. 




A CIRCLE DOES NOT CUT A 
CIRCLE AT MORE POINTS THAN 
TWO. 

For, if possible, let, 
QABC, 

S DIVIDE QDEF, AT 

MORE POINTS THAN TWO, 
NAMELY, 

B, G, F, H; 

LET, 
BH, BG, BE JOINED, AND BISECTED AT K, L, 

AND LET, 

FROM K, L, 

KC, LM, BE DRAWN, AT RIGHT ANGLES, TO BH, BG, AND 

CARRIED THROUGH TO A, E. 

[in. 1, Por.] Then, since, 

in qabc, ac divides bh, into 

two equal parts, and at right angles, 

the centre of qabc, is on ac. 

Again, since, 

in the same qabc, no divides bg, into 
two equal parts, and at right angles, 
the centre of qabc, is on no. 

But, 

it was, also, proved to be on ac, and 

ac n no, at no point except at p; 

therefore, 

Pis the centre of QABC. 

Similarly we can, also, prove that, 
Pis the centre of QDEF; 

[III. 5] THEREFORE, 

QABC, QDEF, 

WHICH INTERSECT ONE ANOTHER HAVE THE SAME CENTRE, P. 



WHICH, 

is impossible, 

Therefore etc. 

Q.E. D. 



Proposition 11. 




If two circles touch one 
another internally, and their 
centres be taken, the straight 
line joining their centres, if it be, 
also, produced, will fall on the 
point of contact of the circles. 

For let, 

QABC n QADE at A, 

AND LET, 

the centre, f, of qabc, and 
the centre, g, of ade, be taken; 

i say that; 

the straight line, joined, from gto f, and 
produced, will fall on a. 

For suppose, 

it does not, but, if possible, let, 
it fall as fgh, 

AND LET, 

af, ag, be joined. 
Then, since, 

AG + GF> FA, THAT IS, THAN FH, 
LET, 

FGbe subtracted from each; 

therefore, 

the remainders, ag > gh. but, 
AG= GD; 

THEREFORE, ALSO, 

GD > GH, 

the less than the greater: which, 
is impossible. 

Therefore, 

the straight line, joined, from fto g, 
will not fall outside; 

therefore, 

it will fall, at a, on the point of contact. 

Therefore etc. 

Q.E. D. 



[Proposition 12. 




If two circles touch one 
another externally, the 
straight line joining their 
centres will pass through the 
point of contact. 



For let, 

©ABC, QADE, 

TOUCH ONE ANOTHER EXTERNALLY AT A, 
AND LET, 

the centre, f, of qabc, and 

the centre, g, of qade, be taken; 

i say that; 

the straight line, joined, from fto g, 

will pass through the point of contact, at a. 

For suppose, 

it does not, but, if possible, let, 
it pass as fcdg, 

AND LET, 

af, ag, be joined. 
Then, since, 

f, is the centre of qabc, 
FA = FC. 

Again, since, 

g, is the centre of qade, 

GA = GD. But, 
FA = FC; 

THEREFORE, 

FA + AG=FC+ GD, 

[I. 20] SO THAT, 

THE WHOLE, FG > FA + AG, 

but it is, also, less: which, 
is impossible. 

Therefore, 

the straight line, joined, from fto g, 
will not fail to pass through 
the point of contact, at a; 



therefore, 

it will pass through it. 

Therefore etc. 

Q.E.D.] 



Proposition 13. 




a circle does not touch a 
circle at more points than one, 
whether it touch it internally 
or externally. 

For, if possible, let, 
QABDC, touch 

QEBFD, 



B 



FIRST, 

internally, 
at more points than one, namely, d, b. 

Let, 

the centre, g, of qabdc, and 

the centre, h, of qebfd, be taken. 

[in. 11] Therefore, 

the straight line, joined, from gto h, 
will fall, on b, d. 

Let, 

it so fall, as bghd. 

Then, since, 

g, is the centre of qabcd, 
BG= GD; 

THEREFORE, 

BG > HD; 

therefore, 

bh is much greater than hd. 

Again, since, 

h, is the centre of qebfd, 

BH=HD; 

BUT, 

it was, also, proved much greater than it: which, 
is impossible. 

Therefore, 

a circle does not touch a circle internally 
at more points than one. 

i say, further, that; 



neither does it so touch it externally. 
For, if possible, let, 

QACK, TOUCH QABDC, 

AT MORE POINTS THAN ONE, NAMELY, 

AC, 

AND LET, 

AC BE JOINED. 

[in. 2] Then, since, 

ON THE CIRCUMFERENCE OF EACH, OF THE CIRCLES, 

QABDC, QACK, A, C, have been taken at random, 

THE STRAIGHT LINE JOINING 

THE POINTS WILL FALL WITHIN EACH CIRCLE; 

[ill. DEF. 3] BUT, 

it fell within qabcd, and, outside ack\ which, 
is absurd. 

Therefore, 

a circle does not touch 

a circle externally at more points than one. 

And it was proved that, 

neither does it so touch it internally. 

Therefore etc. 

Q.E. D. 



Proposition 14. 




In a circle, equal straight lines are 
equally distant from the centre, and 
those which are equally distant from 
the centre are equal, to one another. 

c Let, 

A \ ; 

QABDC , 

AND LET, 
AB, CD BE EQUAL STRAIGHT LINES IN IT; 

I SAY THAT; 

AB, CD ARE EQUALLY DISTANT FROM THE CENTRE. 

[in. 1] For let, 

THE CENTRE OF QABDC, BE TAKEN, AND LET, 
IT BE E; 

LET, 

FROM E, 

EF, EG BE DRAWN PERPENDICULAR, TO AB, CD, 

AND LET, 

AE, EC, BE JOINED. 

[in. 3] Then, since, 

ef, through the centre intersects ab, 

not through the centre, 

at right angles, it, also, bisects it. 

Therefore, 
AF=FB; 

THEREFORE, 

AB = 2AF. 

For the same reason, 

CD =2 CG; and AB = CD; 

THEREFORE, 
AF= CG. 

And, since, 
AE = EC, 

BAE = BEC. 

But, 

□AF+H£F=HAE, 



FOR, 

ZAT F, IS RIGHT; AND 

BEG+BGC=BEC, 

[I. 47] FOR, 

zat G, is right; 

THEREFORE, 

BAF+ BFE=BCG+ BGE, 

of which BAF= BCG, for, 
AF= CG; 

THEREFORE, WHICH REMAINS, 

BFE = BEG, 

THEREFORE, 

EF=EG. 
[in. Def. 4] But, 

in A CIRCLE, 

straight lines are said to be equally distant from 

the centre when, 

the perpendiculars drawn to them, 

from the centre, are equal; 

therefore, 

ab, cd are equally distant from the centre. 

Next, let, 

ab, cd, be equally distant from the centre; 

that is, let, 
EF=EG. 

I SAY THAT; 

AB = CD. 

For, with the same construction, 

we can prove, similarly, that; 
AB = 2AF, and CD= 2CG. 

And, since, 
AE = CE, 

BAE=BCE. 

But, 

BEF+BFA = BAE, 

[I. 47] AND, 



BEG,[I]GC=[I]CE. 

Therefore, 

BEF+ BFA = BEG + BGC, of which 

□£F=H£G, for, 
EF=EG; 

THEREFORE,, WHICH REMAINS 

EAF = BCG; therefore, 
AF= CG. 

And, 

AB = 2AF, and CD = 2CG; 

THEREFORE, 

AB = CD. 

Therefore etc. 

Q. E. D. 




Proposition 15. 

Of straight lines in a circle the 
diameter is greatest, and of the 
rest the nearer to the centre is 
always greater than the more 

REMOTE. 

Let, 

QABCD, LET, 

AD BE ITS DIAMETER, AND 

E THE centre; 

AND LET, 

BC BE NEARER TO THE DIAMETER, AD, AND 

FG more remote; 

i say that; 

ad is greatest, and bc > fg. 

For let, 

from the centre e, 

eh, ek be drawn, perpendicular, to bc, fg. 

[in. Def. 5] Then, since, 

BC IS NEARER TO THE CENTRE, AND 
FG MORE REMOTE, 

EK> EH. 

Let, 

EL = EH, 

LET, 

THROUGH L, 

LML EK, AND CARRIED THROUGH TO TV, 
AND LET, 

ME, EN, FE, EG, be joined. 

[hi. 14] Then, since, 
EH=EL, 
BC = MN. 

Again, since, 
AE = EM, and 
ED = EN, 
AD=ME+ EN. 

[i. 20] But, 

ME + EN > MN, and 



MN=BC; 

THEREFORE, 

AD > BC. 

[i. 24] And, since, 

ME + EN= FE+ EG, and 

^MEN< ^FEG, 

THEREFORE, 
MN>FG. 

But, 

MN=BC. 

Therefore, 

the diameter ad is greatest, and 
BC > FG. 

Therefore etc. 

Q.E. D. 



Proposition 16. 

The straight line drawn at right angles to the diameter 

of a circle from its extremity will 
fall outside the circle, and into 
the space between the straight 
line and the circumference 
another straight line cannot be 
interposed; FURTHER THE ANGLE OF 
THE SEMICIRCLE IS GREATER, AND THE 
REMAINING ANGLE LESS, THAN ANY 
ACUTE RECTILINEAL ANGLE. 




Let, 

©ABC be about D as centre, and AB as diameter; 

I SAY that; 

the straight line, 

drawn from a, at right angles, to ab, 

from its extremity, will fall outside the circle. 

For suppose, 
it does not, 

but, if possible, let, 
it fall within as ca, 

AND LET, 

DC, BE JOINED. 

[i. 5] Since, 
DA = DC, 

zDAC = ^ACD, 

[i. 17] But, 

\-DAC, is right; 

THEREFORE, 

L.ACD, is, also, right: 

THUS, 

in kACD, 

the two angles, ld.ac, \-acd, are equal, to 

two right angles: which, 
is impossible. 

Therefore, 

the straight line drawn from 



the point, a, at right angles, to ba, 
will not fall within the circle. 

Similarly we can prove that, 

neither will it fall on the circumference; 

therefore, 

it will fall outside. 

Let, 

it fall, as ae; 

i say, next, that; 

into the space between 

ae, and the circumference, cha, 

another straight line cannot be interposed. 

For, if possible, let, 

another straight line be so interposed, 

AS FA, 
AND LET, 

DG BE DRAWN, FROM D L FA. 

[i. 19] Then, since, 

\-AGD, IS RIGHT, AND 

zDAG, IS LESS THAN A RIGHT ANGLE, 

AD > DG But, 
DA = DH; 

THEREFORE, 

DH> DG, 

the less than the greater: which, 
is impossible. 

Therefore, 

another straight line cannot be interposed into 
the space between the straight line and 
the circumference. 

i say, further, that; 

the angle of the semicircle contained by 

ba, and the circumference, cha, 

is greater than any acute rectilineal angle, and 

the remaining angle 

contained by the circumference, cha, and 

ae, is less than any acute rectilineal angle. 

For, if, 

there is any rectilineal angle greater than 



THE ANGLE CONTAINED BY THE STRAIGHT LINE, BA, AND 

THE CIRCUMFERENCE, CHA, AND 

ANY RECTILINEAL ANGLE LESS THAN 

THE ANGLE CONTAINED BY THE CIRCUMFERENCE, CHA, AND 

THE STRAIGHT LINE, AE, 

THEN, 

into the space between the circumference, and 

ae, a straight line will be interposed 

such as will make an angle, 

contained by straight lines, which 

is greater than the angle contained by 

the straight line, ba, and 

the circumference, cha, and 

another angle contained by straight lines, 

which is less than 

the angle contained by the circumference, cha, and 

the straight line ae. 

But, 

such a straight line cannot be interposed; 

therefore, 

there will not be any acute angle contained by 
straight lines which is greater than 
the angle contained by ba, and 
the circumference, cha, 

NOR YET, 

ANY ACUTE ANGLE CONTAINED BY STRAIGHT LINES, 

WHICH IS LESS THAN, 

THE ANGLE CONTAINED BY THE CIRCUMFERENCE, CHA, 

AND, 

THE STRAIGHT LINE AE. — 

PORISM. 

From this it is manifest that the straight line drawn at 
right angles to the diameter of a circle from its 
extremity touches the circle. 

Q.E. D. 




From a given point to draw a 
straight line touching a given 

CIRCLE. 

G Let > 

A BE THE GIVEN POINT, 

AND, 

QBCD, the given circle; 

THUS IT IS REQUIRED, 
TO DRAW FROM A, A STRAIGHT LINE TOUCHING QBCD. 

[III. 1] 

For let, 

the centre, e, of the circle be taken; let, 
ae be joined, 

AND LET, 

WITH CENTRE, E, AND DISTANCE, EA, 

QAFG, be described; let, 
from D, DF±EA, 

AND LET, 

EF, AB, be joined; 
I say that; 

ab has been drawn, from a, touching qbcd. 

For, since, 

e is the centre of qbcd, qafg, 
EA = EF, and ED = EB; 

THEREFORE, 

THE TWO SIDES, 

AE + EB= FE+ ED: and 

THEY CONTAIN A COMMON ANGLE, ^AT E\ 

[I. 4] THEREFORE, 

THE BASES, DF = AB, AND 

ADEF= hBEA, and 

THE REMAINING ANGLES TO THE REMAINING ANGLES; 
THEREFORE, 



\-EDF=\-EBA. But, 
\-EDF, is right; 

THEREFORE, 

\-EBA, IS, ALSO, RIGHT. 

Now, 

EB is a radius; 

[iii. 16, por.] and, 

the straight line drawn at right angles to 
the diameter of a circle, from its extremity, 
touches the circle; 

therefore, 

ab touches the circle bcd. 

Therefore, 

from a, ab, has been drawn touching qbcd. 



Proposition 18. 




If a straight line touch a 
circle, and a straight line be 
joined from the centre to the 
point of contact, the straight line 
so joined will be perpendicular to 
the tangent. 

For let, 

DE, touch QABC, at C, 



LET, 

THE CENTRE, F, OF QABC, BE TAKEN, AND LET, 

FCbe joined from, Fto C; 
I SAY that; 
FClDE. 

For, if not, let, 

fg be drawn, from f± de. 

[i. 17] Then, since, 

\-FGC, is right, ^FCG, is acute; 

[I. 19] THE GREATER ANGLE IS SUBTENDED BY 
THE GREATER SIDE; 

THEREFORE, 

FC > FG. But, 
FC = FB; 

THEREFORE, ALSO, 

FB > FG, 

the less than the greater: which, 
is impossible. 

Therefore, 

fg is not perpendicular to de. 

Similarly we can prove that, 

neither is any other straight line, 
except, fc; 

therefore, 

FClDE. 

Therefore etc. 



Q. E. D. 



Proposition 19. 




If a straight line touch a 
circle, and from the point of 
contact a straight line be drawn 
at right angles to the tangent, the 
centre of the circle will be on the 
straight line so drawn. 

For let, 

DE TOUCH QABC, AT C, 
AND LET, 



from C, CA ± DE; 

I say that; 

the centre of the circle is on ac. 

For, 

suppose it is not, but, if possible, let, 
fbe the centre, and let, 
cf be joined. 

[in. 18] Since, 

DE, TOUCHES QABC, AND 

FC HAS BEEN JOINED FROM 

THE CENTRE TO THE POINT OF CONTACT, 

FClDE; 

THEREFORE, 

\-FCE, is right. But, 
\-ACE, is, also, right; 

THEREFORE, 

L.FCF = \-ACE, 

the less to the greater: which, 
is impossible. 

Therefore, 

fls not the centre of qabc. 

Similarly we can prove that, 
neither is any other point, 
except a point, on ac. 

Therefore etc. 



Q. E. D. 




In a circle the angle at the 
centre is double of the angle at 
the circumference, when the 
angles have the same 
circumference as base. 

Let, 

©ABC, LET, 

zBEC, BE AN ANGLE 
AT ITS CENTRE, AND 
zBAC, AN ANGLE AT THE CIRCUMFERENCE, 

AND LET, 

THEM HAVE THE SAME CIRCUMFERENCE, BC, AS BASE; 

I SAY THAT; 

zBEC = 2zBAC. 

For let, 

ae be joined and drawn, through to f. 

[i. 5] Then, since, 

EA = EB, zEAB = zEBA; 

THEREFORE, 

zEAB + zEBA = 2zEAB. 

[i. 32] But, 

zBEF= zEAB+ zEBA; 

THEREFORE, ALSO, 

zBEF=2zEAB. 

For the same reason, 
zFEC=2zEAC. 

Therefore, 

zBEC = 2zBAC. 

Again let, 

another straight line be inflected, 

AND LET, 

THERE BE ANOTHER ANGLE, zBDO, 



LET, 

de be joined and produced, to g. 
Similarly then we can prove that, 
aGEC = 2aEDC, of which 

zGEB=2^EDB; 

THEREFORE, WHICH REMAINS, 

^BEC = 2zBDC. 

Therefore etc. 

Q.E. D. 



Proposition 21. 



A 




In a circle, the angles in the same 
segment are equal, to one another. 



AND LET, 

zBAD, zBED, be in 

THE SAME SEGMENT, BAED; 
I SAY THAT; 

zBAD, zBED, are equal, to one another. 

For let, 

the centre of qabcd, be taken, 

AND LET, 
IT BE F; 

LET, 

BE, ED BE JOINED. 

[ill. 20] Now, SINCE, 

zBFD, IS AT THE CENTRE, AND 

zBAD, AT THE CIRCUMFERENCE, AND 

THEY HAVE THE SAME CIRCUMFERENCE, BCD, AS BASE, 
THEREFORE, 

zBFD = 2zBAD. 

For the same reason, 
zBFD = 2zBED; 

THEREFORE, 

zBAD = zBED. 

Therefore etc. 

Q.E. D. 



Proposition 22, 

The opposite angles of 
quadrilaterals in circles are equal, to 
two right angles. 




D 



Let, 

qabcd, and let, 
c abcd be a quadrilateral in it; 

i say that; 
the opposite angles are equal, to two right angles. 

Let, 

ac, bd be joined. 

[i. 32] Then, since, 

IN ANY TRIANGLE, 

THE THREE ANGLES ARE EQUAL, TO TWO RIGHT ANGLES, 

zCAB + zABC + zBCA, OF 

AABC, ARE EQUAL, TO TWO RIGHT ANGLES. 

[in. 21] But, 

zCAB = zBDC, 

FOR, 

THEY ARE IN THE SAME SEGMENT, BADO, AND 

zACB = zADB, 

FOR, 

THEY ARE IN THE SAME SEGMENT, ADCB; 

THEREFORE, 

zADC = zBAC + zACB. 

Let, 

zabc, be added to each; 

therefore, 

zABC + zBAC + zACB = zABC + zADC. 

But, 

zABC + zBAC + zACB, 

ARE EQUAL, TO TWO RIGHT ANGLES; 
THEREFORE, 

zABC + zADC, 



are, also, equal, to two right angles. 

Similarly we can prove that, 

zBAD + ^DCB, 

are, also, equal, to two right angles. 

Therefore etc. 

Q.E. D. 




On the same straight line 
there cannot be constructed 
two similar and unequal 
segments of circles on the same 

B SIDE. 



For, if possible, let, 
on AB, 

TWO SIMILAR AND UNEQUAL, 

^ACB, ^ADB, BE CONSTRUCTED, ON THE SAME SIDE; 

LET, 

ACD BE DRAWN THROUGH, 

AND LET, 

cb, db be joined. 
Then, since, 

^acb, is similar to ^adb, 

[in. Def. 11] 

AND, 

SIMILAR SEGMENTS OF CIRCLES ARE THOSE WHICH 
ADMIT EQUAL ANGLES, 

zACB = zADB, THE EXTERIOR TO THE INTERIOR: 
[I. 16] WHICH, 

is impossible. 

Therefore etc. 

Q.E. D. 



Proposition 24. 

Similar segments of circles on equal straight lines are 
equal, to one another. 

E F G 





For let, 

^aeb, ^cfd be on equal straight lines, ab, cd; 

I SAY that; 

^AEB=^CFD. 

For, 

<=>aeb, be applied, to ^cfd, and 

if a, be placed, on c, and the ab on cd, 
b, will, also, coincide with d, 

BECAUSE, 

AB = CD; and AB coinciding with CD, 
^aeb, will, also, coincide with ^cfd. 

For, 

if ab, coincide with cd, but, 

^aeb, do not coincide with ^cfd, 

it will either, 

fall within it, or 

outside it; or 

it will fall awry, as cgd, and 

a circle cuts a circle at more points than two: 

[ill. 10] WHICH, 

is impossible. 

Therefore, 

if ab, be applied, to cd, 

^aeb, will not fail to coincide with ^cfd also; 

therefore, 

it will coincide with it and will be equal, to it. 

Therefore etc. 

Q.E. D. 



Proposition 25. 




Given a segment of a circle, to 
describe the complete circle of which 
it is a segment. 

Let, 

^ABC be given; 



thus it is required, 
c to describe qabc, 

For let, 

ac be bisected at d, let, 

db ± ac, and let, 

AB be joined; 

zABD IS THEN GREATER THAN, EQUAL, TO, 
OR LESS THAN, zBAD. 

First let, 

it be greater; and 
on ba, and at a, on it, 



LET, 



zBAE = zABD; 

LET, 

DB BE DRAWN THROUGH TO E, 

AND LET, 

EC BE JOINED. 

[i. 6] Then, since, 

zABE = zBAE, EB = EA. 

And, since, 

AD = DC, AND 

DEIS COMMON, THE TWO SIDES, 

AD + DE = CD + DE; and 
i_AD£= lCDE, for, 
each is right; 
therefore, 

THE BASES, AE = CE. BUT, 
AE = BE; THEREFORE, 

BE = CE; 



THEREFORE, 

THE THREE STRAIGHT LINES, 

AE, EB, EC, ARE EQUAL, TO ONE ANOTHER. 

[in. 9] Therefore, 

THE CIRCLE DRAWN WITH CENTRE, E, AND 
DISTANCE ONE OF THE STRAIGHT LINES, 
AE, EB, EC, WILL, ALSO, PASS through 

the remaining points, and 
will have been completed. 

Therefore, 

given a segment of a circle, 

the complete circle has been described. 

And it is manifest that, 

^abc, is less than a semicircle, 

BECAUSE, 

the centre, e, happens to be outside it. 
Similarly, even if, 
aABD = aBAD, 

AD BEING EQUAL, TO EACH, OF 
THE TWO, BD, DC, 
DA, DB, DC, WILL BE EQUAL, 
TO ONE ANOTHER, D, WILL BE 
THE CENTRE OF THE COMPLETED CIRCLE, 
AND 

abc, will clearly be a semicircle. 
But, if, 

aABD < aBAD, 

AND IF, 

we construct, 
ba, and at a, on it, 

an angle equal, to zabd, 

the centre will fall on db, 
within the segment, abc, 

and clearly, 

^abc, will be greater than a semicircle. 

Therefore, 

given a segment of a circle, 

the complete circle has been described. 





Q. E. F. 



Proposition 26. 

In equal circles equal angles stand on equal 
circumferences, whether they stand at the centres or at 
the circumferences. 




Let, 

©ABC = QDEF, AND LET, 

IN THEM, THERE BE EQUAL ANGLES, NAMELY, 

AT THE CENTRES, zBGC, zEHF, AND 

at the circumferences, zbac, zedf, 

i say that; 

the circumferences, bkc = elf. 

For let, 

bc, ef be joined. 

now, since, 

qabc = qdef, the radii are equal. 

Thus, 

BG, GC = EH, HF; and ^at G = ^at H; 

[I. 4] THEREFORE, 

THE BASES, BC = EF. 

[in. Def. 1 1] And, since, 

^AT A = ZAT D, 

^BAC is similar to ^EDF; 

AND THEY ARE UPON EQUAL STRAIGHT LINES. 

[in. 24] But, 

SIMILAR SEGMENTS OF CIRCLES ON 

EQUAL STRAIGHT LINES ARE EQUAL, TO ONE ANOTHER; 

THEREFORE, 

^BAC = ^EDF. 



But, 

QABC=QDEF; 

therefore, 

the circumference, bkc, 

which remains, is equal to the circumference, elf. 

Therefore etc. 

Q.E. D. 



Proposition 27. 

In equal circles, angles standing on equal 
circumferences are equal, to one another, whether they 
stand at the centres or at the circumferences. 

D 



For, 

QABC=QDEF, 

ON EQUAL CIRCUMFERENCES, BC, EF, 
LET, 

zBGC, zEHF, STAND AT THE CENTRES, G, H, AND 

zBAC, zEDF, at the circumferences; 

I SAY that; 

zBGC = zEHF, and zBAC = zEDF. 

For, if, 

zBGC^zEHF, 

one of them is greater. 

Let, 

zBGC, be greater: and on BG, and at G on it, 

[I. 23] LET, 

zBGK= zEHF. 

[in. 26] Now, 

equal angles stand on equal circumferences, when 
they are at the centres; therefore, 
the circumferences, bk = ef. 

But, 

ef = bc; therefore, 

BK=BC, 

the less to the greater: which, 

is impossible. 

Therefore, 



zBGC = zEHF; 

[hi. 20] And, 

^at a, is half of zbgc, and 

ZAT D, HALF OF zEHF) 

therefore, 
zkt a = zat d. 

Therefore etc. 

Q.E. D. 



Proposition 28. 

In equal circles equal straight lines cut off equal 
circumferences, the greater equal, to the greater and the 
less to the less. 





Let, 

©ABC = QDEF, AND LET, 

AB = DE, DIVIDING OFF 

ACB, DFE, AS GREATER CIRCUMFERENCES, AND 

AGB, DHE, as lesser; 

i say that; 

the greater circumferences, acb = dfe, and 
the less circumferences, agb = dhe. 

For let, 

the centres, k, l, of the circles be taken, 

AND LET, 

AK, KB, DL, LE, be joined. 

NOW, SINCE, 

THE CIRCLES ARE EQUAL, 
THE RADII ARE, ALSO, EQUAL; 

THEREFORE, 

THE TWO SIDES, 

AK, KB, ARE EQUAL, TO THE TWO SIDES, DL, LE; AND 

THE BASES, AB = DE; 

[I. 8] THEREFORE, 

^AKB = zDLE. 

[m. 26] But, 

equal angles stand on equal circumferences, 
when they are at the centres; 

therefore, 

the circumferences, agb = dhe. 

And also, 

ABC = QDEF; 



therefore, which remains 

the circumferences, acb, = dfe. 

Therefore etc. 

Q.E. D. 



Proposition 29. 

In equal circles equal circumferences are subtended by 
equal straight lines. 




Let, 

QABC=QDEF, 

AND LET, IN THEM, 

EQUAL CIRCUMFERENCES, BGC, EHF; AND LET, 

BC, EF, be joined; 

I SAY THAT; 

BC = EF. 

For let, 

the centres of the circles be taken, 

AND LET, 

THEM BE, K, L; 

LET, 

BK, KC, EL, LF, be joined, 
[hi. 27] Now, since, 

THE CIRCUMFERENCES, BGC = EHF, 

^BKC = ^ELF. 

And, since, 

QABC = QDEF, the radii are, also, equal; 

therefore, 

the two sides, bk, kc, are equal, to 
the two sides, el, lf, and 
they contain equal angles; 

[1.4] therefore, 
the bases, bc = ef. 

Therefore etc. 




Proposition 30. 

to bisect a given circumference. 

D 

Let, 

ADB be 
a c b the given circumference; 

thus it is required, 
to bisect the circumference, adb. 

Let, 

ab be joined, and bisected at c; 

LET FROM, 

THE POINT C, CD _L AB, 

AND LET, 

ad, db be joined. 
Then, since, 

AC = CB, AND 

CD IS COMMON, 

THE TWO SIDES, AC, CD, ARE EQUAL, TO 

THE TWO SIDES, BC, CD; AND 

\-ACD = \-BCD, FOR, EACH IS RIGHT; 

[I. 4] THEREFORE, 

THE BASES, AD = DB. 

[in. 28] But, 

equal straight lines cut off equal circumferences, 
the greater equal, to the greater, and, 
the less to the less; and, 
each, of the circumferences, 
ad, db, is less than a semicircle; 

therefore, 

the circumferences, ad = db. 

Therefore, 

the given circumference has been bisected at d. 

Q. E. F. 



Proposition 31. 

D 




c In a circle, the angle in the 

SEMICIRCLE IS RIGHT, THAT IN A 
GREATER SEGMENT LESS THAN A RIGHT 
ANGLE, AND THAT IN A LESS SEGMENT 
GREATER THAN A RIGHT ANGLE; AND 
FURTHER THE ANGLE OF THE GREATER 
SEGMENT IS GREATER THAN A RIGHT 
ANGLE, AND THE ANGLE OF THE LESS 
SEGMENT LESS THAN A RIGHT ANGLE. 



Let, 

QABCD, LET, 

BC BE ITS DIAMETER, AND E, ITS CENTRE, 
AND LET, 

BA, AC, AD, DC be joined; 

I SAY THAT; 

\-BAC, IN THE SEMICIRCLE, BAC, IS RIGHT, 

aABC, IN THE SEGMENT, ABC, GREATER THAN 
THE SEMICIRCLE IS LESS THAN A RIGHT ANGLE, AND 
aADC, IN THE SEGMENT, ADC, LESS THAN 

the semicircle is greater than a right angle. 

Let, 

ae be joined, 

AND LET, 

BA BE CARRIED THROUGH TO F. 

[i. 5] Then, since, 

BE = EA, aABE = aBAE. 

[i. 5] Again, since, 

CE = EA, aACE = aCAE. Therefore, 

aBAC = aABC + aACB. 

[i. 32] But, 

exterior TO hABC, aFAC = a ABC + aACB; 

THEREFORE, 

\-BAC = lFAC; 

[I. DEF. 10] THEREFORE, 



each is right; 
therefore, 

\-bac, in the semicircle, bac, is right. 

[1. 17] Next, since, 
in &ABC, 

zABC + zBAC, ARE LESS THAN TWO RIGHT ANGLES, AND 
\-BAC, IS A RIGHT ANGLE, 

zABC, IS LESS THAN A RIGHT ANGLE; AND 

IT IS THE ANGLE IN THE SEGMENT, ABC, 
GREATER THAN THE SEMICIRCLE. 

[in. 22] Next, since, 

ABCD IS A QUADRILATERAL IN A CIRCLE, AND 

THE OPPOSITE ANGLES OF QUADRILATERALS 

IN CIRCLES ARE EQUAL, TO TWO RIGHT ANGLES, WHILE 

zABC, IS LESS THAN A RIGHT ANGLE, 

THEREFORE, 

zADC, WHICH REMAINS, 

is greater than a right angle; and 
it is the angle in the segment, adc, 
less than the semicircle. 

i say, further, that; 

the angle of the greater segment, namely, 
that contained by the circumference, abc, and 
ac, is greater than a right angle; and 
the angle of the less segment, namely, 
that contained by the circumference, adc, and 
ac, is less than a right angle. 

This is at once manifest. 

For, since, 

the angle contained by ba, ac, is right, 
the angle contained by the circumference, 
abc, and ac, is greater than a right angle. 

Again, since, 

the angle contained by ac, af, is right, 

the angle contained by ca, and 

the circumference, adc, is less than a right angle. 

Therefore etc. 

Q.E. D. 



Proposition 32. 




If a straight line touch a 
circle, and from the point of 
contact there be drawn across, in 
the circle, a straight line cutting 
the circle, the angles which it 
makes with the tangent will be 
equal, to the angles in the 
alternate segments of the circle. 

For let, 
EF touch QABCD at B, 

and let from, 

b, there be drawn across, in qabcd, 

bd, dividing it; 

i say that; 

the angles, which bd makes with 

the tangent, ef, will be equal, to 

the angles in the alternate segments of the circle. 

that is, that, 

zfbd = ^constructed in ^bad, and 

zebd = ^constructed in ^dcb. 

For let, 
BA ± EF, 

LET, AT RANDOM, 

A POINT, C, BE TAKEN, ON THE CIRCUMFERENCE, BD, 

AND LET, 

AD, DC, CB BE JOINED. 

[in. 19] 

Then, since, 

EF, touches QABCD, at B, and 

ba has been drawn, from the point of contact, 
at right angles, to the tangent, 

the centre of qabcd, is on ba. 

Therefore, 

ba is a diameter of qabcd; 



[III. 31] THEREFORE, 

\-ADB, BEING AN ANGLE IN A SEMICIRCLE, IS RIGHT. 

[i. 32] Therefore, 

THE REMAINING ANGLES, 

zBAD + zABD, are equal, to one right angle. 

But, 

lABF, is, also, right; 

therefore, 

zABF = zBAD + zABD. 

Let, 

zabd, be subtracted from each; 

therefore, which remains 

zDBF = zBAD, in the alternate segment of the circle. 

[hi. 22] Next, since, 

abcd is a quadrilateral in a circle, 

its opposite angles are equal, to two right angles. 

But, 

zDBF+ zDBE, are, also, equal, to 

TWO RIGHT ANGLES; 
THEREFORE, 

zDBF+ zDBE = zBAD + zBCD, OF which 
zBAD = zDBF; 

THEREFORE, WHICH REMAINS 

zDBE = zDCB, in 

the alternate segment, dcb, of the circle. 

Therefore etc. 

Q.E. D. 



Proposition 33. 




On a given straight line to 
describe a segment of a 
circle admitting an angle 
equal, to a given rectilineal 

ANGLE. 

Let, 

ab be given, 



AND, 

zat c, the given rectilineal angle; 

thus it is required, 

to describe, on ab, a segment of a circle, 

admitting an angle equal, to, ^at c. 
The ^at Cis, then, 

ACUTE, OR 
RIGHT, OR 
OBTUSE. 

First let, 

it be acute, and as in the first figure, 
on ab, and let, 

AT A, aBAD = ^AT C; 

THEREFORE, 

zBAD, IS, ALSO, ACUTE. 

Let, 

AElDA, 



LET, 



AB BE BISECTED AT F, 
LET, 

FGlAB, 

AND LET, 

gb be joined. 

Then, since, 

AF= FB, and FGis COMMON, 

THE TWO SIDES, AF, FG, ARE EQUAL, TO 

THE TWO SIDES, BF, FG; AND 



zAFG = zBFG; 

[i. 4] therefore, 

the bases, ag = bg. 

Therefore, 

the circle described with centre, g, and 
distance, ga, will pass through b also. 

Let, 

it be drawn, and let, 

IT BE ABE) 

LET, 

EB BE JOINED. 

NOW, SINCE, 

AD IS DRAWN, FROM A, 

THE EXTREMITY OF THE DIAMETER, AE, 

AT RIGHT ANGLES, TO AE, 

[ill. 16, POR.] THEREFORE, 

AD touches ©ABE. 

[m. 32] Since then, 
AD, touches ©ABE, 

AND FROM, 

THE POINT OF CONTACT, AT A, 

AB, IS DRAWN ACROSS IN QABE, aDAB = zAEB 

in the alternate segment of the circle. 
But, 

aDAB = ^AT C; 

THEREFORE, 

^AT C = aAEB. 

Therefore, 

on b, ^aeb, has been described 

ADMITTING aAEB, = ^AT C. 

Next let, 

lat c be right; 

and let it be again required, 
to describe, on ab, 
a segment of a circle, 




admitting an angle equal, to lat c. 
Let, 

L.BAD = LAT C, 

AS IS THE CASE IN THE SECOND FIGURE; 

LET, 

AB BE BISECTED, AT F, 

AND LET, 

with centre, f, and distance either, fa or fb, 
qaeb, be described. 

[hi. 16, Por.] Therefore, 

AD, touches ©ABE, because, 

^at a, is right. 

And, 

a bad = the angle in ^aeb, 

[III. 31] FOR, 

the latter too is itself a right angle, 
being an angle in a semicircle. 

But, 

a BAD = ^at C. Therefore, 

aAEB = ^at C. 

Therefore again, 

^aeb, has been described, 

on ab, admitting an angle equal, to ^at c. 

Next, let, 

^AT C, BE obtuse; 

AND, 
ON AB, AND AT A, 

LET, 

aBAD, be 
constructed equal, 

TO IT, 

AS IS THE CASE IN THE 
THIRD FIGURE; 

LET, 




AE±AD, 

LET, 

AB BE AGAIN BISECTED, AT F, 

LET, 

FGlAB, 

AND LET, 

gb be joined. 

Then, since, 

AF= FB, and FGis COMMON, 

THE TWO SIDES, AF, FG, ARE EQUAL, TO 

the two sides, BF, FG; and ^AFG = ^BFG; 

[i. 4] therefore, 

the bases, ag = bg. 

Therefore, 

the circle described with centre, g, and 
distance, ga, will pass through b, also; 

LET IT, 

so pass, as AEB. 

[ill. 16, POR.] NOW, SINCE, 

AD ± AE, FROM ITS EXTREMITY, 

AD TOUCHES QAEB. 

And, 

ab has been drawn across from 
the point of contact, at a; 

[ill. 32] THEREFORE, 

zbad = the angle constructed in 
the alternate ^ahb. 
But, 

aBAD = ^AT C. 

Therefore, 

^in ^AHB = ^at C. 

Therefore, 

on ab, ^ahb, has been described 

admitting an angle equal, to ^at c. 



Q. E. F. 




Proposition 34. 

From a given circle to cut off a segment admitting an 

angle equal, to a given 
rectilineal angle. 

Let, 

©abc be given, 

AND, 

zat d, the given angle; 

thus it is required, 
to divide qabc, 

a segment, admitting an angle, equal, to 
the given rectilineal angle, ^at d. 

Let, 

ef be drawn touching abc at b, and 
on fb, and at b, 

[I. 23] LET, 

zFBC = ZAT D. 

[m. 32] Then, since, 

ef, touches qabc, and, 

bc has been drawn across from 
the point of contact, at b, 

zfbc = z constructed in the alternate ^bac. 

But, 

zFBC = zat D; 

therefore, 

^in ^bac = zat d. 

Therefore, 

from abc, ^bac, has been divided 

admitting an angle equal, to the given angle, ^at d. 

Q. E. F. 



Proposition 35. 




If in a circle two straight lines 

cut one another, the rectangle 

contained by the segments of the 

d one is equal, to the rectangle 

contained by the segments of the 

OTHER. 



For let, 
IN QABCD, 

AC, BD, INTERSECT ONE ANOTHER AT E\ 
I SAY THAT; 

AE EEC = DE mEB. 

If now, 

ac, bd intersect, so that, 

e is the centre of qabcd, 

it is manifest that; 

AE, EC, DE, EB, being equal, 

AE\E\C= DE\E\EB. 




Next let, 

ac, db intersect the centre; 

LET, 

THE CENTRE OF ABCD BE TAKEN, 

AND LET, 
IT BE F; 

LET FROM, 

F, 
FG±AC,FH±DB, 



AND LET, 

FB, FC, FE BE JOINED. 

[in. 3] Then, since, 

GF, INTERSECTS AC, NOT THROUGH 

THE CENTRE AT RIGHT ANGLES, IT, ALSO, BISECTS IT; 

THEREFORE, 

AG= GC. 

[ii. 5] Since, then, 

ac, has been bisected at g, and intersected at e, 



AE SEC +BEG = BGC; 

Let, 

HGE be added; 

THEREFORE, 

AE SEC + BGE+BGF = BCG + BGF. 

[ i. 47] But, 

□EE = BEG + BGF, and 

BFC=BCG+ GF; 

THEREFORE, 

AE SEC + BFE = RFC. 
And FC = FB; 

THEREFORE, 

AESEC+HEE=HEB. 

For the same reason, also, 
DE SEE + BFE = BFB. 

But, 

AE SEC + BFE = BFB; 

THEREFORE, 

AE SEC + BFE= DE SEE + □ FE. 

Let, 

\i\fe, be subtracted from each; 

therefore, which remains 
AE SEC = DE SEE. 

Therefore etc. 




Proposition 36. 

If a point be taken outside a circle and from it there fall 

on the circle two straight lines, and if 
one of them cut the circle and the 
other touch it, the rectangle 
contained by the whole of the 
straight line which cuts the circle and 
the straight line intercepted on it 
outside between the point and the 
convex circumference will be equal, 
to the square, on the tangent. 

For let, 

d, be taken outside qabc, 

AND LET, 

FROM D, DCA, DB, FALL ON QABC, LET, 

DCA CUT QABC, AND LET, 

BD touch it; 

I SAY THAT; 

ADmDC = DB. 

Then, 
DCA is 

EITHER, 

through the centre, or 
not through the centre. 

First let, 

it be through the centre, 

AND LET, 

Fbe the centre of QABC; 

LET, 

FB be joined; 
[iii. 18] therefore, 
\-fbd, is right. 

[ii. 6] And, since, 

ac has been bisected, at f, and 
cd is added to it, 

ADEDC+ HFC = &FD. But, 



FC = FB; 

THEREFORE, 

ADEDC+ BFB = BFD. 

[i. 47] And, 

BFB +BBD = BFD; 

THEREFORE, 

AD EDC + BFB = BFB + BBD. 

Let, 

hfs, be subtracted from each; 

therefore, 

ADHDC=Hm 

Again, let, 

dca not be through 

the centre of ©abc; 

LET, 

THE CENTRE, E ,BE TAKEN, 

AND LET, 

from E,EF± AC; D 

LET, 

EB, EC, ED, BE JOINED. 

[in. 18] Then, 

\-EBD, IS RIGHT. 

[in. 3] And, since, 

EF, THROUGH THE CENTRE, INTERSECTS AC, 
NOT THROUGH THE CENTRE, AT RIGHT ANGLES, 
IT, ALSO, BISECTS IT; 

THEREFORE, 

AF=FC. 

NOW, SINCE, 

AC, HAS BEEN BISECTED AT F, 

[II. 6] AND, 

CD IS ADDED TO IT. 

AD EDC + HFC = BFD. 
Let, 




BFE, BE ADDED TO EACH; 
THEREFORE, 

AD E DC + □ CF + BFE = BFD + BFE. 

[i. 47] But, 

BEC=BCF+BFE, 

FOR, 

\-EFC, is right; and 
BED = RDF + BFE; 

THEREFORE, 

AD\Z\DC + BEC = BED. And, 
EC = EB; 

THEREFORE, 

AD SDC +BEB= BED. 

[i. 47] But, 

EEB + BBD = □££>, FOR, 

\-EBD, is right; 

THEREFORE, 

ADEDC+ HEB = BEB + BBD. 

Let, 

beb, be subtracted from each; 

therefore, which remains 
ADH]DC=BDB. 

Therefore etc. 



Q.E. D. 



Proposition 37. 

If a point be taken outside a circle and from the point 
there fall on the circle two straight lines, if one of them 
cut the circle, and the other fall on it, and if further the 
rectangle contained by the whole of the straight line 

which cuts the circle and the 
straight line intercepted on it 
outside between the point and 
the convex circumference be 
equal, to the square, on the 
straight line which falls on 
the circle, the straight line 
which falls on it will touch 
the circle. 

For let, 

d, be taken outside ©abc; 




LET, 



FROM D, DCA, DB, FALL ON QACB; 

LET, 

DCA INTERSECT QACB AND DB FALL ON IT; 

AND LET, 

ADEDC=HDR 

I SAY THAT; 

DB touches ©ABC. 
[m. 18] For let, 

DE BE DRAWN TOUCHING ©ABC; 

LET, 

THE CENTRE OF ©ABC, BE TAKEN, 

AND LET, 
IT BE F; 

LET, 

FE, FB, FD, BE JOINED. 

Thus, 

\-fed, is right. 

[m. 36] Now, since, 

DE TOUCHES ©ABC, AND 



DCA CUTS IT, 

ADS DC =□£>£. 

But, 

ADS DC =□£>£; 

THEREFORE, 

BDE = BDB; 

THEREFORE, 

DE = DB. And, 
FE = FB; 

THEREFORE, 

THE TWO SIDES, DE, EF, ARE EQUAL, TO 

THE TWO SIDES, DB, BF, AND 

FD IS THE COMMON BASE OF THE TRIANGLES; 

[I. 8] THEREFORE, 

\-DEF= \-DBF. But, 
\-DEF, is right; 

therefore, 

\-dbf, is, also, right. and 
fb produced is a diameter; 

[iii. 16, por.] and, 

the straight line drawn at right angles to 
the diameter of a circle, from its extremity, 
touches the circle; 

therefore, 

db touches the circle. 

Similarly this can be proved, 

to be the case even if the centre be on ac. 

Therefore etc. 

Q.E. D. 
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BOOK IV. 
Definitions. 

1. a rectilineal figure is said to be inscribed in a 
rectilineal figure when the respective angles of the 
inscribed figure lie on the respective sides of that in 
which it is inscribed. 

2. Similarly, a figure is said to be circumscribed about 
a figure when the respective sides of the circumscribed 
figure pass through the respective angles of that about 
which it is circumscribed. 

3. a rectilineal figure is said to be inscribed in a 
circle when each angle of the inscribed figure lies on the 
circumference of the circle. 

4. a rectilineal figure is said to be circumscribed 
about a circle, when each side of the circumscribed 
figure touches the circumference of the circle. 

5. Similarly a circle is said to be inscribed in a figure 
when the circumference of the circle touches each side 
of the figure in which it is inscribed. 

6. a circle is said to be circumscribed about a figure 
when the circumference of the circle passes through 
each angle of the figure about which it is circumscribed. 

7. a straight line is said to be fitted into a circle 
when its extremities are on the circumference of the 

CIRCLE. 



Notes. 

Definition 1. A rectilineal figure is said to be inscribed in a 

RECTILINEAL FIGURE WHEN THE RESPECTIVE ANGLES OF THE 
INSCRIBED FIGURE LIE ON THE RESPECTIVE SIDES OF THAT IN 
WHICH IT IS INSCRIBED. 



Notes. 

Definition 2. Similarly, a figure is said to be circumscribed 

ABOUT A FIGURE WHEN THE RESPECTIVE SIDES OF THE 
CIRCUMSCRIBED FIGURE PASS THROUGH THE RESPECTIVE ANGLES 
OF THAT ABOUT WHICH IT IS CIRCUMSCRIBED. 



Notes. 

Definition 3. A rectilineal figure is said to be inscribed in 

A CIRCLE WHEN EACH ANGLE OF THE INSCRIBED FIGURE LIES ON 
THE CIRCUMFERENCE OF THE CIRCLE. 



Notes. 

Definition 4. A rectilineal figure is said to be 

CIRCUMSCRIBED ABOUT A CIRCLE, WHEN EACH SIDE OF THE 
CIRCUMSCRIBED FIGURE TOUCHES THE CIRCUMFERENCE OF THE 
CIRCLE. 



Notes. 

Definition 5. Similarly a circle is said to be inscribed in a 

FIGURE WHEN THE CIRCUMFERENCE OF THE CIRCLE TOUCHES 
EACH SIDE OF THE FIGURE IN WHICH IT IS INSCRIBED. 



Notes. 

Definition 6. A circle is said to be circumscribed about a 

FIGURE WHEN THE CIRCUMFERENCE OF THE CIRCLE PASSES 
THROUGH EACH ANGLE OF THE FIGURE ABOUT WHICH IT IS 
CIRCUMSCRIBED. 



Notes. 
Definition 7. A straight line is said to be fitted into a 

CIRCLE WHEN ITS EXTREMITIES ARE ON THE CIRCUMFERENCE OF 
THE CIRCLE. 



BOOK IV. 
PROPOSITIONS 



Proposition 1. 




Into a given circle to fit a 
straight line equal, to a 
given straight line which is 
not greater than the 
diameter of the circle. 

Let, 

©abc be given, 

AND 

d, > the diameter qabc \ 

thus it is required, 

to fit into qabc, a line equal, to d. 

Let, 

a diameter, bc, of qabc, be drawn. 

Then, if, 
BC=D, 

THAT WHICH WAS ENJOINED WILL HAVE BEEN DONE; 
FOR, 

bc has been fitted into qabc, equal, to d. 
But, if, 

BC > D, LET, 
CE = D, AND 
WITH CENTRE, C, AND DISTANCE, CE; LET, 

QEAF, be described; let, 
ca, be joined. 

Then, since, 

c, is the centre of qeaf, 
CA = CE. But, 

CE = D; THEREFORE, 

D= CA. 

Therefore, 

qabc, there has been fitted ca =d. 



Proposition 2. 




In a given circle to 
inscribe a triangle 
equiangular with a 
f given triangle. 



Let, 

QABC AND hDEF, 

BE GIVEN, 



THUS IT IS REQUIRED, 

TO INSCRIBE IN QABC, 

A TRIANGLE EQUIANGULAR WITH ADEF. 

[in. 16, Por.] Let, 

GH BE DRAWN, TOUCHING QABC, AT A; ON AH, 

AND LET, 

AT A, ON IT, 

zHAC = ^DEF, 

[I. 23] AND LET, 
AG, AND AT A, 

^GAB= ^DFE; 

LET, 

bc be joined. 
Then, since, 

AH, touches QABC, 

AND FROM, 

THE POINT OF CONTACT, AT A, 

AC, IS DRAWN ACROSS IN THE CIRCLE, 

[ill. 32] THEREFORE, 

^HAC = ^ABC, 

in the alternate segment of the circle. 

But, 

^HAC = ^DEF; 



THEREFORE, 

zABC = zDEF. 

For the same reason, 
zACB = zDFE; 

[I. 32] THEREFORE, REMAINING 

zBAC = zEDF. 

Therefore, 

in the given circle, 

there has been inscribed a triangle equiangular with 

the given triangle. 

Q. E. F. 



Proposition 3. 

About a given circle to circumscribe a triangle 
equiangular with a given triangle. 




Let, 

©ABC and ADEFbe given, 

THUS IT IS REQUIRED, 

TO CIRCUMSCRIBE ABOUT 

QABC, a triangle equiangular with ADEF. 

Let, 

EFbe produced, in both directions, to 
the points, g, h, 

[III. 1] LET, 

THE CENTRE, K, OF QABC, BE TAKEN 

AND LET, 

KB, BE DRAWN ACROSS AT RANDOM; 
ON KB, AND AT K, 

[I. 23] LET, 

aBKA = aDEG, and 
^BKC = ^DFH; 



[III. 16, POR.] AND LET, 
THROUGH A, B, C, 

LAM, MBN, NCL, be drawn touching ©ABC. 

[in. 18] Now, SINCE, 

LM, MN, NL, touch ©ABC, at A, B, C, and 

ka, kb, kc, have been joined from 
the centre, kto a, b, c, 

therefore, 

the angles, at a, b, c, are right. 

And, since, 

the four angles of 

the quadrilateral, ambk, are equal, to 

four right angles, 

inasmuch as, 

ambk is in fact divisible into two triangles, and 

L.KAM, \-KBM, ARE RIGHT, 

THEREFORE, 

THE REMAININGS, \-AKB, LAMB, ARE EQUAL, TO 
TWO RIGHT ANGLES. 

[i. 13] But, 

zDEG, zDEF, are, also, equal, to 

TWO RIGHT ANGLES; 
THEREFORE, 

zAKB = aDEG, and 
zAMB = zDEF, 

OF WHICH, 

zAKB = zDEG; 

THEREFORE, WHICH REMAINS 

zAMB, = zDEF. 

Similarly it can be proved that, 
zLNB = zDFE; 

[i. 32] therefore, 

the remaining angle, mln = zedf. 

Therefore, 



ALM/V, IS EQUIANGULAR WITH hDEF; 
AND, 

it has been circumscribed about ©abc. 

Therefore, 

about a given circle, 

there has been circumscribed a triangle, 

equiangular with the given triangle. 



Q. E. F. 



Proposition 4. 

In a given triangle to inscribe a circle. 

A 

Let, 

A ABC be given; 
J) ^\G 




THUS IT IS REQUIRED, 

TO INSCRIBE A CIRCLE IN AABC. 

C [i.9] 
Let, 
zABC, aACB, be bisected by BD, CD, 

AND LET, 

THESE MEET ONE ANOTHER AT THE POINT, D\ 

LET, 

FROM D, 

DE, DF, DG, BE DRAWN PERPENDICULAR TO 

THE STRAIGHT LINES, AB, BC, CA. 

NOW, SINCE, 

zABD=zCBD, 

AND, 

lBED = \-BFD, hEBD, hFBD, have 

TWO ANGLES EQUAL, TO TWO ANGLES, AND 
ONE SIDE EQUAL, TO ONE SIDE, 

NAMELY, 

THAT SUBTENDING ONE OF THE EQUAL ANGLES, 
WHICH IS BD, COMMON TO THE TRIANGLES; 

[I. 26] THEREFORE, 

THEY WILL, ALSO, HAVE THE REMAINING SIDES EQUAL, TO 
THE REMAINING SIDES; 

THEREFORE, 

DE = DF. 

For the same reason, 
DG = DF. 

Therefore, 

de, df, dg, are equal, to one another; 

therefore, 

the circle described with centre, d, and 
distance one de, df, dg, 



WILL PASS, ALSO, THROUGH THE REMAINING POINTS, AND 
WILL TOUCH AB, BC, CA, 

BECAUSE, 

THE ANGLES, AT E, F, G, ARE RIGHT. 

[in. 16] For, if, 

IT CUTS THEM, 

THE STRAIGHT LINE DRAWN AT RIGHT ANGLES TO 
THE DIAMETER OF THE CIRCLE FROM ITS EXTREMITY 
WILL BE FOUND TO FALL WITHIN THE CIRCLE: 
WHICH WAS PROVED ABSURD; 

THEREFORE, 

THE CIRCLE DESCRIBED WITH CENTRE, D, AND 
DISTANCE ONE OF DE, DF, DG, WILL NOT CUT 

AB, BC, OR CA; 

[iv. def. 5] therefore, 
it will touch them, and 

will be the circle inscribed in aabc, 

Let, 

it be inscribed, as qfge. 

Therefore, 

in AABC, QEFG, has been inscribed. 



Q. E. F. 



Proposition 5. 

About a given triangle to circumscribe a circle. 

A ^-t-^ A 




Let, 

A ABC, be given; 

THUS IT IS REQUIRED, 

TO CIRCUMSCRIBE A CIRCLE ABOUT AABC. 

[I. 10] 

Let, 

ab, ac, be bisected at d, e, 

AND LET, 

from D, E, DF± AB, EF± AC; 

THEY WILL THEN MEET WITHIN AABC, 
OR, 

on the straight line, bc, or 
outside, bc. 

First let, 

them meet within, at f, 

AND LET, 

FB, FC, FA, BE JOINED. 

[i. 4] Then, since, 

ad = db, and dfls common and 
at right angles, 

therefore, 

the bases, af = fb. 

Similarly, we can prove that; 
CF= AF; so that, 
FB=FC; 

therefore, 

fa, fb, fc, are equal, to one another. 

Therefore, 



THE CIRCLE DESCRIBED WITH CENTRE, F, AND 
DISTANCE ONE OF FA, FB, FC, 

WILL PASS, ALSO, THROUGH THE REMAINING POINTS, AND 
THE CIRCLE WILL HAVE BEEN CIRCUMSCRIBED ABOUT 

AABC. 

Let it, 

be circumscribed, as ©abc. 

Next, let, 

DF, EF MEET ON BC, AT F, 

AS IS THE CASE IN THE SECOND FIGURE; 

AND LET, 

af be joined. 

Then, similarly, we shall prove that; 

the point, f, is the centre of the circle 

circumscribed about aabc. 

Again, let, 

df, bf meet outside aabc, at f, 
as is the case in the third figure, 

AND LET, 

AF, BF, CF, BE JOINED. 

[i. 4] Then again, since, 

ad = db, and df is common, and 
at right angles, 

therefore, 

the bases, af = bf. 

Similarly we can prove that, 
CF= AF; so that, 
BF=FC; 

THEREFORE, 

THE CIRCLE DESCRIBED WITH CENTRE, F, AND 
DISTANCE ONE FA, FB, FC, 

WILL PASS, ALSO, THROUGH THE REMAINING POINTS, AND 
WILL HAVE BEEN CIRCUMSCRIBED ABOUT 

AABC. 

Therefore, 

about the given triangle, 

a circle has been circumscribed. 

Q. E. F. 



Proposition 6. 




In a given circle to inscribe a 

SQUARE. 

Let, 
D QABCD, be given; 

THUS IT IS REQUIRED, 

TO INSCRIBE A SQUARE IN 

QABCD. 

Let, 
two diameters, ac ± bd, of qabcd, 

AND LET, 

AB, BC, CD, DA, be joined. 

Then, since, 
BE = ED, for, 
e is the centre, and 
ea is common and at right angles, 

[i. 4] therefore, 

the bases, ab = ad. 

For the same reason, 
BC = AB, CD = AD; 

therefore, 

the quadrilateral, abcd, is equilateral. 

i say next that; 

it is, also, right-angled. 

For, since, 

bd, is a diameter of qabcd, 

therefore, 

BAD is a semicircle; 

[ill. 31] THEREFORE, 

lbad, is right. 

For the same reason, 

each, of lABC, \-BCD, \-CDA, is, also, right; 

THEREFORE, 

THE QUADRILATERAL, ABCD, IS RIGHT-ANGLED. 

[i. Def. 22] But, 



IT WAS, ALSO, PROVED EQUILATERAL; 

THEREFORE, 

IT IS A square; AND, 

it has been inscribed in qabcd. 

Therefore, 

in the given circle, habcd, has been inscribed. 

Q. E. F. 



Proposition 7. 



B 



r 


E 


V 


y 



About a given circle to 
circumscribe a square. 

D Let, 

QABCD, be given; 



H 



K 



THUS IT IS REQUIRED, 
TO CIRCUMSCRIBE 

A SQUARE, ABOUT QABCD. 



Let, 

DIAMETERS, AC L BD, OF QABCD, 

[ill. 16, POR.] AND LET, 
THROUGH A, B, C, D, 

FG, GH, HK, KF, be drawn touching QABCD. 

[m. 18] Then, since, 

FG touches QABCD, and 

ea has been joined from 

the centre, e, to the point of contact, at a, 

therefore, 

lat a, are right. 

For the same reason, 

lat b, c, d, are, also, right. 

[i. 28] Now, since, 

\-AEB, IS RIGHT, AND lEBG, IS, ALSO, RIGHT, THEREFORE, 

GH\\AC. 
[i. 30] For the same reason, 

AC || FK, SO THAT, 

GH\\FK. 

Similarly we can prove that, 
each, of GF, HK\\ BED. 

Therefore, 

BGK, BGC, BAR, BFB, BBK; 

[I. 34] THEREFORE, 



GF = HK, and GH = FK 

And, since, 

AC = BD, AND 

AC = GH,AC= FK, 

[I. 34] WHILE, 

BD = GF, BD = HK, 

THEREFORE, 

THE QUADRILATERAL, FGHK, IS EQUILATERAL. 

I SAY NEXT THAT; 

IT IS, ALSO, RIGHT-ANGLED. 

[I. 34] 
For, since, 

BGBEA, and \_AEB, is right, 

therefore, 

\-agb, is, also, right. 

Similarly we can prove that, 
^at h, k, f, are, also, right. 

Therefore, 

bfghkls right-angled. 

But, 

it was, also, proved equilateral; 

therefore, 

IT IS A square; AND 

it has been circumscribed about qabcd. 

Therefore, 

about the given circle, 

a square has been circumscribed. 

Q. E. F. 



Proposition 8. 
A E 



In a given square to inscribe a 






K 



B 



H 



CIRCLE. 



Let, 

BABCD be given; 

THUS IT IS REQUIRED, 

TO INSCRIBE A CIRCLE IN 

BABCD. 



[i. 10] Let, 

AD, AB, BE BISECTED AT E, F, RESPECTIVELY, 

LET, 

THROUGH E, 

EH || TO EITHER, AB OR CD, 

[I. 31] AND LET, 
THROUGH F, 

FK || TO EITHER, AD OR BO, 

[I. 34] 

THEREFORE, 

EACH, OF THE FIGURES, 

BAK, BKB, BAH, BHD, BAG, BGC, BBG, BGD„ 

AND, 

THEIR OPPOSITE SIDES ARE EVIDENTLY EQUAL. 

NOW, SINCE, 

AD = AB, and 
2AE = AD, and 
2AF=AB, 

THEREFORE, 
AE = AF, 

SO THAT, 

THE OPPOSITE SIDES ARE, ALSO, EQUAL; 

THEREFORE, 

FG = GE. 

Similarly we can prove that, 

each, of GH, GK= each, of , FG, GE; 

THEREFORE, 

GE, GF, GH, GK, are equal, to one another. 



Therefore, 

the circle described with centre, g, and 
distance one of ge, gf, gh, gk, 
will pass, also, through the remaining points. and 
it will touch AB, BC, CD, DA, 

BECAUSE, 

THE ^AT E, F, H, K, ARE RIGHT. 

[in. 16] For, 

IF THE CIRCLE CUTS, AB, BC, CD, DA, 

THE STRAIGHT LINE DRAWN AT RIGHT ANGLES TO 

THE DIAMETER OF THE CIRCLE FROM 

ITS EXTREMITY, WILL FALL WITHIN THE CIRCLE: 

WHICH, 

WAS PROVED absurd; 

THEREFORE, 

THE CIRCLE DESCRIBED WITH CENTRE, G, AND 
DISTANCE ONE OF GE, GF, GH, GK, 

will not cut AB, BC, CD, DA. 

Therefore, 

it will touch them, and 

will have been inscribed in habcd. 

Therefore, 

in the given square, a circle has been inscribed. 



Proposition 9. 




About a given square to 
circumscribe a circle. 

Let, 

BABCD, be given; 

THUS IT IS REQUIRED, 

TO CIRCUMSCRIBE A CIRCLE 

ABOUT BABCD. 

For let, 



AC, BD, BE JOINED, 



AND LET, 

them intersect one another, at e. 

Then, since, 

da = ab, and ac is common, 

therefore, 

the two sides, da, ac, are equal, to 
the two sides, ba, ac; and 
the bases, dc = bo, 

[i. 8] therefore, 

^DAC = zBAC. 

Therefore, 

aDAB, is bisected by AC. 

Similarly we can prove that, 
EACH, OF aABC, aBCD, aCDA, 
IS BISECTED BY AC, DB. 

[I. 6] Now, SINCE, 

aDAB = aABC, and 

2zEAB = aDAB, and 

2zEBA = ^ABC, 

THEREFORE, 

aEAB = aEBA; 

SO THAT, 

the sides, ea = eb. 
Similarly we can prove that, 



each, of ea, eb = each, of ec, ed. 

Therefore, 

EA, EB, EC, ED, are equal, to one another. 

Therefore, 

the circle described with centre, e, and 

distance one of ea, eb, ec, ed, 

will pass, also, through the remaining points; and 

it will have been circumscribed about habcd. 

Let it, 

be circumscribed, qabcd. 

Therefore, 

about the given square, 

a circle has been circumscribed. 




Proposition 10. 

to construct an isosceles 
triangle having each, of the 
angles at the base double of the 
remaining one. 

[ii. 11] Let, 

AB, BE SET OUT, 

AND LET, 

IT BE DIVIDED AT C, 

SO THAT, 

AB SBC = RCA; 

LET, 

with centre a, and distance, ab, qbde, be described, 

[iv. 1] and let, 

there be fitted in qbde, bd = ac, 

which is not greater than the diameter of qbde. 

Let, 

ad, dc be joined, 

[iv. 5] and let, 

qacd, be circumscribed about hacd. 

Then, since, 

ABmBC = □ AC, and 
AC = BD, 

THEREFORE, 

ABmBC=RBD. 

And, since, 

b, has been taken outside qacd, and from b, 

ba, bd, have fallen on qacd, and 
one of them intersects it, 

WHILE, 

THE OTHER TOUCHES IT, AND 

AB SBC = BBD, 

[III. 37] THEREFORE, 

BD touches QACD. 



Since, then, 

bd touches it, and 

dc is drawn across from the point of contact, at d, 

[iii. 32] therefore, 
zBDC = zDAC, 

in the alternate segment of the circle. 

Since, then, 

aBDC = aDAC, let, 

zCDA, BE ADDED TO EACH; 
THEREFORE, 

zBDA = zCDA + zDAC. 
[i. 32] But, 

THE EXTERIOR ANGLE, BCD = zCDA + +DAC\ 
THEREFORE, 

zBDA = zBCD. 

[i. 5] But, 

zBDA = aCBD, since, 

the sides, AD = AB; so that, 

zDBA = zBCD. 

Therefore, 

zBDA, zDBA, zBCD, are equal, to one another. 

[i. 6] And, since, 
zDBC = zBCD, 
the sides, bd = dc. 

But, by hypothesis, 
BD = CA; 

[I. 5] THEREFORE, 

CA = CD, SO THAT, 

zCDA= zDAC; 

THEREFORE, 

zCDA + zDAC = 2zDAC. 

But, 

zBCD = zCDA + zDAC; 

THEREFORE, 



zBCD= 2 a CAD. 

But, 

zBCD = BDA, 

zBCD = DBA; 

THEREFORE, 

zBDA + zDBA = 2zDAB. 

Therefore, 

the isosceles triangle, 
abd, has been constructed having each, of 
the angles at the base, db, double of 
the remaining one. 

Q. E. F. 




Proposition 11. 

In a given circle to inscribe an equilateral and 

equiangular pentagon. 

Let, 

QABCDE be given; 

THUS IT IS REQUIRED, 

TO INSCRIBE IN QABCDE, AN 

EQUILATERAL, AND 

EQUIANGULAR PENTAGON. 

H [iv. 10] Let, 

THE ISOSCELES TRIANGLE, FGH, 
BE SET OUT HAVING EACH, OF 

THE ANGLES, AT G, H, DOUBLE OF ^AT F; 

LET, 

THERE BE INSCRIBED IN QABCDE, 

hACD, EQUIANGULAR WITH kFGH, 

SO THAT, 

zCAD = zatF, 

[IV. 2] AND, 

^AT G, H, RESPECTIVELY, EQUAL, TO zACD, zCDA\ 

THEREFORE, 

zACD=2zCAD, 
zCDA = 2zCAD. 

[1.9] NOW LET, 

zACD, zCDA, be bisected, respectively, by CE, DB, 

AND LET, 

AB, BC, DE, EA, be joined. 
Then, since, 

EACH, OF zACD, zCDA, IS DOUBLE OF zCAD, AND 
THEY HAVE BEEN BISECTED BY CE, DB, 

THEREFORE, 

THE FIVE ANGLES, 

zDAC, zACE, zECD, zCDB, zBDA, 



ARE EQUAL, TO ONE ANOTHER. 

[in. 26] But, 

EQUAL ANGLES STAND ON EQUAL CIRCUMFERENCES; 

THEREFORE, 

THE FIVE CIRCUMFERENCES, 

AB, BC, CD, DE, EA, are equal, to one another. 

[hi. 29] But, 

equal circumferences are subtended by 
equal straight lines; 

therefore, 

AB, BC, CD, DE, EA, are equal, to one another; 

therefore, 

the pentagon, abcde, is equilateral. 

i say next that; 

it is, also, equiangular. 

For, since, 

the circumferences, ab = de, 

LET, 

BCD BE ADDED TO EACH; 

THEREFORE, 

THE WHOLE CIRCUMFERENCES, ABCD = EDCB. AND 

zAED, STANDS ON THE CIRCUMFERENCE, ABCD, AND 
zBAE, ON THE CIRCUMFERENCE, EDCB; 
[ill. 27] THEREFORE, 

zBAE = zAED. 

For the same reason, 

each, of aABC, aBCD, aCDE = each, of aBAE, ^AED; 

therefore, 

the pentagon, abcde, is equiangular. 

But, 

it was, also, proved equilateral; 

therefore, 

in the given circle, an equilateral, 

AND, 

EQUIANGULAR, PENTAGON HAS BEEN INSCRIBED. 

Q. E. F. 



Proposition 12. 




About a given circle to 
circumscribe an 

equilateral and 

equiangular pentagon 

Let, 

QABCDE be given; 

THUS IT IS REQUIRED, 
TO CIRCUMSCRIBE 
AN EQUILATERAL 



AND, 



equiangular pentagon about qabcde. 

[iv. 11] Let, 

a, b, c, d, e, be conceived to be 

the angular points of the inscribed pentagon, 

SO THAT, 

THE CIRCUMFERENCES, 

AB, BC, CD DE, EA, are equal; 

[ill. 16, POR.] LET, 

THROUGH A, B, C, D, E, 

GH, HK, KL, LM, MG, be drawn touching the circle; 

[ill. 1] LET, 

THE CENTRE, F, OF QABCDE, BE TAKEN, 

AND LET, 

FB, FK, FC, FL, FD, be joined, 
[hi. 18] Then, since, 

KL, touches QABCDE, at C, and 

FC HAS BEEN JOINED FROM THE CENTRE, F, TO 
THE POINT OF CONTACT, AT C, 

THEREFORE, 

FClKL; 

therefore, 

each, of lat c, is right. 

For the same reason, 

the angles, at the points b, d, are, also, right. 

And, since, 



\-FCK, IS RIGHT, 
[I. 47] THEREFORE, 

RFK = RFC + RCK. 

For the same reason, 
BFK = BFB + BBK; 

SO THAT, 

RFC + RCK,= BFB + BBK, 

OF WHICH, 

RFC = BFB; 

THEREFORE, REMAINS 

RCK=RBK 

Therefore, 
BK= CK. 

And, since, 

fb = fc, and fk common, 

the two sides, bf, fk, are equal, to 

the two sides, cf, fk; and 

the bases, bk = ck, 

[1.8] 

THEREFORE, 

^BFK= ^KFC, and 

^BKF= ^FKC. 

Therefore, 

^BFC=2^KFC, and 

^BKC=2^FKC. 

For the same reason, 
^CFD = 2^ CFL, and 

^DLC=2^FLC. 

[m. 27] Now, since, 

THE CIRCUMFERENCE, BC = CD, 

^BFC= ^CFD. And, 
^BFC = 2 ^KFC, and 
^DFC=2^LFC; 



THEREFORE, 

zKFC = zLFC. 

But, 

zFCK= zFCL; 

THEREFORE, 

AFKC, AFLC are two triangles having 

TWO ANGLES EQUAL, TO TWO ANGLES AND 
ONE SIDE EQUAL, TO ONE SIDE, 

NAMELY, 

FC WHICH IS COMMON TO THEM; 

[I. 26] THEREFORE, 

THEY WILL, ALSO, HAVE THE REMAINING SIDES EQUAL, TO 

THE REMAINING SIDES, AND 

THE REMAINING ANGLE TO THE REMAINING ANGLE; 

THEREFORE, 

KC = CL, and zFKC, TO zFLC. 

And, since, 
KC= CL, 

THEREFORE, 

KL = 2KC. 

For the same reason, it can be proved that; 
HK= 2BK. And, BK= KC; 

THEREFORE, 

HK=KL. 

Similarly each, of, 

HG, GM, ML, CAN, ALSO, BE proved equal, to 
each, of HK, KL; 

therefore, 

the pentagon, ghklm, is equilateral. 

i say next that; 

it is, also, equiangular. 

For, since, 

zFKC = zFLC, and 

zHKL = 2zFKC, and 

zKLM=2zFLC, 

THEREFORE, 



zHKL = zKLM. 

Similarly, 
each, OF 

zKHG, zHGM, zGML, can, also, be proved equal, to 
each, ofzHKL, aKLM 
therefore, 

THE FIVE, 

zGHK, zHKL, zKLM, zLMG, zMGH, 
are equal, to one another. 

Therefore, 

the pentagon, ghklm, is equiangular. 

And, 

it was, also, proved equilateral; and 

it has been circumscribed about the circle abcde. 

Q. E. F. 



Proposition 13. 




In a given pentagon, which is 
equilateral and equiangular, to 
inscribe a circle. 

! Let, 

ABODE, be 

THE GIVEN EQUILATERAL 
AND, 

equiangular pentagon; 

thus it is required, 

to inscribe a circle, in 
the pentagon, abode. 

For let, 

zBCD, zCDE, BE BISECTED BY CF, DF, respectively; and 

FROM F, AT WHICH CF, DF, MEET ONE ANOTHER, 

LET, 

FB, FA, FE, BE JOINED. 

Then, since, 

bc = cd, and cf common, the two sides, 
BC= DC, CF= CF;And 

zBCF= zDCF; 

[I. 4] THEREFORE, 

THE BASES, BF = DF, AND 

ABCF=ADCF,and 

THE REMAINING ANGLES WILL BE EQUAL, TO 
THE REMAINING ANGLES, 

NAMELY, 

those which the equal sides subtend. 
Therefore, 

zCBF= zCDF. 

And, since, 

zCDE=2zCDF, and 

aCDE = aABC, while 

zCDF=^CBF; 

THEREFORE, 



zCBA = 2zCBF; 

THEREFORE, 

zABF= zFBC; 

therefore, 

zabc, has been bisected by bf. 

Similarly it can be proved that, 

zBAE, zAED, have, also, been bisected by 

FA, FE, RESPECTIVELY. 
NOW LET, 

FG, FH, FK, FL, FM, be drawn from F, 
perpendicular to ab, bc, cd, de, ea. 

Then, since, 

zHCF = zKCF, and 

\-FHC = \-FKC, 

kFHC, AFKC, have 

TWO ANGLES EQUAL, TO TWO ANGLES, AND 
ONE SIDE EQUAL, TO ONE SIDE, 

NAMELY, 

FC WHICH IS COMMON TO THEM, AND 
SUBTENDS ONE OF THE EQUAL ANGLES; 

[I. 26] THEREFORE, 

THEY WILL, ALSO, HAVE, 

THE REMAINING SIDES EQUAL, TO THE REMAINING SIDES; 

THEREFORE, 

FH=FK. 

Similarly it can be proved that, 

each, of FL, FM, FG = each, of FH, FK; 

THEREFORE, 

FG, FH, FK, FL, FM, are equal, to one another. 

Therefore, 

the circle described with centre, f, and 

DISTANCE ONE OF FG, FH, FK, FL, FM, 

WILL PASS, ALSO, THROUGH THE REMAINING POINTS; AND 

it will touch AB, BC, CD, DE, EA, 

BECAUSE, 

THE ANGLES AT G, H, K, L, M, ARE RIGHT. 



For, 

if it does not touch them, 

[ill. 16] BUT, 

DIVIDES THEM, IT WILL RESULT THAT 
THE STRAIGHT LINE DRAWN AT RIGHT ANGLES TO 
THE DIAMETER OF THE CIRCLE FROM ITS EXTREMITY, 
FALLS WITHIN THE CIRCLE: 

WHICH, 

was proved absurd. 

Therefore, 

the circle described with centre, f, and 
DISTANCE ONE OF FG, FH, FK, FL, FM, 
will not cut AB, BC, CD, DE, EA; 

therefore, 

it will touch them. 

Let, 

it be described, as ghklm. 

Therefore, 

in the given pentagon, 

which is equilateral and equiangular, 

a circle has been inscribed. 



Q. E. F. 




Proposition 14. 

About a given pentagon, which 
a is equilateral and equiangular, to 

circumscribe a circle. 

E 

Let, 

abcde, be the given pentagon, 

WHICH, 

is equilateral and 
equiangular; 

thus it is required, 
to circumscribe a circle about the pentagon, abcde. 

Let, 

zBCD, zCDE, be bisected by CF, DF, respectively, 

AND LET, 
FROM F, 
AT WHICH THE STRAIGHT LINES MEET, 

FB, FA, FE, be joined to B, A, E. 

Then, in manner similar to the preceding, 
it can be proved, that; 

zCBA, zBAE, zAED, have, also, been bisected by 

FB, FA, FE, RESPECTIVELY. 
[I. 6] Now, SINCE, 

zBCD= zCDE, and 

2zFCD = zBCD, and 
2zCDF= zCDE, 

THEREFORE, 

zFCD= zCDF, 

SO THAT, 

the sides, fc = fd. 

Similarly it can be proved that, 

each, of FB, FA, FE = each, of FC, FD; 

THEREFORE, 

FA, FB, FC, FD, FE, are equal, to one another. 

Therefore, 

the circle described with centre, f, and 
DISTANCE ONE OF FA, FB, FC, FD, FE, 



will pass, also, through the remaining points, and 
will have been circumscribed. 

Let, 

it be circumscribed, 

AND LET, 

IT be ABODE. 

Therefore, 

about the given pentagon, 

WHICH, 

IS EQUILATERAL AND EQUIANGULAR, 
A CIRCLE HAS BEEN CIRCUMSCRIBED. 

Q. E. F. 



Proposition 15. 



H 




In a given circle to inscribe an 
equilateral and equiangular hexagon. 

Let, 
E QABCDEF, be given; 

THUS IT IS REQUIRED, 

TO INSCRIBE AN EQUILATERAL 



AND, 



EQUIANGULAR HEXAGON IN 

QABCDEF. 



Let, 
the diameter, ad, of qabcdef, be drawn; 



LET, 



THE CENTRE, G, OF THE CIRCLE BE TAKEN, AND 
WITH CENTRE, D, AND DISTANCE DG. 



LET, 

QEGCH, be described; 

LET, 

EG, CG BE JOINED, AND CARRIED THROUGH TO B, F, 

AND LET, 

AB, BC, CD, DE, EF, FA be joined. 

i say that; 

the hexagon, abcdef, is equilateral and equiangular. 

For, since, 

g, is the centre of qabcdef, 

GE = GD. 
Again, since, 

d, is the centre of qgch, 

DE = DG 

But, 

GE = GD; 

THEREFORE, 

GE = ED; 

THEREFORE, 

AEGD, is equilateral; 



[I. 5] AND THEREFORE, 

zEGD, zGDE, zDEG, are equal, to one another, 

INASMUCH AS, IN ISOSCELES TRIANGLES, 

THE ANGLES AT THE BASE ARE EQUAL, TO ONE ANOTHER. 

[i. 32] And, 

the three angles of the triangle are equal, to 
two right angles; 

therefore, 

zegd, is one-third of two right angles. 

Similarly, 

zdgc, can, also, be proved to be one-third of 

two right angles. 

And, since, 

cg, standing, on eb, makes the adjacent, 

zegc, zcgb, equal, to two right angles, 

therefore, 

the remaining, zcgb, is, also, one-third of 
two right angles. 

[I. 15] 
Therefore, 

zEGD, zDGC, zCGB, are equal, to one another; 

SO THAT, 

THE ANGLES VERTICAL TO THEM, 

zBGA, zAGE, zFGE, are equal. 

Therefore, 

zEGD, zDGC, zCGB, zBGA, zAGE, zFGE, 

ARE EQUAL, TO ONE ANOTHER. 

[in. 26] But, 

EQUAL ANGLES STAND ON EQUAL CIRCUMFERENCES; 

THEREFORE, 

THE SIX CIRCUMFERENCES, 

AB, BC, CD, DE, EF, FA, are equal, to one another. 

[iii. 29] And, 

equal circumferences are subtended by 
equal straight lines; 

therefore, 



the six straight lines are equal, to one another; 

therefore, 

the hexagon, abcdef, is equilateral. 

i say next that; 

it is, also, equiangular. 

For, since, 

the circumferences, fa = ed, 

LET, 

THE CIRCUMFERENCE, ABCD, BE ADDED TO EACH; 

THEREFORE, 

the wholes, FABCD = EDCBA; and, 

zFED, STANDS ON THE CIRCUMFERENCE, FABCD, AND 
zAFE, ON THE CIRCUMFERENCE, EDCBA; 
[ill. 27] THEREFORE, 

zAFE = zDEF. 

Similarly it can be proved that, 
the remaining angles of 
the hexagon, abcdef, are, also, severally 

equal, to each, of^afe, zfed; 

therefore, 

the hexagon, abcdef, is equiangular. 

But, 

it was, also, proved equilateral; and 

it has been inscribed in abcdef. 

Therefore, 

in the given circle, 

an equilateral and equiangular hexagon, 

has been inscribed. 

Q. E. F. 

PORISM. 

From this it is manifest that the side of the hexagon 
equals the radius of the circle. 

And, in like manner as in the case of the pentagon, if 
through the points of division on the circle we draw 

tangents to ©there will be circumscribed about the 

circle an equilateral and equiangular hexagon in 



conformity with what was explained in the case of the 
pentagon. 

And further by means similar to those explained in the 
case of the pentagon we can both inscribe a circle in a 
given hexagon and circumscribe one about it. 

Q. E. F. 



Proposition 16. 

. In a given circle, to inscribe a 

^-^ fifteen- angled figure which 

\\s. shall be both equilateral and 

\ >\ equiangular. 

\ A 

\ / 1 

\f\ Let, 
E \V V/ ABCD be 

\A /Y THE GIVEN CIRCLE; 

c M T^d 

^^ -?r THUS IT IS REQUIRED, 

^ ^* TO INSCRIBE 

in ©ABCD 

A FIFTEEN-ANGLED FIGURE WHICH SHALL BE BOTH 
EQUILATERAL AND EQUIANGULAR. 

LET, 

In QABCD, 

THERE BE INSCRIBED A SIDE, AC, OF 

THE EQUILATERAL TRIANGLE INSCRIBED IN IT, AND 

A SIDE, AB, OF AN EQUILATERAL PENTAGON; 

THEREFORE, 

OF THE EQUAL SEGMENTS OF WHICH 

THERE ARE FIFTEEN IN QABCD, 

THERE WILL BE FIVE IN THE CIRCUMFERENCE, ABC, 

WHICH IS ONE-THIRD OF QABCD AND 

THERE WILL BE THREE IN THE CIRCUMFERENCE, AB, 
WHICH IS ONE-FIFTH OF THE CIRCLE; 

THEREFORE, 

IN THE REMAINDER, BC, 

THERE WILL BE TWO OF THE EQUAL SEGMENTS. 

[in. 30] Let, 

bc be bisected, at e\ 

therefore, 

each, of the circumferences, 

be, ec, is a fifteenth of qabcd. 

If therefore, 

we join be, ec, and fit into qabcd, 

straight lines equal, to them, and 
in contiguity, 



A FIFTEEN-ANGLED FIGURE WHICH IS BOTH 
EQUILATERAL AND EQUIANGULAR 
WILL HAVE BEEN INSCRIBED IN IT. 

Q. E. F. 

And, in like manner as in the case of the pentagon, if 
through the points of division on the circle we draw 
tangents to the circle there will be circumscribed about 
the circle a fifteen-angled figure which is equilateral 
and equiangular. 

And further, by proofs similar to those in the case of 
the pentagon, we can both inscribe a circle in the given 
fifteen-angled figure and circumscribe one about it. 
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BOOK V. 

Definitions. 

1 . a magnitude is a part of a magnitude, the less of the 
greater, when it measures the greater. 

2. The greater is a multiple of the less when it is 
measured by the less. 

3. a ratio is a sort of relation in respect of size 
between two magnitudes of the same kind. 

4. Magnitudes are said to have a ratio to one another 
which are capable, when multiplied, of exceeding one 

ANOTHER. 

5. Magnitudes are said to be in the same ratio, the 

first to the second and the third to the fourth, when, if 
any equimultiples whatever be taken of the first and 
third, and any equimultiples whatever of the second and 
fourth, the former equimultiples alike exceed, are alike 
equal to, or alike fall short of, the latter equimultiples 
respectively taken in corresponding order. 

6. Let magnitudes which have the same ratio be called 
proportional. 

7. When, of the equimultiples, the multiple of the first 
magnitude exceeds the multiple of the second, but the 
multiple of the third does not exceed the multiple of the 
fourth, then the first is said to have a greater ratio to 
the second than the third has to the fourth. 

8. a proportion in three terms is the least possible. 

9. When three magnitudes are proportional, the first 
is said to have to the third the duplicate ratio of that 
which it has to the second. 

10. When four magnitudes are < continuously > 
proportional, the first is said to have to the fourth the 
triplicate ratio of that which it has to the second, and so 
on continually, whatever be the proportion. 

1 1 . The term corresponding magnitudes is used of 
antecedents in relation to antecedents, and of 
consequents in relation to consequents. 

12. Alternate ratio means taking the antecedent in 
relation to the antecedent and the consequent in relation 
to the consequent. 

13. Inverse ratio means taking the consequent as 
antecedent in relation to the antecedent as consequent. 

14. Composition of a ratio means taking the 
antecedent together with the consequent as one in 
relation to the consequent by itself. 



15. Separation of a ratio means taking the excess by 
which the antecedent exceeds the consequent in relation 
to the consequent by itself. 

16. Conversion of a ratio means taking the antecedent 
in relation to the excess by which the antecedent exceeds 
the consequent. 

17. a ratio ex aequali arises when, there being several 
magnitudes and another set equal to them in multitude 
which taken two and two are in the same proportion, as 
the first is to the last among the first magnitudes, so is 
the first to the last among the second magnitudes; 

Or, in other words, it means taking the extreme terms 
by virtue of the removal of the intermediate terms. 

18. a perturbed proportion arises when, there being 
three magnitudes and another set equal to them in 
multitude, as antecedent is to consequent among the first 
magnitudes, so is antecedent to consequent among the 
second magnitudes, while, as the consequent is to a third 
among the first magnitudes, so is a third to the 
antecedent among the second magnitudes. 



Notes. 
Definition 1 . A magnitude is a part of a magnitude, the less 

OF THE GREATER, WHEN IT MEASURES THE GREATER. 



Notes. 

Definition 2. The greater is a multiple of the less when it 
is measured by the less. 



Notes. 
Definition 3. A ratio is a sort of relation in respect of size 

BETWEEN TWO MAGNITUDES OF THE SAME KIND. 



Notes. 

Definition 4. Magnitudes are said to have a ratio to one 
another which are capable, when multiplied, of 
exceeding one another. 



Notes. 

Definition 5. Magnitudes are said to be in the same ratio, 
the first to the second and the third to the fourth, 
when, if any equimultiples whatever be taken of the 
first and third, and any equimultiples whatever of the 
second and fourth, the former equimultiples alike 
exceed, are alike equal to, or alike fall short of, the 
latter equimultiples respectively taken in corresponding 

ORDER. 



Notes. 

Definition 6. Let magnitudes which have the same ratio be 
called proportional. 



Notes. 

Definition 7. When, of the equimultiples, the multiple of 
the first magnitude exceeds the multiple of the second, 
but the multiple of the third does not exceed the 
multiple of the fourth, then the first is said to have a 
greater ratio to the second than the third has to the 

FOURTH. 



Notes. 

Definition 8. A proportion in three terms is the least 
possible. 



Notes. 

Definition 9. When three magnitudes are proportional, the 
first is said to have to the third the duplicate ratio of 
that which it has to the second. 



Notes. 

Definition 10. When four magnitudes are < continuously > 
proportional, the first is said to have to the fourth the 
triplicate ratio of that which it has to the second, and 
so on continually, whatever be the proportion. 



Notes. 

Definition 11. The term corresponding magnitudes is used 
of antecedents in relation to antecedents, and of 
consequents in relation to consequents. 



Notes. 

Definition 12. Alternate ratio means taking the 
antecedent in relation to the antecedent and the 
consequent in relation to the consequent. 



Notes. 

Definition 13. Inverse ratio means taking the consequent 
as antecedent in relation to the antecedent as 
consequent. 



Notes. 

Definition 14. Composition of a ratio means taking the 
antecedent together with the consequent as one in 
relation to the consequent by itself. 



Notes. 

Definition 15. Separation of a ratio means taking the 
excess by which the antecedent exceeds the consequent 
in relation to the consequent by itself. 



Notes. 

Definition 16. Conversion of a ratio means taking the 
antecedent in relation to the excess by which the 
antecedent exceeds the consequent. 



Notes. 

Definition 17. A ratio ex aequali arises when, there 
being several magnitudes and another set equal to them in 
multitude which taken two and two are in the same 
proportion, as the first is to the last among the first 
magnitudes, so is the first to the last among the second 
magnitudes; 

Or, in other words, it means taking the extreme terms by 
virtue of the removal of the intermediate terms. 



Notes. 
Definition 18. A perturbed proportion arises when, there 

BEING THREE MAGNITUDES AND ANOTHER SET EQUAL TO THEM IN 
MULTITUDE, AS ANTECEDENT IS TO CONSEQUENT AMONG THE 
FIRST MAGNITUDES, SO IS ANTECEDENT TO CONSEQUENT AMONG 
THE SECOND MAGNITUDES, WHILE, AS THE CONSEQUENT IS TO A 
THIRD AMONG THE FIRST MAGNITUDES, SO IS A THIRD TO THE 
ANTECEDENT AMONG THE SECOND MAGNITUDES. 



BOOK V. 
PROPOSITIONS. 

Proposition 1. 

If there be any number of magnitudes whatever which 
are, respectively, equimultiples of any magnitudes equal in 
multitude, then, whatever multiple one of the magnitudes is 
of one, that multiple, also, will all be of all. 

G B H D AB = 2.11667 cm 

^ CD = 2.54000 cm 

E = 1.05833 cm 

E ■ F ' F = 1.27000 cm 

J 

AB CD AB+CD 

= 2.00000 = 2.00000 ~ ~ = 2.00000 

E F E+F 

Let, 

any number of magnitudes, whatever, 
ab, cd, be respectively equimultiples of 
any magnitudes, e, f, equal in multitude; 

i say that; 

whatever multiple ab is of e, 

that multiple will ab + cd, also, be of e + f. 

For, since, 

ab is the same multiple of e, 

that cd is of f, 

as many magnitudes as there are in ab equal to e, 

so many, also, are there in cd equal to f. 

Let, 

ab be divided into 

the magnitudes, ag, gb, equal to e, and 

cd into ch, hd equal to f; 

THEN, 

THE MULTITUDE OF THE MAGNITUDES, 

AG, GB, WILL BE EQUAL TO THE MULTITUDE OF 

THE MAGNITUDES, CH, HD. 

NOW, SINCE, 

AG=E, and CH=F, 

THEREFORE, 

AG = E, and AG + CH TO E + F. 

For the same reason, 

GB = E, and GB+HD=E+F; 



therefore, 

as many magnitudes as there are in ab equal to e, 
so many, also, are there in ab + cd equal to e + f; 

therefore, 

whatever multiple ab is of e, 

that multiple will ab + cd, also, be of e + f. 

Therefore etc. 

Q.E. D. 



Proposition 2. 

If a first magnitude be the same multiple of a second 
that a third is of a fourth, and a fifth, also, be the same 
multiple of the second that a sixth is of the fourth, the sum 
of the first and fifth will, also, be the same multiple of the 
second that the sum of the third and sixth is of the fourth. 

B G 



A. 

C 

D- 

F 



AB 

C 

DE 



= 3.00000 



BG 

C 

EH 



= 2.00000 



H 



AB+BG 

C 
DE+EH 



AB = 3.04800 cm 
C = 1.01600 cm 
DE = 4.00050 cm 
F = 1.33350 cm 
BG = 2.03200 cm 
EH = 2.66700 cm 

= 5.00000 



= 3.00000 



= 2.00000 



= 5.00000 



(AB BG\ AB+BG 
C + C / C 



= 0.00000 



Let, 

a first magnitude, 

ab, be the same multiple of a second, c, 

that a third, de, is of a fourth, f, 

AND LET, 

A FIFTH, BG, ALSO, BE THE SAME MULTIPLE OF THE SECOND, 

c, 

that a sixth, eh, is of the fourth f; 

i say that; 

the sum of the first and fifth, ag, 
will be the same multiple of the second, c, 
that the sum of the third and sixth, dh, is of 
the fourth, f. 

For, since, 

ab is the same multiple of c, 
that de is of f, 

therefore, 

as many magnitudes as there are in ab equal to c, 
so many, also, are there in de equal to f. 

For the same reason also, 

as many as there are in bg equal to c, 
so many are there, also, in eh equal to f, 

therefore, 



as many as there are in the whole, ag, equal to c, 
so many, also, are there in the whole, dh, equal to f. 

Therefore, 

whatever multiple ag is of c, 
that multiple, also, is dh of f. 

Therefore, 

the sum of the first and fifth, ag, 
is the same multiple of the second, c, 
that the sum of the third and sixth, dh, 
is of the fourth, f. 

Therefore etc. 

Q. E. D. 



Proposition 3. 

If a first magnitude be the same multiple of a second 
that a third is of a fourth, and if equimultiples be taken of 
the first and third, then, also, ex aequali the magnitudes 
taken will be equimultiples respectively, the one of the 
second and the other of the fourth. 

A A =3.61950 cm 
B = 1.20650 cm 



B 
E 
C 
D 
G 



| C = 2.41300 cm 

K F D = 0.80433 cm 

EF = 7.23900 cm 
GH = 4.82600 cm 



L H 



A EF EF C+GH 

— = 3.00000 = 2.00000 = 6.00000 = 9.00000 

BAB D 

C GH GH A+EF 

— = 3.00000 = 2.00000 = 6.00000 = 9.00000 

D C D B 

A+EF C+GH 

= 0.00000 



Let, 

a first magnitude, a, be 

the same multiple of a second, b, 

that a third, c, is of a fourth, d, 

AND LET, 

EQUIMULTIPLES, EF, GH, BE TAKEN OF A, Q 

I SAY THAT; 

EFlS THE SAME MULTIPLE OF B, THAT 

GH is of D. 

For, since, 

efls the same multiple of a, that 
GHisofC, 

therefore, 

as many magnitudes as there are in ef equal to a, 
so many, also, are there in gh equal to c. 

Let, 

EFbe divided into 

the magnitudes, ek, kf, equal to a, and 

ghlnto the magnitudes, gl, lh, equal to c; 

THEN, 

THE MULTITUDE OF THE MAGNITUDES, 

EK, KF, WILL BE EQUAL TO THE MULTITUDE OF 



the magnitudes, gl, lh. 

And, since, 

a is the same multiple of b, that c is of d, 

WHILE, 

EK=A, and GL = C, 

therefore, 

ekls the same multiple of b, that gl is of d. 

For the same reason, 

kfls the same multiple of b, that lhls of d. 

Since, then, 

a first magnitude, ek, is 

the same multiple of a second, b, 

that a third, gl, is of a fourth, d, and 

a fifth, kf, is, also, the same multiple of the second, b, 

that a sixth, lh, is of the fourth, d, 

[v. 2] therefore, 

the sum of the first and fifth, ef, is also 

the same multiple of the second, b, that the sum of 

the third and sixth, gh, is of the fourth, d. 

Therefore etc. 

Q.E. D. 



Proposition 4. 

If a first magnitude have to a second the same ratio as a 
third to a fourth, any equimultiples whatever of the first 
and third will, also, have the same ratio to any 
equimultiples whatever of the second and fourth 
respectively, taken in corresponding order. 



A = 1.016 cm 
B = 0.662 cm 
C = 0.910 cm 
D = 0.593 cm 
E = 2.032 cm 
G = 1.985 cm 
K = 4.064 cm 
M = 5.954 cm 
F = 1.820 cm 
H = 1.778 cm 
L = 3.641 cm 
N = 5.334 cm 



— — 



Gt 

K 

M. 

C 

D 
F_ 

Hu 



A 
B 



1.53571 



L- 

N. 

c 

D 



1.53571 



A C 

b"d 



0.00000 



E 
A 
G^ 
B 
E 
G 
K 
E 
M 
G 
K 
A 
M 
B 
K 
M 
E 
G 



2.00000 



3.00000 



1.02381 



2.00000 



3.00000 



4.00000 



9.00000 



0.68254 



1.02381 



For let, 

a first magnitude, a, have to a second, b, 
the same ratio as a third, c, to a fourth, d; 

AND LET, 

EQUIMULTIPLES, E, F, BE TAKEN OF A, C, AND 
G, H OTHER, CHANCE, EQUIMULTIPLES OF B, D; 

I SAY THAT; 

AS E IS TO G, 

so is Fto H. 

For let, 

equimultiples, k, l, be taken of e, f, and 
other, chance, equimultiples m, n of g, h. 

[v. 3] Since, 

e is the same multiple of a, 

that f is of c, and 

equimultiples, k, l, of e, fhave been taken, 

therefore, 

kls the same multiple of a, that l is of c. 

For the same reason, 

Mis the same multiple of B, that TV is of D. 



f 
c 

H 
D 
F 
H 
L 
F 
N 
H 
L 
C 
N 
D 
L 
N 
F 
H 



2.00000 



3.00000 



1.02381 



2.00000 



3.00000 



4.00000 



9.00000 



0.68254 



1.02381 



And, since, 
as A is to B, 
so is Cto D, and 

OF A, C, EQUIMULTIPLES, K, L, HAVE BEEN TAKEN, AND 
OF B, D, OTHER, CHANCE, EQUIMULTIPLES, M, N, 

[V. Def. 5] THEREFORE, 
IF KlS IN EXCESS OF M, 
L, ALSO, IS IN EXCESS OF N, 
IF IT IS EQUAL, EQUAL, AND 
IF LESS, LESS. 

[v. Def. 5] And, 

k, l are equimultiples of e, f, and 

m, n other, chance, equimultiples of g, h\ 

therefore, 
as e is to g, 
so is fto h. 

Therefore etc. 

Q.E. D. 



Proposition 5. 

If a magnitude be the same multiple of a magnitude that a 
part subtracted is of a part subtracted, the remainder will, 
also, be the same multiple of the remainder that the whole 
is of the whole. 

A P B 

, , , , , Z AB = 7.23900 cm 

CD = 2.41300 cm 
CF = 1.44229 cm 
AE = 4.32687 cm 
EB = 2.91213 cm 
FD = 0.97071 cm 
EB CG = 0.97071 cm 



AB 
CD 
EB 
CG 



= 3.00000 



= 3.00000 



AE 



= 3.00000 



CF 

AB 
CG+CF 



FD 
= 3.00000 



= 3.00000 



For let, 

the magnitude, ab, be 
the same multiple of the magnitude, cd, 
that the part, ae, subtracted is of 
the part, cf, subtracted; 

i say that; 

the remainder, eb, is also 

the same multiple of the remainder, fd, that 

the whole, ab, is of the whole, cd. 

For, 

whatever multiple of ae is of cf, 

LET, 

EB, BE MADE THAT MULTIPLE OF CG. 

[v. 1] Then, since, 

AE IS THE SAME MULTIPLE OF CF, THAT 

EB is of GC, 

THEREFORE, 

AE IS THE SAME MULTIPLE OF CF, THAT 

AB is of GF. 

But, by the assumption, 

ae is the same multiple of cf, that 
AB is of CD. 

Therefore, 

ab is the same multiple of each, of 
the magnitudes gf, cd; 



THEREFORE, 



GF= CD. 

Let, 

cf be subtracted from each; 

therefore, 

the remainders, gc = fd. 

And, since, 

ae is the same multiple of cf, that 

eb is of gc, and 

GC=DF, 

THEREFORE, 

AE IS THE SAME MULTIPLE OF CF, THAT 

EB is of FD. 

But, by hypothesis, 

ae is the same multiple of cf, that 
AB is of CD; 

THEREFORE, 

EB IS THE SAME MULTIPLE OF FD, THAT 

AB is of CD. 

That is, 

the remainder, eb, will be 

the same multiple of the remainder, fd, that 

the whole, ab, is of the whole, cd. 

Therefore etc. 

Q.E. D. 



Ar 



Proposition 6. 

If two magnitudes be equimultiples of two magnitudes, 
and any magnitudes subtracted from them be equimultiples 
of the same, the remainders, also, are either equal to the 
same or equimultiples of them. 

G B AB = 5.75733 cm 

CD = 3.21733 cm 

E ' ~ '"" ' ■ -- E = 1.43933 cm 

K C H D F = 0.80433 cm 

AG = 4.31800 cm 
F ,/A'j CH = 2.41300 cm 

GB = 1.43933 cm 

HD = 0.80433 cm 

t 

AB CD AG CH 

= 4.00000 = 4.00000 = 3.00000 = 3.00000 

E F E F 

GB HD 

= 1.00000 = 1.00000 

E F 

For let, 

two magnitudes, ab, cd, be equimultiples of 
two magnitudes, e, f, 

AND LET, 

ag, ch, subtracted from them, be equimultiples of 
the same two, e, f; 

i say that; 

the remainders also, 

gb, hd, are either equal to e, f, or 

equimultiples of them. 

For, first, let, 

gb be equal to e\ 

i say that; 
HD=F. 

For let, 
CK=F. 

[v. 2] Since, 

ag is the same multiple of e, that 
CHisofF, 

WHILE, 

GB = E, and KC = F, 

THEREFORE, 

AB IS THE SAME MULTIPLE OF E, THAT 



KH is of F. 

But, by hypothesis, 

ab is the same multiple of e, that 
CD is of F; 

THEREFORE, 

KH IS THE SAME MULTIPLE OF F, THAT 
CD IS OF F. 

Since then, 

each, of the magnitudes, kh, cd, is 
the same multiple of f, 

therefore, 
KH= CD. 

Let, 

ch be subtracted from each; 

therefore, 

the remainders, kc = hd. 

But, 

f= ko, therefore, 
HD=F. 

Hence, 

if, GB = E, 
HD=F. 

Similarly we can prove that; even, 
if, gb be a multiple of e, 
hd is, also, the same multiple of f. 

Therefore etc. 

Q.E. D. 



Proposition 7. 

Equal magnitudes have to the same the same ratio, as, 
also, has the same to equal magnitudes. 

D 
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A = 1.10067 cm 
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r -::;"-_ 








B = 1.10067 cm 


C 


^ - - F 










C = 1.33350 cm 
D = 4.40267 cm 


A 
C 


= 0.82540 


B 
C 


= 0.82540 


A 
B 


= 1.00000 


E = 4.40267 cm 
F = 4.00050 cm 


C 
A 


= 1.21154 


C 
B 


= 1.21154 


F 
C 


= 3.00000 




D 
A 


= 4.00000 


E 
B 


= 4.00000 


D 
F 


= 1.10053 


E 

— = 1.10053 

F 



Let, 

a, b be equal magnitudes, and 
Cany other, chance, magnitude; 

I say that; 

EACH, OF THE MAGNITUDES, A, B, HAS 
THE SAME RATIO TO C, AND 

Chas the same ratio to each, of the magnitudes, A, B. 

For let, 

equimultiples, d, e of a, b, be taken, and 
of c, another, chance, multiple, f. 

Then, since, 

d is the same multiple of a, that 
e is of b, while 
a = b, therefore, 

D=E. 

But, 

fls another, chance, magnitude. 

If therefore, 

d is in excess of f, 

e is, also, in excess of f, 

if equal to it, equal; and 

if less, less. and, 

d, e are equimultiples of a, b, while 

fls another, chance, multiple of q 

[v. def. 5] therefore, 
as a is to c, 
so is b to c. 

i say next that; 



c, also, has the same ratio to each, of 
the magnitudes, a, b. 

For, with the same construction, 

we can prove, similarly, that; 
D= E; and 
fls some other magnitude. 

If therefore, 

FlS IN EXCESS OF D, 

IT IS, ALSO, IN EXCESS OF F, 

IF EQUAL, EQUAL; AND 

IF LESS, LESS. 

[v. Def. 5] And, 

FlS A MULTIPLE OF C, WHILE 

D, Fare other, chance, equimultiples of A, B; 

THEREFORE, 

AS C IS TO A, 
SO IS CtoR 

Therefore etc. 

Porism. 

From this it is manifest that, if any magnitudes are 
proportional, they will, also, be proportional inversely. 

Q.E. D. 



Proposition 8. 

Of unequal magnitudes, the greater has to the same a 
greater ratio than the less has; and the same has to the 
less a greater ratio than it has to the greater. 



AB 



D 
C 
D 
D 
C 

D 



= 2.22148 



= 1.57070 



= 0.63666 



AB 



= 0.45015 



A 

c 

F 
K 
D 
L 

M 
N 



E 


B 






G 

















H 



FG 



K 



= 2.00000 



AE 
GH 
BE 
FG+GH 



= 2.00000 



= 2.00000 



= 2.00000 



AB 



= 2.00000 



C 
L 
D 

FG+GH+K 
AB+C 



M 
D 

N 



= 3.00000 



D 
= 2.00000 



= 4.00000 



AB = 2.56117 cm 

C = 1.81088 cm 

D= 1.15291cm 

BE = 1.81088 cm 

AE = 0.75029 cm 

FG = 1.50058 cm 

GH = 3.62175 cm 

K= 3.62175 cm 

L = 2.30582 cm 

M = 3.45873 cm 

N = 4.61164 cm 

N 

— = 1.27332 

K 



N 



FG+GH 



= 0.90030 



Let, 
AB, C 

BE UNEQUAL MAGNITUDES, 
AND LET, 

AB be greater; 

LET, 

d be another, chance, magnitude; 

i say that; 

ab has to d, a greater ratio than c has to d, and 
d has to c, a greater ratio than it has to ab. 

For, since, 

ab is greater than c, 

LET, 

BE= C; 

[v. def. 4] then, 

the less of the magnitudes ae, eb, 
if multiplied, will sometime be greater than d. 

[Case 1.] 

First, let, 

AE be less than EB; 



LET, 



AE BE MULTIPLIED, 



AND LET, 

FG, BE A MULTIPLE OF IT WHICH IS GREATER THAN D\ 

THEN, 

WHATEVER MULTIPLE FG IS OF AE, 

LET, 

gh, be made the same multiple of eb, and 
KofC; 

AND LET, 

L BE TAKEN DOUBLE OF D, 

M TRIPLE OF IT, AND 

SUCCESSIVE MULTIPLES INCREASING BY ONE, 

UNTIL, 

what is taken is a multiple of d, and 
the first that is greater than if. 

Let, 

it be taken, 

and let it, 

be n, which is quadruple of d, and 

the first multiple of it that is greater than if. 

Then, since, 

if IS LESS THAN N FIRST, 

THEREFORE, 

if IS NOT LESS THAN M. 

And, since, 

fg is the same multiple of ae, that 
GH is of EB, 

[V. I] THEREFORE, 

FG IS THE SAME MULTIPLE OF AE, THAT 
FHISOFAB. 

But, 

fg is the same multiple of ae, that 

if IS OF C; 

THEREFORE, 

FH IS THE SAME MULTIPLE OF AB, THAT 
if IS OF C; 

THEREFORE, 

FH, if ARE EQUIMULTIPLES OF AB, C. 

Again, since, 

ghls the same multiple of eb, that 



KlS OF C, AND 

EB= C, 

THEREFORE, 

GH=K. 

But, 

KlS NOT LESS THAN M\ 

therefore, 

neither is ghless than m. 

And, 

fg is greater than d; 

therefore, 

the whole, fh, is greater than d, m, together. 

But, 

d, m together are equal to n, 

inasmuch as, 

Mis triple of D, and 

m, d together are quadruple of d, while 
tvls, also, quadruple of d; whence 
m, d together are equal to n. 

But, 

fhls greater than m, d\ 

therefore, 

fhls in excess of n, while 

kls not in excess of n. and, 

FH, Kare equimultiples of AB, C, while 

tvls another, chance, multiple of d; 

[v. def. 7] therefore, 

ab has to d a greater ratio than c has to d. 

i say next, that; 

d, also, has to c, a greater ratio than d has to ab. 

For, with, 

the same construction, 

we can prove similarly, that; 
tvls in excess of k, while 
tvls not in excess of fh. and 
at is a multiple of d, while 
FH, Kare other, chance, equimultiples of AB, C; 

[V. DEF. 7] THEREFORE, 

D HAS TO C, A GREATER RATIO THAN D HAS TO AB. 



[Case 2.] 



Again, let, 

ae be greater than eb. 



AB 



= 1.89548 



— =0.54128 
D 



C 
D 



= 1.84747 



AB 



= 0.52757 



FG 



= 2.00000 



AE 
GH 
BE 
FG+GH 



= 2.00000 



A 
C 
F 
K 
D 
L 
M 
N 



E B 



K 



= 2.00000 



= 2.00000 



AB 



= 2.00000 



C 
L 
D 

FG+GH+K 
AB+C 



M 
D 

N 



H 



= 3.00000 



D 
= 2.00000 



= 4.00000 



AB = 2.56117 cm 
C = 0.73138 cm 
D= 1.35119 cm 
BE = 0.73138 cm 
AE = 1.82979 cm 
FG = 3.65958 cm 
GH = 1.46275 cm 
K = 1.46275 cm 
L = 2.70239 cm 
M = 4.05358 cm 
N = 5.40478 cm 
N 



K 



= 3.69493 



N 



FG+GH 



= 1.05514 



[v. Def. 4] Then, 
the less, EB, 
if multiplied, 
will sometime 
be greater than d. 

Let it, 

be multiplied, 

AND LET, 

GH BE A MULTIPLE OF EB 

AND, 

GREATER THAN D\ AND 

WHATEVER MULTIPLE GHlS OF EB, 

LET, 

FG BE MADE THE SAME MULTIPLE OF AE, AND 
KOFC. 

Then we can prove similarly that; 
FH, Kare equimultiples of AB, C, 

AND, SIMILARLY, LET, 

iVBE TAKEN A MULTIPLE OF D, 

BUT, 

THE FIRST THAT IS GREATER THAN FG, 

SO THAT, 

FG IS AGAIN NOT LESS THAN M. 



But, 

GHlS GREATER THAN D\ 

THEREFORE, 

THE WHOLE, FH, IS IN EXCESS OF D, M, 
THAT IS, OF N. 

Now, 

kls not in excess of n, 

inasmuch as fg, also, 

which is greater than gh, 

that is, than k, is not in excess of n. 

And, 

in the same manner, 

by following the above argument, 

we complete the demonstration. 

Therefore etc. 



Q. E. D. 



Proposition 9. 

Magnitudes which have the same ratio to the same are 
equal to one another; and magnitudes to which the same 
has the same ratio are equal. 



1 


1 


A= 2.15900 cm 


B 

l 
l 
l 


1 
1 


B = 2.15900 cm 




C = 3.40783 cm 


c* 






o |> 


= 0.00000 


A-B = 0.00000 cm 



For let, 

each, of the magnitudes, a, b, have 
the same ratio to c; 

i say that; 
A = B. 

[v. 8] For, otherwise, 

EACH, OF THE MAGNITUDES A, B, 

WOULD NOT HAVE HAD THE SAME RATIO, TO C, 

BUT, 

IT has; 

THEREFORE, 

A = B. 

Again, let, 

Chave the same ratio to each, of 
the magnitudes, a, b\ 

i say that; 
A = B. 

[v. 8] For, otherwise, 

C WOULD NOT HAVE HAD 

THE SAME RATIO TO EACH, OF THE MAGNITUDES A, B\ 

BUT, 

IT has; 

THEREFORE, 

A = B. 

Therefore etc. 

Q.E. D. 



Proposition 10. 

Of magnitudes which have a ratio to the same, that 
which has a greater ratio is greater; and that to which the 
same has a greater ratio is less. 

A ' A = 3.59833 cm 

B = 2.36538 cm 



B 



C= 3.32317 cm 



A B A 

— = 1.08280 — = 0.71178 — = 1.52125 

C C B 

For let, 

a have to c, a greater ratio than b has to c; 

i say that; 

a is greater than b. 

For, if not, 

a is either equal to b or less. 

[v. 7] Now, 

A IS NOT EQUAL TO B; 

FOR IN THAT CASE, 

EACH, OF THE MAGNITUDES, A, B, WOULD HAVE HAD 
THE SAME RATIO, TO C; 

BUT, 

THEY HAVE NOT; 

THEREFORE, 

A IS NOT EQUAL TO B. 

AGAIN, 

Nor is A less than B; 

[V. 8] FOR, 

IN THAT CASE 

A WOULD HAVE HAD TO C, A LESS RATIO THAN B HAS TO Q 

BUT, 

it has not; 

therefore, 

a is not less than b. 

But, 

it was proved not to be equal either; 

therefore, 

a is greater than b. 



Again, let, 

c have to b, a greater ratio than c has to a; 

i say that; 

b is less than a. 

For, 

if not, it is either equal or greater. 

Now, 

B IS NOT EQUAL TO A) 

[V. 7] FOR, IN THAT CASE, 

C WOULD HAVE HAD THE SAME RATIO TO EACH, OF 
THE MAGNITUDES, A, B\ 

BUT, 

it has not; 

therefore, 

a is not equal to b. 

Nor again, 

is b greater than a\ 

[v. 8] for, in that case 

c would have had to b, a less ratio than it has to a; 

BUT, 

it has not; 

therefore, 

b is not greater than a. 

But, 

it was proved that it is not equal either; 

therefore, 

b is less than a. 

Therefore etc. 

Q.E. D. 



Proposition 11. 

Ratios which are the same with the same ratio are, also, 
the same with one another. 



T 

1 
1 

1 


T- 
1 
1 
1 
1 
1 




T 


1 


C ; 


E 


b; 


D^ 




F 


J-a 1 


H 




■ IT ■ 


t ; 


1 ■■■■ 




* 




M ' 




N ' 


A = 1.82033 cm 


C = 0.97367 


cm 


E = 1.20650 cm 


B = 1.14300 cm 


D = 0.61137 


cm 


F = 0.75757 cm 


G = 3.64067 cm 


H = 1.94733 


cm 


K = 2.41300 cm 


L = 3.42900 cm 


M = 1.83412 


cm 


N= 2.27271cm 


A 

— = 1.59259 

B 


C 

— = 1.59259 

D 


E 
F 


= 1.59259 


G 

— = 2.00000 

A 


H 

— = 2.00000 

C 


K 
E 


= 2.00000 


L 

— = 3.00000 

B 


M 

— = 3.00000 
D 


N 
F 


= 3.00000 


G 

— = 1.06173 
L 


H 
— = 1.06173 

M 


K 

N 


= 1.06173 


For, 








AS A IS TO B, 








SO LET, 








Cbeto D, and, 








AS C IS TO D, 








SO LET, 








E BE TO F, 








I SAY THAT; 








AS A IS TO B, 








so is E to F. 








For, 








of A, C, E, 









LET, 

equimultiples, g, h, k, be taken, and 

of b, d, f, other, chance, equimultiples, l, m, n. 

Then since, 
as a is to b, 
so is Cto D, and 

OF A, C EQUIMULTIPLES G, HHAVE BEEN TAKEN, AND 
OF B, D, OTHER, CHANCE, EQUIMULTIPLES, L, M, 



therefore, 

if g is in excess of l, 
hls, also, in excess of m, 
if equal, equal, and 
if less, less. 

Again, since, 
as C is to D, 
so is e to f, and 

of c, e, equimultiples, h, k, have been taken, and 
of d, f other, chance, equimultiples m, n 

therefore, 

if his in excess of m, 
kls, also, in excess of n, 
if equal, equal, and 
if less, less. 

But we saw that, 

if hwas in excess of m, 
gwas, also, in excess of l\ 
if equal, equal; and 
if less, less; 

so that, in addition, 
if g is in excess of l, 
kls, also, in excess of n, 
if equal, equal, and 
if less, less. 

And, 

G, if ARE EQUIMULTIPLES OF A, E, 
WHILE, 

L, Nare other, chance, equimultiples of B, F; 

THEREFORE, 

AS A IS TO B, 

so is E to F. 
Therefore etc. 



Proposition 12. 

If any number of magnitudes be proportional as one of 
the antecedents is to one of the consequents, so will all 
the antecedents be to all the consequents. 



A 




c — 


E- 








D^- 


1 




■ 


l 


Gi 












K | 




Li 






N^- 












A = 1.77800 cm 


A 


C 




E 


C = 1.07950 cm 


— = 1.33333 
B 


= 1.33333 


— = 1.33333 
F 


E= 1.14300 cm 


G 


H 
C 

M 
D 




K 


B = 1.33350 cm 


— = 2.00000 
A 

L 

— = 3.00000 
B 


= 2.00000 
= 3.00000 


— = 2.00000 
E 

N 

— = 3.00000 
F 


D = 0.80963 cm 
F = 0.85725 cm 
G = 3.55600 cm 
H= 2.15900 cm 


G 

— = 0.88889 


H 


= 0.88889 


K 

— = 0.88889 

N 


K = 2.28600 cm 


L 


M 




L = 4.00050 cm 


G+H+K 


89 


A+C+E 


1.33333 


M = 2.42888 cm 


- O.oooi 

L+M+N 


B+D+F 


N = 2.57175 cm 



Let, 

any number of magnitudes, 

a, b, c, d , e, f, be proportional, 

SO THAT, 

AS A IS TO B, 

so is Cto D, and 
Eto F 

I SAY that; 

AS A IS TO B, 

so are A, C, E, to B, D, F. 

For, 

of A, C, E, 

LET, 

equimultiples, g, h, k, be taken, and 

of b, d, f, other, chance, equimultiples, l, m, n. 

Then since, 
as a is to b, 
so is Cto D, and 
Eto F, and, 

OF A, C, E, EQUIMULTIPLES, G, H, K, HAVE BEEN TAKEN, AND 



OF B, D, F, OTHER, CHANCE, EQUIMULTIPLES, L, M, N, 

THEREFORE, 

IF G IS IN EXCESS OF L, 

HIS, ALSO, IN EXCESS OF M, AND 

KOFN, 

IF EQUAL, EQUAL, AND 

IF LESS, LESS; 

SO THAT, IN ADDITION, 

IF G IS IN EXCESS OF L, 

THEN, 

G, H, K, ARE IN EXCESS OF L, M, N, 
IF EQUAL, EQUAL, AND 
IF LESS, LESS. 

Now, 

G AND G, H, K, ARE EQUIMULTIPLES OF A AND A, C, E, 
[V. 1] SINCE, 

if any number of magnitudes 
whatever are respectively equimultiples of 
any magnitudes, equal in multitude, whatever 
multiple one of the magnitudes is of one, 
that multiple, also, will all be of all. 

For the same reason, 

Land L, M, N, are, also, equimultiples of Band B, D, F; 

[V. DEF. 5] THEREFORE, 
AS A IS TO B, 

so are A, C, E, to B, D, F. 

Therefore etc. 

Q. E. D. 



Proposition 13. 

If a first magnitude have to a second the same ratio as a 
third to a fourth, and the third have to the fourth a 
greater ratio than a fifth has to a sixth, the first will, 
also, have to the second a greater ratio than the fifth to 
the sixth. 



A C 


Ei 


A = 1.33350 cm 


T-» It 

-_ 1 r ^ - * - 5C 


F 


B = 0.88900 cm 
C = 2.20133 cm 


K 


.."■■ '. . ■ ■ ■ ' 


D = 1.46756 cm 
E = 2.45533 cm 


L 




F= 1.83110 cm 




- G = 4.40267 cm 


A C 

— = 1.50000 — = 1.50000 

B D 


E 

— = 1.34091 

F 


H = 4.91067 cm 
K = 4.40267 cm 


G H 


M 


L = 5.49329 cm 


— = 2.00000 — = 2.00000 
C E 


— = 2.00000 
A 


M = 2.66700 cm 


K L 


N 


N = 2.66700 cm 


— = 3.00000 — = 3.00000 
D F 


— = 3.00000 
B 




M G 

— = 1.00000 — = 1.00000 

N K 


H 

— = 0.89394 
L 




M+H N+L 

= 2.00000 - 3.0000C 


» 





A+E 



B+F 



For let, 

a first magnitude, a, have to a second, b, 

the same ratio as a third, c, has to a fourth, d, 

AND LET, 

the third, c, have to the fourth, d, 

a greater ratio than a fifth, e, has to a sixth, f; 

i say that; 

the first, a, will, also, have to the second, b, 
a greater ratio than the fifth, e, to the sixth, f. 

For, since, 

there are some equimultiples of c, e, and 
of d, f, other, chance, equimultiples, 

such that, 

the multiple of c is in excess of the multiple of d, 

[v. def. 7] while, 

the multiple of e is not in excess of the multiple of f, 

LET, 

THEM BE TAKEN, 

AND LET, 



G, H, BE EQUIMULTIPLES OF C, E, AND 

K, L OTHER, CHANCE, EQUIMULTIPLES OF D, F, 

so that; 

G IS IN EXCESS OF K, 

BUT, 

HIS NOT IN EXCESS OF L\ 

AND, LET, 

WHATEVER MULTIPLE G IS OF C, 
MBE, ALSO, THAT MULTIPLE OF A, 

AND, LET, 

WHATEVER MULTIPLE KlS OF D, 
TV BE, ALSO, THAT MULTIPLE OF B. 

NOW, SINCE, 

AS A IS TO B, 

so is CtoD, and 

OF A, C, EQUIMULTIPLES, M, G, HAVE BEEN TAKEN, AND 
OF B, D, OTHER, CHANCE, EQUIMULTIPLES, N, K, 

[V. DEF. 5] THEREFORE, 

if Mis in excess of N, 
gls, also, in excess of k, 
if equal, equal, and 
if less, less. 

But, 

g is in excess of k\ 

therefore, 

Mis, also, in excess of N. 

But, 

His not in excess of L; and 

M, Hare equimultiples of A, E, and 

n, l, other, chance, equimultiples of b, f; 

[v. def. 7] therefore, 

a has to b, a greater ratio than e has to f. 

Therefore etc. 

Q. E. D. 



Proposition 14. 

If a first magnitude have to a second the same ratio as a 
third has to a fourth, and the first be greater than the 
third, the second will, also, be greater than the fourth, if 
equal, equal; and if less, less. 

A "" C i A =2.64583 cm 

g . JJ J B = 1.77950 cm 

C = 2.03864 cm 
D= 1.37112 cm 

A C A B 

— = 1.48684 — = 1.48684 — = 1.29784 — = 1.29784 

B D C D 

For let, 

a first magnitude, a, have the same ratio 

to a second, b, as a third, c, has to a fourth, d; 

AND LET, 

a be greater than c; 

i say that; 

b is, also, greater than d. 

For, since, 

a is greater than c, and 

b is another, chance, magnitude, 

[v. 8] therefore, 

a has to b, a greater ratio than c has to b. 

But, 

as A is to B, 
so is CtoD; 

[V. 13] THEREFORE, 

C HAS, ALSO, TO D, A GREATER RATIO THAN C HAS TO B. 

[v. 10] But, 

THAT TO WHICH THE SAME HAS A GREATER RATIO IS LESS; 

THEREFORE, 

D IS LESS THAN B; 

so that; 

b is greater than d. 

Similarly we can prove that, 
if a be equal to c, 
b will, also, be equal to d; 

AND, 



if a be less than c, 

b will, also, be less than d. 

Therefore etc. 



Proposition 15. 

Parts have the same ratio as the same multiples of them 
taken in corresponding order. 

G H B 



1 C | | AB = 4.82600 cm 

j£ i £ C = 1.60867 cm 

' p | •* DE = 2.99423 cm 

F = 0.99808 cm 



AB DE C AB 

= 3.00000 = 3.00000 — = 1.61176 = 1.61176 

C F F DE 

For let, 

ab be the same multiple of c, 

THAT, 

DE is of F; 

I SAY THAT; 

AS C IS TO F, 

so is AB to DE. 

For, since, 

ab is the same multiple of c, that 

DE is of F, 

as many magnitudes as there are in ab equal to c, 

so many are there, also, in de equal to f. 

Let, 

ab be divided into the magnitudes, 
ag, gh, hb, equal to c, and 
de into the magnitudes, 
DK, KL, LE, equal TO F; 

THEN, 

the multitude of the magnitudes, 

ag, gh, hb, will be equal to 

the multitude of the magnitudes, dk, kl, le. 

And, since, 

ag, gh, hb, are equal to one another, and 
dk, kl, le, are, also, equal to one another, 

[v. 7] therefore, 

AS AG IS TO DK, 

SO IS GH TO KL, AND 

HB to LE. 

[v. 12] Therefore, 



AS ONE OF THE ANTECEDENTS IS TO 
ONE OF THE CONSEQUENTS, 
SO WILL ALL THE ANTECEDENTS BE TO 
ALL THE CONSEQUENTS; 

THEREFORE, 

AS AG IS TO DK, 

so is AB to DE. 

But, 

AG= C, and DK=F; 

THEREFORE, 

AS C IS TO F, 

so is AB to DE. 

Therefore etc. 

Q.E. D. 



Proposition 16. 

If four magnitudes be proportional, they will, also, be 
proportional alternately. 

A C 

B D 1 

E G 

F H 



A 

— = 1.26050 
B 

E 

— = 3.00000 
A 



E 



= 1.26050 



D 
F 
B 
G 
H 



= 1.26050 



= 3.00000 



= 1.26050 



C 
G 
C 
E 
G 



= 1.70968 



2.00000 



2.56452 



. 

B 

D 

H 

D 

F 

H 



1.70968 



= 2.00000 



= 2.56452 



A = 2.24367 cm 
B = 1.77998 cm 
C= 1.31233 cm 
D = 1.04112 cm 
E= 6.73100 cm 
F = 5.33993 cm 
G = 2.62467 cm 
H = 2.08224 cm 



Let, 

a, b, c, d, be four proportional magnitudes, 

SO THAT, 

AS A IS TO B, 

so is CtoD; 

I SAY THAT; 

THEY WILL, ALSO, BE SO ALTERNATELY, 

THAT IS, 

AS A IS TO C, 

so is B to D. 

For let, 
of A, B, 

EQUIMULTIPLES, E, F, BE TAKEN, AND 

OF C, D, OTHER, CHANCE, EQUIMULTIPLES, G, H. 

[v. 15] Then, since, 

E IS THE SAME MULTIPLE OF A, THAT 
FlS OFB, AND 

parts have the same ratio as 
the same multiples of them, 

therefore, 
as a is to b, 
so is e to f. 

But, 

as a is to b, 



so is Cto D; 

[v. 11] therefore also, 
as c is to d, 
so is e to f. 

Again, since, 

G, Hare equimultiples of C, D, 

[V. 15] THEREFORE, 
AS C IS TO D, 

so is Gto H. 

But, 

as c is to d 
so is E to F; 

[V. 11] THEREFORE, ALSO, 
AS E IS TO F, 

so is Gto H. 

[v. 14] But, 

if four magnitudes be proportional, and 

the first be greater than the third, 

the second will, also, be greater than the fourth; 

if equal, equal; and 

if less, less. 

Therefore, 

if e is in excess of g, 
fls, also, in excess of h, 
if equal, equal, and 
if less, less. 

Now, 

E, Fare equimultiples of A, B, and 

G, H, OTHER, CHANCE, EQUIMULTIPLES OF C, D; 

[V. DEF. 5] THEREFORE, 
AS A IS TO C, 

so is B to D. 

Therefore etc. 

Q.E. D. 



Proposition 17. 

If magnitudes be proportional componendo, they will, 
also, be proportional separando. 



E 



B 






T- 



-r 



D 

— 



Gf 
L" 



- -A 



1- 



H 



K 



M 



AB 
BE 
CF 
DF 
LM 
CF 
KO 
BE 
HO 
BE 
GK 
HO 



= 2.98783 



= 1.98783 



= 2.00000 



= 3.00000 



= 5.00000 



= 1.19513 



CD 

DF 

GH 

AE 

MN 

DF 

NP 

DF 

MP 

DF 

LN 

MP 



N 
2.98783 

= 2.00000 
= 2.00000 

= 3.00000 
= 5.00000 
= 1.19513 



= 1.98783 



= 2.00000 



= 2.00000 



AE 
BE 
HK 
BE 

GK 

AB 

LN 

CD 

GK+LN 

AB+CD 

GH 



AB = 
BE = 
CD = 
DF = 
AE = 
CF = 
GH = 
HK = 
LM = 
MN = 
KO = 
NP = 
HO = 
MP = 



= 2.00000 GK = 
LN = 

= 2.00000 

LM 



KO 



= 1.32522 



NP 



2.81517 cm 

0.94221 cm 

2.20133 cm 

0.73677 cm 

1.87296 cm 

1.46457 cm 

3.74591 cm 

1.88442 cm 

2.92913 cm 

1.47353 cm 

2.82663 cm 

2.21030 cm 

4.71106 cm 

3.68383 cm 

5.63033 cm 
4.40267 cm 



= 1.32522 



Let, 

AB, BE, CD, DF, 

BE MAGNITUDES PROPORTIONAL COMPONENDO, 

SO THAT, 

AS AB IS TO BE, 

so is CD to DF; 

I SAY THAT; 

THEY WILL, ALSO, BE PROPORTIONAL SEPARANDO, 

THAT IS, 

AS AE IS TO BE, 

so is CFto DF. 

For let, 

of AE, BE, CF, DF, equimultiples, 

GH, HK, LM, MN, be taken, and 

of eb, fd, other, chance, equimultiples, ko, np, 

Then, since, 

ghls the same multiple of ae, that 
HKis of BE, 

[V. 1] THEREFORE, 



GHlS THE SAME MULTIPLE OF AE, THAT 

GKis of AB. 

But, 

ghls the same multiple of ae, that 
LM is of CF; 

THEREFORE, 

GKlS THE SAME MULTIPLE OF AB, THAT 

LM is of CF. 

Again, since, 

lm is the same multiple of cf, that 
MATIS OF DF, 

[V. 1] THEREFORE, 

LM IS THE SAME MULTIPLE OF CF, THAT 
LiV IS OF CD. 

But, 

lm was the same multiple of cf, that 
OFT is of AB; 

THEREFORE, 

GKlS THE SAME MULTIPLE OF AB, THAT 

LiV is of CD. 

Therefore, 

gk, ln are equimultiples of ab, cd. 

Again, since, 

hkls the same multiple of be, that 

MN IS OF DF, AND 

KO IS, ALSO, THE SAME MULTIPLE OF BE, THAT 

7VP is of DF, 

[V. 2] THEREFORE, 

THE SUM HO IS, ALSO, THE SAME MULTIPLE OF BE, THAT 

MP is of DF, 

And, since, 

as ab is to be, 

so is cd to df, and 

of ab, cd, equimultiples, gk, ln, have been taken, and 

of be, df, equimultiples, ho, mp, 

therefore, 

if gkls in excess of ho, 
ln is, also, in excess of mp, 
if equal, equal, and 
if less, less. 



Let, 

GK BE IN EXCESS of HO; 
THEN, 

if hk be subtracted from each, 
ghls, also, in excess of ko. 

But we saw that, 

if gk was in excess of ho, 
ln was, also, in excess of mp, 

therefore, 

ln is, also, in excess of mp, 

AND, 

IF MN BE SUBTRACTED FROM EACH, 
LM IS, ALSO, IN EXCESS OF NP; 

SO THAT, 

if ghls in excess of ko, 
lm is, also, in excess of np. 

Similarly we can prove that, 
if gh be equal to ko, 
lm will, also, be equal to np, and 
if less, less. 

And, 

gh, lm are equimultiples of ae, cf, while 

ko, np are other, chance, equimultiples of eb, fd; 

therefore, 

as ae is to be, 
so is CFto DF. 

Therefore etc. 

Q.E. D. 



Proposition 18. 

If magnitudes be proportional separando, they will, 
also, be proportional componendo . 

E B 

A ^ — _ 

F AE = 2.03200 cm 

C' ' ' D BE = 1.07950 cm 

G CF= 3.95817 cm 

DF= 2.10278 cm 

AE CF AE+BE CF+DF 

— = 1.88235 = 1.88235 = 2.88235 = 2.88235 

BE DF BE DF 

Let, 

AE, EB, CF, FD, be magnitudes proportional separando, 

SO THAT, 

as AE is to EB, 
so is CFto FD; 

I SAY THAT; 

THEY WILL, ALSO, BE PROPORTIONAL COMPONENDO, 

THAT IS, 

AS AB IS TO BE, 

so is CD to FD. 

For, 

if cd be not to df as ab to be, 

THEN, 

as AB is to BE, 

SO WILL CD BE 
EITHER, 

to some magnitude less than df, or 
to a greater. 

First, let, 

it be in that ratio to a less magnitude dg. 

[v. 17] Then, since, 
as AB is to BE, 
so is CD to DG, 

THEY ARE MAGNITUDES PROPORTIONAL COMPONENDO; 
SO THAT; 

they will, also, be proportional separando. 

Therefore, 

as AE is to EB, 
so is CG to GD. 



But also, 

by hypothesis, 
as AE is to EB, 
so is CFto FD. 

[v. 11] Therefore also, 
as CG is to GD, 
so is CFto FD. 

But, 

the first, cg, is greater than the third, cf, 

[v. 14] therefore, 

the second, gd, is, also, greater than the fourth, fd. 

But, 

it is, also, less: 

WHICH, 

is impossible. 

Therefore, 

as AB is to BE, 

so is not cd to a less magnitude than fd. 

Similarly we can prove, 

that neither is it in that ratio to a greater; 

therefore, 

it is in that ratio to fd itself. 

Therefore etc. 

Q.E. D. 



Proposition 19. 

If, as a whole is to a whole, so is a part subtracted to a 
part subtracted, the remainder will, also, be to the 
remainder as whole to whole. 

AB « it „ AB = 3.00567 cm 

= 1.97368 A g g „ , enno „ 

CD | CD = 1.52287 cm 

AE q F D AE = 0.94283 cm 

— = 1.97368 CF = 47770 cm 

BE " BE = 2.06283 cm 

— = 1.97368 DF = 1.04517 cm 

AB CD BE DF 

=3.18791 =3.18791 = 2.18791 =2.18791 

AE CF AE CF 

For, let, 

as the whole, ab, is to the whole, cd, 
the part, ae, subtracted, be to 
the part, cf, subtracted; 

i say that; 

the remainder, be, will, also, be 

to the remainder, df, 

as the whole, ab, to the whole, cd. 

[v. 16] For since, 
as AB is to CD, 
so is AE to CF, 

ALTERNATELY ALSO, 
AS AB IS TO AE, 

so is CD to CF. 

[v. 17] And, since, 

THE MAGNITUDES ARE PROPORTIONAL COMPONENDO, 
THEY WILL, ALSO, BE PROPORTIONAL SEPARANDO, 

THAT IS, 

AS BE IS TO AE, 

so is DF to CF 

[V. 16] AND, ALTERNATELY, 

as BE is to DF, 
so is AE to CF. 

But, 

as AE is to CF, 

SO BY HYPOTHESIS, IS THE WHOLE, AB, TO THE WHOLE, CD. 

[v. 11] Therefore also, 

THE REMAINDER, EB, WILL BE TO THE REMAINDER, DF, 
AS THE WHOLE, AB, IS TO THE WHOLE, CD. 



Therefore etc. 

[Porism. 

From this it is manifest that, if magnitudes be 
proportional componendo, they will, also, be proportional 
convertendo.] 

Q. E. D. 



Proposition 20. 

If there be three magnitudes, and others equal to them 
in multitude, which taken two and two are in the same ratio, 
and if ex aequali the first be greater than the third, the 
fourth will, also, be greater than the sixth, if equal, 
equal; and, if less, less. 



• 

A- 




i- 


- -* 
D 




A = 3.09033 cm 
B = 1.90976 cm 


E 
F 

• 

= 1.61818 


B 
C 


D= 1.92617 cm 


r* L. 




E= 1.19033 cm 


• 
A 
B 


1.61818 


D 
E 


F = 1.62837 cm 

E 

= 0.73099 — = 0.73099 

F 



Let there be, 

three magnitudes, a, b, c, and 

others, d, e, f, equal to them in multitude, which 

taken two and two are in the same ratio, 

SO THAT, 

AS A IS TO B, 
SO ISDTOE, AND 
AS B IS TO C, 

soisEto F 

AND LET, 

A BE GREATER THAN C, EX AEQUALI; 

I SAY THAT; 

D WILL, ALSO, BE GREATER THAN F, 

ifA= C, equal; and, 

IF LESS, LESS. 

[v. 8] For, since, 

a is greater than c, and 

b is some other magnitude, and 

the greater has to the same, a greater ratio than 

the less has, 

therefore, 

a has to b, a greater ratio than c has to b. 

But, 

as A is to B, 
so is D to E, 

AND INVERSELY, 
AS C IS TO B, 



so is Fto E; 

[V. 13] THEREFORE, 

D HAS, ALSO, TO E, A GREATER RATIO THAN FHAS TO E. 

[v. 10] But, 

of magnitudes which have a ratio to the same, 
that which has a greater ratio is greater; 

therefore, 

d is greater than f. 

Similarly we can prove that; 
if a be equal to c, 
d will, also, be equal to f; and, 
if less, less. 

Therefore etc. 

Q. E. D. 



Proposition 21. 

If there be three magnitudes, and others equal to them 
in multitude, which taken two and two together are in the 
same ratio, and the proportion of them be perturbed, then, 
if ex aequali the first magnitude is greater than the third, 
the fourth will, also, be greater than the sixth, if equal, 
equal; and if less, less. 




A = 3.66183 cm 
B = 2.65919 cm 
C = 3.22256 cm 
D = 2.82954 cm 
E = 3.42900 cm 
F- 2.49011 cm 



0.82518 



Let, 

there be three magnitudes, a,b,c, and 

others, d, e, f, equal to them in multitude, which 

taken two and two are in the same ratio, 

AND LET, 

THE PROPORTION OF THEM BE PERTURBED, 

SO THAT, 

AS A IS TO B, 
SO IS E TO F, 

AND, 

AS B IS TO C, 

so is D to E, 

AND LET, 

A BE GREATER THAN C, EX AEQUALI] 

I SAY THAT; 

D WILL, ALSO, BE GREATER THAN E\ 

if A = C, equal; and 
if less, less. 

For, since, 

a is greater than c, and 
b is some other magnitude, 

[v. 8] therefore; 

A HAS TO B, A GREATER RATIO THAN C HAS TO B. 



But, 

as A is to B, 
so is E to F, 

AND INVERSELY, 
AS C IS TO B, 

so is E to D. 
[v. 13] Therefore also, 

E HAS TO F, A GREATER RATIO THAN E HAS TO D. 

[v. 10] But, 

THAT TO WHICH THE SAME HAS A GREATER RATIO IS LESS; 

THEREFORE, 

FlS LESS THAN D; 

therefore, 

d is greater than f. 

Similarly we can prove that, 
if a be equal to c, 
d will, also, be equal to e\ 
and if less, less. 

Therefore etc. 

Q. E. D. 



Proposition 22. 

If there be any number of magnitudes whatever, and 
others equal to them in multitude, which taken two and two 
together are in the same ratio, they will, also, be in the 
same ratio ex aequali. 

t - -t- - 

• — » - - 

r fV . 

Ai Ba c ^ 

D E^ "F 

A =2.13783 cm D = 1.86267 cm G = 4.27567 cm H = 3.72533 cm 

B = 1.03717 cm E = 0.90367 cm K = 3.11150 cm L- 2.71101 cm 

C = 2.26483 cm F = 1.97332 cm M = 4.52967 cm N - 3.94664 cm 

-- 2.06122 — = 2.06122 |- - 0.45794 - = 0.45794 

— = 0.94393 — - 0.94393 — = 2.00000 — = 2.00000 

u r A D 

K T Hjf 

-=3.00000 - = 3.00000 -=2.00000 -=2.00000 M " °' 94393 

f = 1.37415 f = 1.37415 ^-=0.68692 -=0.68692 n = °- 94393 
a- L, M N 



Let, 

there be any number of magnitudes a, b, c, and 
others, d, e, f, equal to them in multitude, which 
taken two and two together are in the same ratio, 

SO THAT, 

AS A IS TO B, 

SO IS D TO E, AND 

AS B IS TO C, 

so is E to F; 

I SAY that; 

THEY WILL, ALSO, BE IN THE SAME RATIO EX AEQUALI, 

< THAT IS, 

AS A IS TO C, 

so is D to F. > 

For let , 
of A, D, 

EQUIMULTIPLES, G, H, BE TAKEN, AND 

OF B, E, OTHER, CHANCE, EQUIMULTIPLES, K, L\ 

AND, FURTHER, 



of c, f, other, chance, equimultiples, m, n. 

Then, since, 
as A is to B, 
so is d to e, and 

of a, d, equimultiples, g, h, have been taken, and 
of b, e, other, chance, equimultiples, k, l, 

[v. 4] therefore, 
as g is to k, 
so is hto l. 

For the same reason also, 
as K is to M, 
so is L to N. 

Since, then, 

there are three magnitudes, g, k, m, and 
others, h, l, n, equal to them in multitude, which 
taken two and two together are in the same ratio, 

[v. 20] therefore, 

exaequaln, if gls in excess of m, 
his, also, in excess of n; 
if equal, equal; and, 
if less, less. 

And, 

G, Hare equimultiples of A, D, and 

M, N OTHER, CHANCE, EQUIMULTIPLES OF C, F. 

[v. Def. 5] Therefore, 
as A is to C, 
so is D to F. 

Therefore etc. 

Q.E. D. 



Proposition 23. 

If there be three magnitudes, and others equal to them 
in multitude, which taken two and two together are in the 
same ratio, and the proportion of them be perturbed, they 
will, also, be in the same ratio ex aequali. 

t T 

f 

j j 

A --B-I --C I 

_ i 
D --** | F 

K M - N 

A G C T 

A =2.01083 cm — = 1.86275 —=3.00000 —- 1.86275 —=0.73404 

B- 1.07950 cm B A H M 

E H M H 

C- 1.46050 cm — = 1.86275 —=3.00000 —- 1.86275 — = 1.10870 

K D NT 

D= 1.47062 cm r u 

E- 1.98967 cm —=0.73913 — = 3.00000 —=0.73913 — - 1.10870 

F- 1.06814 cm C 1> EM 

G- 6.03250 cm — = 0.73913 —=2.00000 —=0.73404 — = 2.06522 

H = 3.23850 cm E L 

A M C K 

K = 4.41187 cm — _ 1,37681 ~ = 2.00000 — = 0.73404 — = 2.06522 

L = 2.92100 cm C EN 

M = 3.97933 cm — = 1.37681 V " 2.00000 — = 0.73404 

F F K 

N = 2.13627 cm r 

Let, 

there be three magnitudes, a, b, c, and 
others equal to them in multitude, which 
taken two and two together, 
are in the same proportion, 

NAMELY, 

A E, F, 

AND LET, 

THE PROPORTION OF THEM BE PERTURBED, 

SO THAT, 

AS A IS TO B, 

SO IS E TO F, AND 

AS B IS TO C, 

so is D to E; 

I SAY that; 

AS A IS TO C, 

so is D to F. 

LET, 

Of A, B, D, equimultiples, G, H, K, be taken, and 

OF C, E, F, OTHER, CHANCE, EQUIMULTIPLES, L, M N. 



[v. 15] Then, since, 

G, Hare equimultiples of A, B, and 

PARTS HAVE THE SAME RATIO AS 
THE SAME MULTIPLES OF THEM, 

THEREFORE, 

AS A IS TO B, 

so is Gto H. 

For the same reason also, 
as E is to F, 
so is Mto N. And 
as A is to B, 
so is E to F; 

[V. 11] THEREFORE ALSO, 
AS G IS TO H, 

so is Mto N. 

Next, since, 
as B is to C, 
so is D to E, 

[V. 16] ALTERNATELY, ALSO, 
AS B IS TO D, 
SO IS CtoE. 

And, since, 

H, Kare equimultiples of B, D, and 

parts have the same ratio as their equimultiples, 

[v. 15] therefore, 
as b is to d, 
so is hto k. 

But, 

as b is to d, 
so is CtoE; 

[V. 11] THEREFORE ALSO, 
AS HIS TO K, 

so is CtoE. 

Again, since, 

L, Mare equimultiples of C, E, 

[V. 15] THEREFORE, 
AS C IS TO E, 

so is L to M 

But, 

as c is to e, 



so is Hto K; 

[V. 11] THEREFORE ALSO, 
AS HIS TO K, 

so is L to M, 

[V. 16] AND, ALTERNATELY, 
AS HIS TO L, 

so is Kto M. 

But it was, also, proved that, 
as g is to h, 
so is Mto N. 

Since, then, 

there are three magnitudes, g, h, l, and, 
others equal to them in multitude, k, m, n, which 
taken two and two together are in the same ratio, and 
the proportion of them is perturbed, 

[v. 21] therefore, 

exaequali, if gls in excess of l, 

kls, also, in excess of n; 

if equal, equal; and, 

if less, less. and 

G, Kare equimultiples of A, D, and 

L, TVof C, F. 

Therefore, 
as A is to C, 
so is D to F. 

Therefore etc. 

Q.E. D. 



Proposition 24: 

If a first magnitude have to a second the same ratio as a 
third has to a fourth, and, also, a fifth have to the second 
the same ratio as a sixth to the fourth, the first and fifth 
added together will have to the second the same ratio as 
the third and sixth have to the fourth. 



AB 

C 
DE 

F 
BG 

C 
EH 

F 
AB+BG 

C 
DE+EH 



1.26471 



1.26471 



0.77828 



0.77828 



Ar 

Cf- 



B 



H 






2.04299 



2.04299 



AB 
BG 



1.62500 



DE 
EH 



1.62500 



« AB 


= 3.89467 cm 


C = 


3.07950 cm 


DE 


= 3.02683 cm 


F = 


2.39331 cm 


BG 


= 2.39672 cm 


EH 


= 1.86267 cm 


AB+BG 
BG 


2.62500 


DE+EH 


2.62500 



EH 



Let, 

a first magnitude, 

ab, have to a second, c, the same ratio as 

a third, de, has to a fourth, f, 

AND LET, 

also a fifth, bg, have to the second, c, 

the same ratio as a sixth, eh, has to the fourth, f) 

i say that; 

the first and fifth added together, ag, will have to 

the second, c, the same ratio as 

the third and sixth, dh, has to the fourth, p. 

For since, 

as bg is to c, 
so is EH to F, 

INVERSELY, 

AS C IS TO BG, 

so is Fto EH 

Since, then, 
as ab is to c, 
so is de to f, and 
as c is to bg, 
so is Fto EH, 

[V. 22] THEREFORE, 
EXAEQUALI, 



as AB is to BG, 
so is DE to EH. 

[v. 18] And, since, 

THE MAGNITUDES ARE PROPORTIONAL SEPARANDO, 
THEY WILL, ALSO, BE PROPORTIONAL COMPONENDO; 

THEREFORE, 

AS AG IS TO GB, 

so is DH to HE. 

But also, 

as BG is to C, 
so is EH to F; 

[V. 22] THEREFORE, 
EXAEQUALI, 
AS AG IS TO C, 

so is DH to F: 

Therefore etc:, 

Q.E. D. 



Proposition 25: 



IF FOUR MAGNITUDES BE PROPORTIONAL, THE GREATEST AND THE 
LEAST ARE GREATER THAN THE REMAINING TWO: 



AB - 4.42383 cm 
CD - 3.44427 cm 
E- 3.25967 cm 
F- 2.53788 cm 
AG- 3.25967 cm 
CH- 2.53788 cm 



AB 


A 


— - 1.28440 


E 


E 




— - 1.28440 


C 


AG 


F 


— = 1.28440 




AB+F = 6.96172 


cm 


CD+E = 6.70394 


cm 





G 




B 






D 




H 













Let, 

the four magnitudes, 

ab, cd, e, f, be proportional 

SO THAT, 

AS AB IS TO CD, 

so is E to F, 

AND LET, 

ab be the greatest of them, and 
Fthe least; 

I say that; 

AB, Fare greater than CD, E. 

For let, 

ag be made equal to e, and 
ch equal to f. 

Since, as, 

AB is to CD, 

SO IS E TO F, AND 
E = AG, AND 

Fto CH, 

THEREFORE, 

as AB is to CD, 
so is AG to CH. 

[v. 19] And since, 

AS THE WHOLE, AB, IS TO THE WHOLE, CD, 



so is the part, ag, subtracted to 

the part, ch, subtracted, 

the remainder, gb, will, also, be to the remainder, hd, 

as the whole, ab, is to the whole, cd. 

But, 

ab is greater than cd; 

therefore, 

gb is, also, greater than hd. 

And, since, 

AG = E, AND 

CH to F, 

THEREFORE, 

AG, Fare equal to CH, E. 

And, 

if, gb, hd being unequal, and 
gb greater, 

ag, f be added to gband ch, 
e be added to hd, 

it follows that, 

AB, Fare greater than CD, E. 

Therefore etc:, 

Q.E. D. 
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BOOK VI. 

Definitions. 

1. Similar rectilineal figures are such as have their 
angles severally equal and the sides about the equal 
angles proportional. 

[2. Reciprocally related figures. See note.] 

3. a straight line is said to have been cut in extreme 
and mean ratio when, as the whole line is to the greater 
segment, so is the greater to the less. 

4. The height of any figure is the perpendicular drawn 
from the vertex to the base. 



Note. 

Definition 1. Similar rectilineal figures are such as have 
their angles severally equal and the sides about the 
equal angles proportional. 



Note. 

Definition 2. Simson proposes in his note to substitute 
the following definition. "two magnitudes are said to 
be reciprocally proportional to two others when one 
of the first is to one of the other magnitudes as the 
remaining one of the last two is to the remaining one 
of the first." 

This definition requires that the magnitudes shall be 
all of the same kind. 



Note. 
Definition 3. A straight line is said to have been cut in 

EXTREME AND MEAN RATIO WHEN, AS THE WHOLE LINE IS TO 
THE GREATER SEGMENT, SO IS THE GREATER TO THE LESS. 



Note. 

Definition 4. The height of any figure is the perpendicular 
drawn from the vertex to the base. 



Note. 
[Definition 5. "A ratio is said to be compounded of ratios 

WHEN THE SIZES OF THE RATIOS MULTIPLIED TOGETHER MAKE 
SOME (? RATIO, OR SIZE)."] 




BOOK VI. 
PROPOSITIONS. 

Proposition 1. 

Triangles and parallelograms which are under the same 
height are to one another as their bases. 

j£ ^ p BC = 0.71967 cm 

CD = 1.52400 cm 
Area AABC = 1.05869 cm 2 
Area AACD = 2.24193 cm 2 
Area EBCA = 2.11738 cm 2 
Area ACDF = 4.48386 cm 2 



(Area A ABC) (Area EBCA) 

= 0.47222 = 0.47222 — rr^r = 0.47222 

CD (Area AACD) (Area ACDF) 

Let, 

AABC, AACD, 

AND, 

BEC, BCF, BE UNDER THE SAME HEIGHT; 

I SAY THAT; 

BC, is to CD, 

so is AABC, to AACD, and B EC, to B CF. 

For let, 

bd be produced in both directions to h, l, 

AND LET, 

[any number of] BG, GH be made equal to BC, and 

ANY NUMBER OF DK, KL, EQUAL TO CD; 
LET, 

AG, AH, AK, AL, be joined. 

[i. 38] Then, since, 

cb, bg, gh are equal to one another, 

AABC, AAGB, AAHG, are, also, equal to one another. 

Therefore, 

whatever multiple hc, is of bc, 

that multiple, also, is aahc, of aabc. 

For the same reason, 

whatever multiple lc, is of cd, 



THAT MULTIPLE, ALSO, IS AALC, OF AACD; 

[I. 38] AND, 

IF THE BASES, HC = CL, 

AAHC = AACL, 

if the base, hc, is in excess of the base, cl, 
aahc, is, also, in excess of aacl, and if less, less. 

Thus, 

there being four magnitudes, 

BC, CD, and AABC, AACD, 

EQUIMULTIPLES HAVE BEEN TAKEN OF BC, AND AABC, 

NAMELY, 

HC, AND AAHC, AND CD, AND AADC, 

OTHER, CHANCE, EQUIMULTIPLES, 
NAMELY, 

LC, and AALC; and, 

IT HAS BEEN PROVED THAT, 
IF HC, IS IN EXCESS OF CL, 

AAHC, IS, ALSO, IN EXCESS OF AALC, 
IF EQUAL, EQUAL; AND, IF LESS, LESS. 

[v. Def. 5] Therefore, 
as BC, is to CD, 

so is AABC, to AACD. 

[i. 41] Next, since, 

BEC = 2AABC, and HFC = 2AACD, 

[V. 15] WHILE, 

PARTS HAVE THE SAME RATIO AS 
THE SAME MULTIPLES OF THEM, 

THEREFORE, 

as AABC, is to AACD, 

so is BEC, to HFC. 

Since, then, it was proved that; 
as BC is to CD, 

so is AABC, to AACD, and 
as AABC is to AACD, 



soisHEC, toHCF, 

[V. 11] THEREFORE ALSO, 
AS BC, IS TO CD, 

so is B EC, to HFC. 

Therefore etc. 

Q.E. D. 



Proposition 2. 

If a straight line be drawn parallel to one of the sides 
of a triangle, it will cut the sides of the triangle 
proportionally; and, if the sides of the triangle be cut 
proportionally, the line joining the points of section will be 
parallel to the remaining side of the triangle. 



BD= 1.13513 cm 
AD = 2.29413 cm 
CE = 1.68633 cm 
AE = 3.40812 cm 




Area ABDE = 1.44652 cm 2 
Area AADE = 2.92347 cm 2 
Area ACDE = 1.44652 cm 2 



= 0.49480 



CE 
AE 



= 0.49480 



(Area AADE) 



= 0.49480 



(Area AADE) 



= 0.49480 



For let, 

de be drawn parallel to bc, 

one of the sides of aabo, 

i say that; 

as BD is to DA, 
so is CE to EA. 

For let, 

be, cd be joined. 

Therefore, 

ABDE = ACDE; 

[I. 38] FOR, 

THEY ARE ON THE SAME BASE, DE, AND 
IN THE SAME PARALLELS, DE, BC. AND, 

AADE, IS ANOTHER AREA. 

[v. 7] But, 

EQUALS HAVE THE SAME RATIO TO THE SAME; 
THEREFORE, 

as ABDE, is to AADE, 

so is ACDE, to AADE. 

But, 

as ABDE, is to ADE, 
so is BD to DA; 



[VI. 1] FOR, 

being under the same height, 

the perpendicular drawn from e to ab, 

they are to one another as their bases, 

For the same reason also, 

as ACDE, is to ADE, 

so is CE to EA. 

[v. 11] 

Therefore also, 
as BD is to DA, 
so is CE to EA. 

Again, let, 

the sides, ab, ac of 

aabc, be cut proportionally, 

SO THAT, 

as BD is to DA, 
so is CE to EA; 

AND LET, 

DE, BE JOINED. 

I SAY THAT; 

DE || BC. 

For, 

with the same construction, 

SINCE, AS, 

BD is to DA, 
so is CE to EA, 

[vi. 1] BUT, 

as BD is to DA, 

so is AEDE, to AADE, and 

as CE is to EA, 

so is ACDE, to AADE, 

[V. 11] THEREFORE ALSO, 

as AEDE, is to AADE, 

so is ACDE, to AADE. 

Therefore, 

each, of ABDE, ACDE, has the same ratio to AADE. 



[v. 9] Therefore, 

hBDE = hCDE; and 

THEY ARE ON THE SAME BASE, DE. 

[i. 39] But, 

equal triangles, which are on the same base, 
are, also, in the same parallels. 

Therefore, 

DE || BC. 

Therefore etc. 

Q.E. D. 



Proposition 3. 

If an angle of a triangle be bisected and the straight 
line cutting the angle cut the base also, the segments of 
the base will have the same ratio as the remaining sides of 

THE triangle; AND, IF THE SEGMENTS OF THE BASE HAVE THE SAME 
RATIO AS THE REMAINING SIDES OF THE TRIANGLE, THE STRAIGHT 
LINE JOINED FROM THE VERTEX TO THE POINT OF SECTION WILL 
BISECT THE ANGLE OF THE TRIANGLE. 

E 

BD = 2.88220 cm 

CD = 2.04963 cm 

AB = 4.18678 cm 

AC = 2.97736 cm 




Let, 

abc, be a triangle, 

AND LET, 

zBAC, BE BISECTED BY THE STRAIGHT LINE, AD; 

I SAY THAT; 

as BD is to CD, 
so is BA to AC. 

For let, 

ce be drawn, through c, parallel to da, 

AND LET, 

BA BE CARRIED THROUGH AND MEET IT AT E. 

[i. 29] Then, since, 

AC, FALLS UPON THE PARALLELS, AD, EC, 

zACE= zCAD. 

But, by hypothesis, 
zCAD=zBAD; 

THEREFORE, 

zBAD = zACE. 
[i. 29] Again, since, 



the bae, falls upon the parallels, ad, ec, 
the exterior zbad = zaec, the interior . 

But, 

zACE = zBAD; 

THEREFORE, 

zACE = zAEC, 

[I. 6] SO THAT, 

the sides, ae =ac. 
And, since, 

ad || ec, one of the sides of aece, 

therefore, proportionally, 
as BD is to DC, 
so is BA to AE. 

[vi. 2] But, 
AE = AC; 

THEREFORE, 

as BD is to DC, 
so is BA to AC. 

Again, let, 

BA be to AC, 
as BD to DC, 

AND LET, 

AD BE joined; 
i say that; 

zbac, has been bisected by ad. 

For, 

with the same construction, since, 
as BD is to DC, 

SO IS BA TO AC, AND ALSO 

as ED is to DC, 
so is BA to AE 

[VI. 2] FOR, 

AD || EC, ONE OF THE SIDES OF AECE: 

[V. 11] THEREFORE ALSO, 

as BA is to AC, 
so is BA to AE. 

[v. 9] Therefore, 



AC = AE, 
[1.5] 

SO THAT, 

zAEC = zACE. 
[i. 29] But, 

^AEC = ^.BAD, THE EXTERIOR ANGLE, 

[ID.] AND, 

zACE = zCAD, THE ALTERNATE ANGLE; 

THEREFORE, 

zBAD = zCAD. 

Therefore, 

zbac, has been bisected by ad. 

Therefore etc. 



Q. E. D. 



Proposition 4. 



In equiangular triangles the sides about the equal 
angles are proportional, and those are corresponding sides 
which subtend the equal angles. 



AB = 4.55797 cm 
AF = 2.82499 cm 
BC = 4.06400 cm 
CE = 2.51883 cm 
CD = 2.82499 cm 
DF = 3.09714 cm 
DE= 1.91958 cm 
AC = 3.09714 cm 




AB DF 

1.61345 ~ = 161345 

CD 



DE 



AC AB 

= 1.61345 — — = 1.12155 

DE BC 

AB CD 

= 1.47167 = 1.47167 

AC DE 



CD 
CE 



= 1.12155 



Let, 

AABC, ADCE be equiangular, having 

zABC = zDCE, zBAC = zCDE, and zACB, to zCED; 

I SAY THAT; 

in AABC, ADCE, the sides about 

the equal angles are proportional, and 
those are corresponding sides which subtend 
the equal angles. 

For let, 

bc be collinear with ce. 

[i. 17] Then, since, 

zABC, zACB, 

ARE LESS THAN TWO RIGHT ANGLES, AND 

zACB = ^DEC, 

THEREFORE, 

zABC, zDEC, ARE LESS THAN TWO RIGHT ANGLES; 

[i. Post. 5] therefore, 

BA, ED, WHEN PRODUCED, WILL MEET. 



Let, 

them be produced and meet at f. 

[i. 28] now, since, 

^DCE= ^ABC, BF\\ CD. 

[i. 28] Again, since, 

zACB = zDEC, AC || FE. 

Therefore, 

FACD is a parallelogram; 

[I. 34] THEREFORE, 

FA = DC, and AC TO FD. 
And, since, 

AC || FE, one side of AFBE, 

[VI. 2] THEREFORE, 
AS EA IS TO AF, 

so is BC to CE. 

But, 

AF= CD; 

THEREFORE, 

AS .BA IS TO CD, 

so is BC to CE, 
[v. 16] 

AND ALTERNATELY, 

as AB is to BC, 
so is DC to CE. 

Again, since, 
CD || BF, 

[VI. 2] THEREFORE, 
AS BC IS TO CE, 

so is FD to DE. 

But, 

FD = AC; 

THEREFORE, 

AS BC IS TO CE, 

so is AC to DE, 
[v. 16] 

AND ALTERNATELY, 

as BC is to CA, 



so is CE to ED. 

Since then, 

it was proved that, 
as AB is to BC, 

SO IS DC TO CE, AND 

as BC is to CA, 
so is CEto ED; 

[v. 22] 

THEREFORE, 
EXAEQUALI, 
AS BA IS TO AC, 

so is CD to DE. 

Therefore etc. 

Q.E. D. 



Proposition 5. 

If two triangles have their sides proportional, the 
triangles will be equiangular and will have those angles 
equal which the corresponding sides subtend. 



AB 



= 1.66219 

BC 






DE 

= 1.66219 

EF 




/ 


BC 

= 1.08236 

AC 


/ 


CA 


EF 

= 1.08236 

DF 


A* 

B 


*^"^ v 


AB 

= 1.79910 

AC 


EG 
EF 


= 1.66219 


DE 

= 1.79910 








AB = 3.86197 cm 
AC = 2.14662 cm 
BC = 2.32342 cm 
DE = 2.33619 cm 
DF = 1.29854 cm 
EF = 1.40549 cm 
EG = 2.33619 cm 
FG = 1.29854 cm 



DF 



Let, 

AABC, ADEF, have their sides proportional, 

SO THAT, 

AS AB IS TO BC, 

so is DE to EF, 

as BC is to CA, 

so is EFto FD, and further 

as BA is to AC, 

so is ED to DF; 

I SAY THAT; 

AABC IS EQUIANGULAR WITH ADEF, AND 

THEY WILL HAVE THOSE ANGLES EQUAL WHICH 
THE CORRESPONDING SIDES SUBTEND, 

NAMELY, 

zABC = aDEF, aBCA = aEFD, and ^BAC = ^EDF. 

For, 
onEF, 

[i. 23] AND LET, 

AT E, F, ON IT, THERE BE CONSTRUCTED 

zFEG = ^ABC, and ^EFG = zACB; 

[I. 32] THEREFORE, THE REMAINING 
^AT A = AKT G. 



Therefore, 



AABC, IS EQUIANGULAR WITH AGEF. 

[vi. 4] Therefore, 

AABC, AGEF, the sides about 

THE EQUAL ANGLES ARE PROPORTIONAL, AND 
THOSE ARE CORRESPONDING SIDES WHICH SUBTEND 
THE EQUAL ANGLES; 

THEREFORE, 

AS AB IS TO BC, 

so is GE to EF. 

But, 

as AB is to BC, 

SO, BY HYPOTHESIS, IS DETO EF, 

[V. 11] THEREFORE, 
AS DE IS TO EF, 

so is GE to EF. 

Therefore, 

each, de, ge, has the same ratio to ef, 

[v. 9] therefore, 
DE = GE. 

For the same reason, 
DF= GF. 

Since then, 

de = eg, and efls common, 

the two sides, de, ef, are equal to 

the two sides, ge, ef, and 

the bases, df = fg, 

[i. 8] therefore, 

zDEF = zGEF, and hDEF= AGEF, and 

THE REMAINING ANGLES ARE EQUAL TO 
THE REMAINING ANGLES, 

[I. 4] NAMELY, 

those which the equal sides subtend. 
Therefore, 

zDFE = zGFE, and zEDF= zEGF. 

And, since, 

zFED = zGEF, while, 

zGEF= zABC, 



THEREFORE, 

zABC = zDEF. 

For the same reason, 
zACB = zDFE, 

and further, 
^at a, to ^at d; 

therefore, 

habc, is equiangular with adef. 

Therefore etc. 

Q.E. D. 



Proposition 6. 

If two triangles have one angle equal to one angle and 
the sides about the equal angles proportional, the 
triangles will be equiangular and will have those angles 
equal which the corresponding sides subtend. 



AB 
AC 
DE 
DF 
DG 
DF 



= 0.77508 



= 0.77508 



= 0.77508 




AB = 3.47449 cm 
AC = 4.48274 cm 
BC = 2.98450 cm 
DE = 1.89742 cm 
DF = 2.44802 cm 
EF = 1.62983 cm 
DG = 1.89742 cm 
FG = 1.62983 cm 



Let, 

AABC, ADEF, have z BAC = zEDF, and, 

THE SIDES ABOUT THE EQUAL ANGLES PROPORTIONAL, 

SO THAT, 

AS BA IS TO AC, 

so is ED to DF; 

I SAY THAT; 

AABC, IS EQUIANGULAR WITH 

ADEF, AND WILL HAVE 

zABC = zDEF, and zACB = zDFE. 
[i. 23] For let, 

ON DF, AND AT D, F, ON IT, THERE BE CONSTRUCTED 

zFDG = zBAC, OR zEDF, and zDFG = zACB; 

[I. 32] THEREFORE, THE REMAINING 
^AT B = ZAT G. 

Therefore, 

aabc, is equiangular with adgf. 

[vi. 4] Therefore, proportionally, 
as BA is to AC, 
so is GD to DF. 

But, by hypothesis, also, 
as BA is to AC, 
so, is ED to DF; 

[V. 11] THEREFORE ALSO, 



as ED is to DF, 
so is GD to DF. 

[v. 9] Therefore, 

ED = DG; and DFis common; 

THEREFORE, 

ED, DF, ARE EQUAL TO GD, DF; and aEDF = aGDF; 

[I. 4] THEREFORE, 

the baseS, EF= GF, and ADEF= ADGF, and 

THE REMAINING ANGLES WILL BE EQUAL TO 
THE REMAINING ANGLES, 

NAMELY, 

those which the equal sides subtend. 
Therefore, 

aDFG= aDFE, and aDGF= aDEF. 

But, 

aDFG = aACB; therefore, 

zACB = aDFE. 

And, by hypothesis, 
aBAC = aEDF; 

[I. 32] THEREFORE, THE REMAINING 
^AT B = ^AT E; 

therefore, 

aabc, is equiangular with adef. 

Therefore etc. 



Q.E. D. 




Proposition 7. 

If two triangles have one angle equal to one angle, the 

sides about other angles 
proportional, and the remaining 
angles either both less or both not 
less than a right angle, the 
triangles will be equiangular and 
will have those angles equal, the 
sides about which are proportional. 

Let, 
AABC, aDEF, have one angle equal to one angle, 

zBAC, to zEDF, 

THE SIDES ABOUT OTHER zABC, zDEF, PROPORTIONAL, 

SO THAT, 

AS AB IS TO BC, 

so is DE to EF, 

AND, FIRST, 

EACH, OF THE REMAINING ANGLES, AT C, F, 
LESS THAN A RIGHT ANGLE; 

I SAY THAT; 

AABC, IS EQUIANGULAR WITH ADEF, 

zABC = zDEF, AND THE REMAINING ANGLES, NAMELY, 

^AT C = ^AT F. 

For, 

if zabc ^zdef, one of them is greater. 

Let, 

zABC, be greater; and on AB, and at B, on it, 

[I. 23] LET, 

zabg be constructed equal to zdef. 
Then, since, 

zA = D, AND 

zABG, TO zDEF, 

[I. 32] THEREFORE, THE REMAINING 

zAGB = zDFE. 



Therefore, 

AABG, is equiangular with ADEF. 

[vi. 4] Therefore, 
as AB is to BG, 
so is DE to EF. 

But, 

as de is to ef, so by hypothesis is 
AB to BC; 

[V. 11] THEREFORE, 

AB HAS THE SAME RATIO TO EACH, OF BC, BG; 

[V. 9] THEREFORE, 

BC=BG, 

[I. 5] SO THAT, 

^AT C = zBGC. 

But, by hypothesis, 

^at c, is less than a right angle; 

therefore, 

zbgc, is, also, less than a right angle; 

[I. 13] SO THAT, 

zAGB, ADJACENT TO IT, IS GREATER THAN 
A RIGHT ANGLE. AND, 

zAGB = zat F; 

therefore, 

^at f, is, also, greater than a right angle. 

But, by hypothesis, 

it is less than a right angle: which, 
is absurd. 

Therefore, 

zABC = zDEF; 

But, 

^at A = zat D; 

[I. 32] THEREFORE, THE REMAINING 
^AT C = ^AT F. 

Therefore, 





aabc, is equiangular with adbf. 

But, again, let, 

each, of the angles, at c, f, 

be supposed not less than a right angle; 

i say, again, that; 

in this case too, 

aabc, is equiangular with 

ADBF. 

For, 

with the same construction, 
we can prove similarly that; 
BC=BG; 

[I. 5] SO THAT, 

^AT C = zBGC. 

But, 

^at c, is not less 
than a right angle; 

therefore, 

neither is zbgc, less than a right angle. 

[i. 17] Thus, 
in ABGC, 

THE TWO ANGLES ARE NOT LESS THAN TWO RIGHT ANGLES: 
WHICH, 

is impossible. 
Therefore, once more, 
zABC = zDEF; 

But, 

^at A = ^at D; 

[I. 32] THEREFORE, THE REMAINING 
^AT C = ^AT F. 

Therefore, 

aabc, is equiangular with adef. 

Therefore etc. 

Q.E. D. 



Proposition 8. 




If, in a right-angled triangle, 
a perpendicular be drawn from 
the right angle to the base, the 
triangles adjoining the 

perpendicular are similar both to 
the whole and to one another. 



Let, 

A ABC, BE RIGHT-ANGLED HAVING lBAC, RIGHT, 
AND LET, 

ADlBC; 

i say that; 

each, of aabd, a adc, is similar to a abc, 

and, further, 

they are similar to one another. 

For, since, 

\-bac = \-adb, for each is right, and 

^AT B, IS COMMON TO ^1 ABC AND aABD, 
[I. 32] THEREFORE, THE REMAINING 

aACB = aBAD; 

therefore, 

aabc, is equiangular with aabd. 

Therefore, 
as BC, 

WHICH SUBTENDS THE RIGHT ANGLE IN A ABC, 

IS TO BA, 

WHICH SUBTENDS THE RIGHT ANGLE IN A ABD, 

SO IS AB, ITSELF, WHICH SUBTENDS ^AT C, IN A ABC, 

TO BD, WHICH SUBTENDS A BAD IN aABD, 

[VI. 4] AND SO ALSO, 
IS AC TO AD, 

which subtends ^at b, common to the two triangles. 
Therefore, 



AABC, IS BOTH EQUIANGULAR TO AABD, 

AND, 

HAS THE SIDES ABOUT THE EQUAL ANGLES PROPORTIONAL. 

[vi. Def. 1] Therefore, 

AABC, is similar to AABD. 

Similarly we can prove that, 

AABC, is, also, similar to AADC; 

therefore, 

each, of aabd, a adc, is similar to a abc. 

i say next that; 

aabd, a adc, are, also, similar to one another. 

For, since, 

\-BDA = lADC, 

AND, MOREOVER, 
aBAD = AAT C, 

[I. 32] THEREFORE, THE REMAINING 

^AT B = aDAC; 

THEREFORE, 

AABD, IS EQUIANGULAR WITH AADC. 

[vi. 4] 

Therefore, 
as BD, 

WHICH SUBTENDS aBAD, IN AABD, 

is to DA, 

WHICH SUBTENDS ^AT C, IN AADC, = aBAD, 
SO IS AD, ITSELF, WHICH SUBTENDS ^AT B, IN AABD, 
TO DC, WHICH SUBTENDS aDAC, IN AADC, = ^AT B, 
AND SO ALSO, 

is BA to AC, 

THESE SIDES SUBTENDING THE RIGHT ANGLES; 
[VI. DEF. 1] THEREFORE, 

AABD, is similar to AADC. 
Therefore etc. 



PORISM. 

From this it is clear that, if in a right-angled triangle 
a perpendicular be drawn from the right angle to the 
base, the straight line so drawn is a mean proportional 
between the segments of the base. 

Q.E. D. 




Proposition 9. 

From a given straight line to cut off a prescribed part. 

Let, 

AB be given; 

THUS IT IS REQUIRED, TO CUT OFF, 

FROM AB, A PRESCRIBED PART. 
A F B 

Let, 
the third part be that prescribed. 

Let, 

ac, be drawn through from a, 
containing, with ab, any angle; 

let, at random 

d, be taken, on ac, 

[I. 3] AND LET, 

de, ec be made equal to ad. 

Let, 

bc be joined, 

[I. 31] AND LET, 

through d, 

df, be drawn parallel to it. 

Then, since, 

fd || bc, one of the sides of aabc, 

[vi. 2] therefore, proportionally, 

AS CD IS TO DA, 

so is BF to FA. 

But, 

cd is double of da; 

therefore, 

bfls, also, double of fa; 

therefore, 

ba is triple of af. 

Therefore, 
from AB, 

THE PRESCRIBED THIRD PART, AF, HAS BEEN CUT OFF. 

Q. E. F. 



Proposition 10. 




to cut a given uncut 
straight line similarly to a 
given cut straight line. 

Let, 

ab be given uncut, 

AND 



AC, cut at D, E; 



AND LET, 

THEM BE SO PLACED AS TO CONTAIN ANY ANGLE; 

LET, 

CB, BE JOINED, 

AND LET, 

through D, E, DF, EG, || BC, 

[I. 31] AND LET, 

THROUGH D, DHK, || AB. 

Therefore, 

each, of the figures, bfh, bhb, is a parallelogram; 

[i. 34] therefore, 

DH =FG and HK= GB. 

NOW, SINCE, 

HE, || KC, ONE OF THE SIDES OF hDKC, 

[VI. 2] THEREFORE, PROPORTIONALLY, 
AS CE IS TO ED, 

so is KH to HD. 

But, 

KH = BG, and, HD = GF; 

THEREFORE, 

AS CE IS TO ED, 

so is BG to GF. 
Again, since, 

fd || ge, one of the sides of aage, 

[vi. 2] therefore, proportionally, 
as ed is to da, 
so is GFto FA. 



But, 

it was, also, proved that, 
as CE is to ED, 
so is BG to GF; 

THEREFORE, 

as CE is to ED, 
so is BG to GF, 

AND, 

as ED is to DA, 
so is GF to FA. 

Therefore, 

as, given uncut, has been cut similarly to 
the given cut ac. 

Q. E. F. 



Proposition 11. 

to two given straight lines to find a third proportional. 

A 




AB = 


1.16590 cm 


AC = 


1.90500 cm 


CE = 


3.11265 cm 


AB 
AC 


- 0.61202 


AC 
CE 


= 0.61202 



Let, 

BA, AC be 

THE TWO GIVEN STRAIGHT LINES, 
AND LET, 

them be placed so as to contain any angle; 

thus it is required, 

to find a third proportional, to ba, ac. 

For let, 

them be produced to the points, d, e, 

[I. 3] AND LET, 

BD BE MADE EQUAL TO AC; 

LET, 

BC BE JOINED, 

[1.3] 

AND LET, 

through d, 

de, be drawn parallel to it. 

Since, then, 

bc || de, one of the sides of hade, 

[vi. 2] proportionally, 
as ab is to bd, 
so is AC to CE. But, 
BD = AC; 

THEREFORE, 

AS AB IS TO AC, 

so is ac to ce. 
Therefore, 



TO TWO GIVEN STRAIGHT LINES, AB, AC, 

A THIRD PROPORTIONAL TO THEM, CE, HAS BEEN FOUND. 

Q. E. F. 



Proposition 12. 

to three given straight lines to find a fourth 
proportional. 

A= 2.81517 cm 

— . B = 2.11667 cm 

_____ C = 2.37067 cm 

DG= 2.81517 cm 
'',,-- ■ GE- 2.11667 cm 

DH = 2.37067 cm 

HF= 1.78246 cm 




B 



A-DG = 0.00000 cm 
B-GE - 0.00000 cm 
C-DH = 0.00000 cm 



DG 
GE 



1.33000 



DH 
HF 



1.33000 



Let, 

a, b, c, be the three given straight lines; 

thus it is required, 

to find a fourth proportional, to a, b, c. 

Let, 

two straight lines, de, df, 

be set out containing any zedf, 

LET, 

DG = A, 

GE = B, AND FURTHER, 

DH= C; 

LET, 

GH BE JOINED, 

[I. 31] AND LET, 

ef, be drawn, through e, parallel to it. 
Since, then, 

gh || ef, one of the sides of adef, 

[vi. 2] 

THEREFORE, 

as DG is to GE, 
so is DH to HF. 

But, 

DG = A, 

GE TO B, AND, 

DH to C; 



therefore, 
as a is to b, 
so is c to hf. 

Therefore, 
given A, B, C, 

A FOURTH PROPORTIONAL, HF, HAS BEEN FOUND. 

Q. E. F 



Proposition 13. 

to two given straight lines to find a mean proportional. 

D 



BC 

7ABBC-BD = 0.00000 cm 




AB 

— - = 1.43699 
BD 

BD 

1.43699 A B C BC= 1.62983 cm 



AB = 3.36550 cm 
BC = 1.62983 cm 
BD = 2.34205 cm 



Let, 

ab, bc be the two given straight lines; 

thus it is required, 

to find a mean proportional, to ab, bc. 

Let, 

them be placed in a straight line, 

AND LET, 

THE SEMICIRCLE, ADC, BE DESCRIBED, ON AC. 

LET, 

BD, BE DRAWN FROM THE POINT, B, 

AT RIGHT ANGLES TO THE STRAIGHT LINE, AC, 

AND LET, 

AD, DC, BE JOINED. 

[in. 31] Since, 

lADC, is an angle in a semicircle, 
it is right. 

And, since, 

IN THE RIGHT-ANGLED aADC, 

DB HAS BEEN DRAWN FROM THE RIGHT ANGLE, 
PERPENDICULAR TO THE BASE, 

[VI. 8, POR.] 

therefore, 

db is a mean proportional between 
the segments of the base, ab, bc, 

Therefore, 

to the two given straight lines, ab, bc, 
a mean proportional, db, has been found. 

Q. E. F. 



Proposition 14. 

In equal and equiangular parallelograms the sides 
about the equal angles are reciprocally proportional; and 
equiangular parallelograms in which the sides about the 
equal angles are reciprocally proportional are equal. 

E C 



BD 
BE 
BG 
BF 
AB 
FE 
BC 
FE 



1.74303 



1.74303 



1.74303 



1.74303 




AB 

BC 

FE = 

BD 

BE 

BG 

BF = 



2.98891 cm 2 
2.98891 cm 2 
1.71477 cm 2 

■ 2.36123 cm 
1.35467 cm 

• 2.36123 cm 
1.35467 cm 



Let, 

ab, bc be equal, and 
equiangular parallelograms 
having the angles, at b, equal, 

AND LET, 

DB, BE, BE PLACED IN A STRAIGHT LINE; 

[I. 14] 

THEREFORE, 

FB, BG ARE, ALSO, IN A STRAIGHT LINE. 

I SAY THAT; 

IN AB, BC, THE SIDES ABOUT 

THE EQUAL ANGLES ARE RECIPROCALLY PROPORTIONAL, 

THAT IS TO SAY, THAT; 

as DB is to BE, 
so is GB to BF. 

For let, 

the parallelogram, fe, be completed. 

Since, then, 

BAB = BBC, and FE is another area, 

[V. 7] THEREFORE, 

as AB is to FE, 
so is BC to FE. 

[vi. 1] But, 

as AB is to FE, 
so is DB to BE, 

[id.] and, 



as BC is to FE, 
so is GB to BF. 

[V. 11] THEREFORE ALSO, 
AS DB IS TO BE, 

so is GB to BF. 

Therefore, 

in bab, bbc, the sides about 

the equal angles are reciprocally proportional. 

Next, let, 

GB be to BF, 
as DB to BE; 

I SAY THAT; 

BAB = BBC. 

For since, 

as DB is to BE, 
so GB is to BF, 

[VI. 1] WHILE, 

as DB is to BE, 
so is BAB, to HFE, 

[VI. 1] AND, 

as GB is to BF, 

so is BBC, to HFE, 

[v. 11] 

THEREFORE ALSO, 
AS AB IS TO FE, 

so is BC to FE; 
[v.9] 

THEREFORE, 

BAB = BBC. 



Therefore etc. 



Q.E. D. 



Proposition 15. 



In equal triangles which have one angle equal to one 
angle the sides about the equal angles are reciprocally 
proportional; and those triangles which have one angle 
equal to one angle, and in which the sides about the equal 
angles are reciprocally proportional, are equal. 



AC 



AD " 


2.51914 


AE 




AB 


2.51914 


BAC 




ABD 


= 2.51914 


DAE 


= 2.51914 



ABD 




BAC 
DAE 
ABD 



3.82392 cm 2 
3.82392 cm 2 
1.51795 cm 2 



ACE = 9.63297 cm 2 
AB = 2.02360 cm 
AC = 3.87818 cm 
BC = 4.75991 cm 
AD= 1.53949 cm 
AE = 5.09773 cm 
DE = 5.64610 cm 

E 



Let, 

aabc, aade be equal having 
one angle equal to one angle, 

NAMELY, 

ABAC, TO zDAE; 

I SAY THAT; 

IN AABC, AADE, THE SIDES ABOUT 

THE EQUAL ANGLES ARE RECIPROCALLY PROPORTIONAL, 

THAT IS TO SAY, THAT; 
AS CA IS TO AD, 

so is EA to AB. 

For let, 

them be placed so that ca is collinear with ad; 

[i. 14] therefore, 

ea is, also, collinear with ab. 

Let, 

bd be joined. 

Since then, 

AABC = AADE, and BAD is another area, 

[V. 7] THEREFORE, 



as A CAB, is to ABAD, 

so is AEAD, to ABAD. 

[vi. 1] But, 

as CAB is to BAD, 
so is CA to AD, 

[id.] and, 

as EAD is to BAD, 
so is EA to AS. 

[v. 11] Therefore also, 
as CA is to AD, 
so is EA to AS. 

Therefore, 

in aabc, aade, the sides about 

the equal angles are reciprocally proportional. 

Next, let, 
the sides of 

AABC, AADE, be reciprocally proportional, 

THAT IS TO SAY, LET, 
EA BE TO AB, 

as CA to AD; 
I SAY that; 

AABC = AADE. 

For, 

if bd be again joined, 

SINCE, 

as CA is to AD, 
so is EA to AB, 

WHILE, 

AS CA IS TO AD, 

so is AABC, to ABAD, 

[VI. 1] AND, 

as EA is to AB, 

so is AEAD, to ABAD, 

[V. 11] THEREFORE, 

as AABC, is to ABAD, 
so is AEAD, to AEAD. 



Therefore, 

each, of A ABC, LEAD, has 

THE SAME RATIO, TO BAD. 

[v.9] 
Therefore, 

LABC = LEAD. 

Therefore etc. 

Q. E. D. 



Proposition 16. 

If four straight lines be proportional, the rectangle 
contained by the extremes is equal, to the rectangle 
contained by the means; and, if the rectangle contained by 
the extremes be equal, to the rectangle contained by the 
means, the four straight lines will be proportional. 

AB = 2.98450 cm 
CD - 2.26483 cm 
E = 2.26483 cm 
F= 1.71870 cm 
AB F - 5.12947 cm 2 
CDE - 5.12947 cm 2 





AB 
CD 



1.31776 



E 
F 



1.31776 (ABF)-(CDE) = 0.00000 cm 2 



Let, 

the four straight lines ab, cd, e, fbe proportional, 

SO THAT, 

as AB is to CD, 
so is B to F; 

I SAY that; 

ABmF = CDmE. 

Let, 

ag, ch be drawn from a, c, 
at right angles to ab, cd, 

AND LET, 

AG=F, and CH=E. 
Let, 

bbg, bdh, be completed. 

Then since, 

as AB is to CD, 

SO IS E TO F, WHILE 
E = CH, AND 

F=AG, 

THEREFORE, 

as AB is to CD, 
so is CH to AG. 

Therefore, 

in bbg, bdh, the sides about 



THE EQUAL ANGLES ARE RECIPROCALLY PROPORTIONAL. 

[vi. 14] But, 

THOSE EQUIANGULAR PARALLELOGRAMS IN WHICH 

THE SIDES ABOUT 

THE EQUAL ANGLES ARE RECIPROCALLY PROPORTIONAL 

ARE equal; 

THEREFORE, 

BBG=BDH. And, 
EBG = AB EF, 



FOR, 






AG 


= F; 


AND 


H]DH = 


CD\E1E, 


FOR, 






E = 


CH; 





THEREFORE, 

ABmF = CDmE. 

Next, let, 

ABmF = CD\E\E; 

I say that; 

THE FOUR STRAIGHT LINES WILL BE PROPORTIONAL, 

SO THAT, 

AS AB IS TO CD, 

so is E to F. 

For, 

with the same construction, 

SINCE, 

AB EF= CD SE, AND 

ABmF = mBG, 

FOR, 

AG = F, AND 

CD\E\E= mDH, 

FOR, 

CH=E, 

THEREFORE, 

E£G= \E\DH. 



And, 

they are equiangular. 

[VI. 14] 

But, 

in equal and equiangular parallelograms 

the sides about 

the equal angles are reciprocally proportional. 

Therefore, 

as AB is to CD, 
so is CH to AG. 

But, 

CH = E, and AG TO F; 

THEREFORE, 

AS AB IS TO CD, 

so is E to F. 

Therefore etc. 

Q.E. D. 



Proposition 17. 

If three straight lines be proportional, the rectangle 
contained by the extremes is equal, to the square, on the 
mean, and, if the rectangle contained by the extremes be 
equal, to the square, on the mean, the three straight lines 
will be proportional. 



A 






A 


— 


= 1.36986 






B 






B 


B 








C 


= 1.36986 




C 


A-C-B 2 = 0.00000 


cm 2 


D 



A = 4.23333 cm 
B - 3.09033 cm 
C = 2.25594 cm 
D - 3.09033 cm 



Let, 



THE THREE STRAIGHT LINES, A, B, C, BE PROPORTIONAL, 



SO THAT, 


AS A IS TO B, 


so is B to C; 


I SAY that; 


A\E]C={I]B. 


Let, 


D=B. 


Then, since, 


AS A IS TO B, 


SO IS B TO C, AND 


B=D, 


THEREFORE, 


AS A IS TO B, 


SO IS D TO C. 



[vi. 16] But, 

if four straight lines be proportional, 

the rectangle contained by the extremes equals 

the rectangle contained by the means. 

Therefore, 

A EC = B\E\D. 

But, 

BED= SB, for, 



B=D; 

THEREFORE, 

A{Z}C=RB. 

Next, let, 
A{Z}C=RB. 

i say that; 
as a is to b, 
so is b to c. 

For, 

with the same construction, since, 
ASC= BB, WHILE, EB = B ED, 

FOR, 

5= A, 

THEREFORE, 

A\E\C= B\E\D. 

[vi. 16] But, 

IF THE RECTANGLE CONTAINED BY 

THE EXTREMES BE EQUAL TO THAT CONTAINED BY THE MEANS, 

THE FOUR STRAIGHT LINES ARE PROPORTIONAL. 



Therefore, 


AS A IS TO B 


SO IS D TO C. 


But, 


B=D; 


THEREFORE, 


AS A IS TO B, 


SO IS B TO C. 



Therefore etc. 

Q.E. D. 



Proposition 18. 

On a given straight line to describe a rectilineal figure 
similar and similarly situated to a given rectilineal figure. 

E 





Let, 

ab be given, and 

ce the given rectilineal figure; 

thus it is required, 
to describe on ab, 
a rectilineal figure similar, and 
similarly situated to the rectilineal figure, ce. 

Let, 

DFbe joined, and 

ON AB, AND 
AT A, B, ON IT, 

LET, 

zGAB=zFCD, 

[I. 23] AND, 

zABG=zCDF. 

[i. 32] Therefore, 
zCFD=zAGB; 

therefore, 

afcd, is equiangular with a gab. 

Therefore, proportionally, 
as FD is to GB, 
so is FCto GA, and, 
CD to AB. 

Again, 

on bg, and at b, g, on it, 

[I. 23] LET, 

aBGH= aDFE, and 



zGBH= zFDE. 

[i. 32] Therefore, remaining 
^at E = ^at H; 

THEREFORE, 

AFDF, IS EQUIANGULAR WITH hGBH; 

[VI. 4] THEREFORE, PROPORTIONALLY, 

as FD is to GD, 

so is FE to GH, and 

ED TO HB. 

But, 

it was, also, proved that, 
as FD is to GB, 
so is FC to GA, and 
CD to AS; 

THEREFORE ALSO, 
AS FC IS TO AG, 
SO IS CD TO AB, AND 
FE TO GH, AND FURTHER 

ED to HB. 
And, since, 

zCFD = zAGB, and ^DFE = zBGH, 

THEREFORE, 

zCFE= zAGH 

For the same reason, 
zCDE= zABH And, 

^at c = ^at a, and ^at e = zat h 

Therefore, 

ah is equiangular with ce; and they have 

the sides about their equal angles proportional; 

[vi. def. 1] therefore, 

the rectilineal figure, ah, is similar to 
the rectilineal figure, ce. 

Therefore, 

on ab, the rectilineal figure, ah, 

has been described similar, and similarly situated to 

the given rectilineal figure, ce. 

Q. E. F. 



Proposition 19. 

Similar triangles are to one another in the duplicate 
ratio of the corresponding sides. 



AB = 4.19816 cm 
AC = 3.78037 cm 
DE = 2.52792 cm 
DF- 2.27635 cm 
BC - 3.93700 cm 
EF = 2.37067 cm 
BG= 1.42750 cm 




C 

1.66071 



B G 

AB BC 

— — = 1.06633 

BC EF 

DE EF 

- 1.06633 

EF BG 

(Area AEDF)-(Area ABAG) = 0.00000 cm 2 

(Area ABC A) 



1.66071 



AB 
DE 
EF 
BG 




1.66071 



Area AEDF = 2.46255 cm 2 
Area ABAG = 2.46255 cm 2 
Area ABCA = 6.79165 cm 2 



(Area ABCA) 



(Area ABAG) 

BC 

BG 



2.75797 



2.75797 

BC 
EF 



(Area ABCA) 
(Area AEDF) 



(Area AEDF) 

0.00000 



1.66071 



BC BC 
BG EF 



0.00000 



Let, 

abc, def, be similar triangles having 

^at b, equal to ^at e, 

and such that, 
as AB is to BC, 
so is DE to EF, 

[V. DEF. 11] SO THAT, 

BC CORRESPONDS TO EF, 

I SAY THAT; 

hABC, has to ADEF, a ratio duplicate of 
that which bc has to ef 

For let, 

a third proportional, bg, be taken to bc, ef, 

[vi. 11] so that, 

AS BC IS TO EF, 

so is EF to BG; 

AND LET, 

ag be joined. 

Since then, 

as AB is to BC, 
so is DE to EF, 



[V. 16] THEREFORE, ALTERNATELY, 
AS AB IS TO DE, 

so is BC to EF. 

But, 

as BC is to EF, 
so is EFto BG; 

[V. 11] THEREFORE ALSO, 

as AB is to DE, 
so is EF to BG. 

Therefore, 

in AABG, ADEF, the sides about 

THE EQUAL ANGLES ARE RECIPROCALLY PROPORTIONAL. 

[vi. 15] But, 

THOSE TRIANGLES WHICH HAVE 

ONE ANGLE EQUAL TO ONE ANGLE, AND 

IN WHICH THE SIDES ABOUT 

THE EQUAL ANGLES ARE RECIPROCALLY PROPORTIONAL, 

ARE equal; 

THEREFORE, 

AABG = ADEF. 
[v. Def. 9] 

NOW SINCE, 

as BC is to EF, 

SO IS EF TO BG, AND 

IF THREE STRAIGHT LINES BE PROPORTIONAL, 

THE FIRST HAS TO THE THIRD, A RATIO DUPLICATE OF 

THAT WHICH IT HAS TO THE SECOND, 

THEREFORE, 

BC HAS TO BG, 

A RATIO DUPLICATE OF THAT WHICH CB HAS TO EF. 

[vi. 1] But, 

as CB is to BG, 

so is AABC, to AABG; 

THEREFORE, 

AABC, also, has to AABG, 

a ratio duplicate of that which bc has to ef. 

But, 

AABG = ADEF, 



THEREFORE, 

AABC, also, has to hDEF, 

a ratio duplicate of that which bc has to ef. 

Therefore etc. 

Porism. 

From this it is manifest that, if three straight lines be 
proportional, then, as the first is to the third, so is the 
figure described on the first to that which is similar and 
similarly described on the second. 

Q.E. D. 



Proposition 20. 

Similar polygons are divided into similar triangles, and 
into triangles equal in multitude and in the same ratio as 
the wholes, and the polygon has to the polygon a ratio 
duplicate of that which the corresponding side has to the 
corresponding side. 




c 




D 




AB 

= 0.36721 

AE 


BE 
AB 


= 3.05426 


AB 
BC 


FG 

— = 0.36721 


GL 
FG 


= 3.05426 


FG 
GH 


AB 

— - 1.29825 




1.29825 


AM 
BM 


/ (Area ABCDE) 
V (AreaFGHKL) 


FN 
GN 




0.54044 



0.54044 



1.84375 



1.84375 



BE 
BC 
GL 
GH 
BM 
CM 
GN 
NH 



Area ABCDE = 

Area FGHKL - 

AB 

AE 

FG 

FL = 

BE 

GL 

BC 

GH 

AM 

BM 

FN^ 

GN 

CM 



= 1.65065 



1.65065 



0.26667 



0.26667 



NH 



AM 
CM 

FN 
NH 



Let, 



0.49167 



0.49167 



(Area AABM) 
(Area AMBC) 
(Area AAME) 
(Area AEMC) 



0.49167 



0.49167 



Area AABM 
Area AMBC 
Area AAME • 
Area AEMC ■ 



12.19868 cm 2 
7.23767 cm 2 

- 1.42069 cm 

- 3.86893 cm 

■ 1.09432 cm 

■ 2.98012 cm 

■ 4.33917 cm 

- 3.34233 cm 
= 2.62876 cm 

- 2.02486 cm 
= 1.24883 cm 

- 0.67733 cm 

■ 0.96194 cm 
= 0.52173 cm 
= 2.54000 cm 
= 1.95649 cm 



0.42294 cm 2 
0.86021 cm 2 
2.28651 cm 2 
4.65053 cm 2 



ABCDE, FGHKL be similar polygons, 

AND LET, 

AB CORRESPOND TO FG; 

I SAY that; 

THE POLYGONS, ABCDE, FGHKL, ARE divided into 

similar triangles, and 

into triangles equal in multitude, and 

in the same ratio as the wholes, and 

the polygon, abcde, has to the polygon, fghkl, 

a ratio duplicate of that which ab has to fg. 

Let, 

BE, EC, GL, LH, be joined. 

[VI. Def. 1] Now, SINCE, 

THE POLYGON, ABCDE, IS SIMILAR TO 
THE POLYGON, FGHKL, 



zBAE= zGFL; and 

as BA is to AE, 
so is GF to FL. 

Since then, 

AABE, AFGL are two triangles having 

ONE ANGLE EQUAL TO ONE ANGLE, AND 

THE SIDES ABOUT THE EQUAL ANGLES PROPORTIONAL, 

[VI. 6] THEREFORE, 

AABE, IS EQUIANGULAR WITH AFGL; 

[VI. 4 AND DEF. 1] SO THAT, 

IT IS, ALSO, similar; therefore, 
zABE = zFGL. But, 

aABC = zFGH, because, 

OF THE SIMILARITY OF THE POLYGONS; THEREFORE, 

zEBC = zLGH. 

And, since, because of, 

the similarity of aabe, afgl, 

as EB is to BA, 
so is LG to GF, 

AND MOREOVER ALSO, BECAUSE OF, 
THE SIMILARITY OF THE POLYGONS, 
AS AB IS TO BC, 

so is FG to GH, 

[V. 22] THEREFORE, EX AEQUALI, 

as EB is to BC, 

SO IS LG TO GH, THAT IS, 

THE SIDES ABOUT THE EQUAL ANGLES, 

zEBC = zLGH, are proportional; 

[vi. 6] therefore, 

aebc, is equiangular with algh, 

[vi. 4 and def. 1] so that, 

aebc, is, also, similar to algh. 

For the same reason, 

aecd, is, also, similar to alhk. 

Therefore, 

the similar polygons, 



ABCDE, FGHKL, have been divided 

INTO SIMILAR TRIANGLES, AND 

INTO TRIANGLES EQUAL IN MULTITUDE. 

I SAY THAT; 

THEY ARE, ALSO, IN THE SAME RATIO AS THE WHOLES, 

THAT IS, IN SUCH MANNER THAT; 

THE TRIANGLES ARE PROPORTIONAL, AND 

hABE, hEBC, AECD, are antecedents, while 
AFGL, ALGH, hLHK, are their consequents, 

AND THAT, 

THE POLYGON, ABCDE, HAS TO THE POLYGON, FGHKL 

A RATIO DUPLICATE OF THAT WHICH 

THE CORRESPONDING SIDE HAS TO THE CORRESPONDING SIDE, 

THAT IS, 

ABtoFG. 

For let, 

ac, fh, be joined. 

[vi. 6] Then since, 

BECAUSE OF THE SIMILARITY OF THE POLYGONS, 

zABC = zFGH, and 

as AB is to BC, 
so is FG to GH, 

hABC, IS EQUIANGULAR WITH hFGH, 
THEREFORE, 

zBAC = zGFH, and zBCA = zGHF. 

And, since, 

zBAM = zGFN, and zABM= zFGN, 

[I. 32] THEREFORE, 

zAMB = zFNG; 

therefore, 

aabm, is equiangular with afgiv. 

Similarly, we can prove that; 

hbmc, is, also, equiangular with hgnh. 

Therefore, proportionally, 
as AMis to MB, 
so IS FiVTO NG, AND 



as BM is to MC, 
so is GN to NH; 

SO THAT, IN ADDITION, EXAEQUALI, 
AS AM IS TO MC, 

so is FAT to NH. 

But, 

as AMIS to MC, 

so is AABM to AMBC, and 
AAMEtoAFMC; 

[VI. 1] FOR, 

THEY ARE TO ONE ANOTHER AS THEIR BASES. 

[v. 12] Therefore also, 

AS ONE OF THE ANTECEDENTS IS TO 

ONE OF THE CONSEQUENTS, 

SO ARE ALL THE ANTECEDENTS TO ALL THE CONSEQUENTS; 

THEREFORE, 

as AAMB, is to BMC, 
so is ABE to CBE. 

But, 

as AMB is to BMC, 
so is AM to MC; 

THEREFORE ALSO, 
AS AMIS TO MC, 

so is AABE, to AEBC. 

For the same reason also, 
asF/VistoTVLT, 

so is AFGL, to AGLH. 

And, 

as AMIS to MC, 
so is FN to NH; 

THEREFORE ALSO, 

as AABE, is to ABEC, 
so is AFGL, to AGLH; 

AND, ALTERNATELY, 

as AABE, is to AFGL, 
so is ABEC, to AGLFL 



Similarly we can prove that; 
if bd, gk be joined, 

as ABEC, is to ALGH, 

so, also, is ABCD, to ALHK. 

And since, 

as AABE, is to AFGL, 

so is EBC to LGH, and further, 
BCD to LHK, 

[V. 12] THEREFORE ALSO, 

AS ONE OF THE ANTECEDENTS IS TO ONE OF 

THE CONSEQUENTS, 

SO ARE ALL THE ANTECEDENTS TO ALL THE CONSEQUENTS; 

THEREFORE, 

as AABE, is to AFGL, 

so is the polygon, abode, to the polygon, fghkl. 
But, 

AABE has to AFGL, 

A RATIO DUPLICATE OF THAT WHICH 
THE CORRESPONDING SIDE, AB, HAS TO 
THE CORRESPONDING SIDE, FG; 

[VI. 19] FOR, 

similar triangles are in the duplicate ratio of 
the corresponding sides. 

Therefore, 

the polygon, abode, also, has to the polygon, fghkl, 
a ratio duplicate of that which 
the corresponding side, ab, has to 
the corresponding side, fg. 

Therefore etc. 

Porism. 

Similarly, also, it can be proved in the case of 
quadrilaterals that they are in the duplicate ratio of the 
corresponding sides. and it was, also, proved in the case 
of triangles; therefore also, generally, similar 
rectilineal figures are to one another in the duplicate 
ratio of the corresponding sides. 

Q.E. D. 



Proposition 21. 

Figures which are similar to the same rectilineal figure 
are, also, similar to one another. 





For let, 

each, of the rectilineal figures, a, b, be similar to q 

i say that; 

a is, also, similar to b. 

[vi. Def. I] 

For, since, 

a is similar to c, 

it is equiangular with it, and 

has the sides about the equal angles proportional. 

Again, since, 

b is similar to c, it is equiangular with it, and has 
the sides about the equal angles proportional. 

Therefore, 

each, of the figures, a, b, is equiangular with c, 

AND WITH, 

C, HAS THE SIDES ABOUT THE EQUAL ANGLES PROPORTIONAL; 

THEREFORE, 

A IS SIMILAR TO B. 

Q.E. D. 



Proposition 22. 

If four straight lines be proportional, the rectilineal 
figures similar and similarly described upon them will, also, 
be proportional; and, if the rectilineal figures similar and 
similarly described upon them be proportional, the straight 
lines will themselves, also, be proportional. 




O P 




AB = 2.54000 cm 


AB 


CD - 2.07433 cm 


CD 


EF- 2.20133 cm 


EF 


GH = 1.79776 cm 


GH 


Area AKAB = 2.33871 cm 2 


CD 


Area ALCD = 1.55979 cm 2 


O 


Area MEFX = 3.16666 cm 2 


GH 


Area NGHY = 2.11199 cm 2 


P 


O = 1.69404 cm 


EF 


P- 1.46817 cm 


QR 


QR= 1.79776 cm 




AreaSQRZ = 2.11199 cm 2 





1.22449 



1.22449 



1.22449 



1.22449 



1.22449 



Q R 

(Area AKAB) 
(Area ALCD) 
(Area MEFX) 
(Area NGHY) 
AB 

O 
EF 

P 
(Area MEFX) 



1.49938 



1.49938 



1.49938 



1.49938 



(Area SQRZ) 



1.49938 



Let, 

the four straight lines, 

AB, CD, EF, GH be proportional, 

SO THAT, 

as AB is to CD, 
so is EF to GH, 

AND LET, 

THERE BE DESCRIBED, ON AB, CD, 
THE SIMILAR AND SIMILARLY SITUATED 
RECTILINEAL FIGURES, KAB, LCD, AND ON 
EF, GH, THE SIMILAR AND SIMILARLY SITUATED 
RECTILINEAL FIGURES, MF, NH, 

I SAY THAT; 

as KAB is to LCD, 
so is MF to NH. 



[vi. 11] For let, 



there be taken a third proportional, o to ab, cd, 
and a third proportional, pto ef, gh. 

Then since, 

as AB is to CD, 

so is EFto GH, AND 

AS CD IS TO O, 

so is GH to P, 

[V. 22] THEREFORE, EX AEQUALI, 
AS AB IS TO O, 

so is EFto P. 

[vi. 19, Por. ] But, 
as AB is to O, 
so is .KAB to LCD, and 
as EP is TOP, 
so MF is to iVPT; 

[V. 11] THEREFORE ALSO, 

as KAB is to LCD, 
so is MF to 7VR 

Next, let, 

MF be to NH, 

as .KAB is to LCD; 

I SAY, ALSO, THAT; 

as AB is to CD, 
so is EPto GH 

For, 

ifEPisnotto GH, 
as AB to CD, 

[VI. 12] LET, 

EPbeto QR, 
as ABto CD, 

[VI. 18] AND LET, 

on QR, 

the rectilineal figure, sr, be described similar, and 
similarly situated to either of the two, mf, nh. 

Since then, 

as AB is to CD, 

SO IS EPto QR, AND 

THERE HAVE BEEN DESCRIBED, ON AB, CD, 

THE SIMILAR AND SIMILARLY SITUATED FIGURES, 

KAB, LCD, and ON EF, QR, 

THE SIMILAR AND SIMILARLY SITUATED FIGURES, MF, SR, 



THEREFORE, 

as KAB is to LCD, 
so is MF to SR. 

But also, by hypothesis, 
as KAB is to LCD, 
so is MF to NH; 

[V. 11] THEREFORE ALSO, 

as MF is to SR, 
so is MF to 7VH. 

Therefore, 

mf has the same ratio to each, of 
the figures, nh, sr; 

[v. 9] therefore, 
NH=SR. 

But, 

it is, also, similar and similarly situated to it; 

therefore, 
GH= QR. 

And, since, 

as AB is to CD, 

SO IS EF TO QR, WHILE, 

QR=GH, 

THEREFORE, 

AS AB IS TO CD, 

so is EF to GH 

Therefore etc. 

Q.E. D. 



Proposition 23. 

Equiangular parallelograms have to one another the 
ratio compounded of the ratios of their sides. 

BC - 2.87388 cm 
CG = 4.00050 cm 
K- 1.84150 cm 
L = 2.56340 cm 
DC = 1.07950 cm 
A D H CE = 1.43302 cm 

M = 3.40287 cm 

AC - 2.91349 cm 2 
CF = 5.38379 cm 2 
CH - 4.05564 cm 2 



L 



B 



K 
L 




z 



M^- 



BC 
CG 

K 

L 

DC 

CE 

L 

M 



0.71838 



0.71838 



0.75331 



= 0.75331 



F 
K L 

L M 
AC 

CH ~ 
K 



= 0.54116 



0.71838 



M 



0.54116 



CH 
CF 
AC 
CF 



0.75331 



0.54116 



Let, 

bac, bcf, be equiangular having ^bcd = ^ecg, 

I SAY that; 

B AC has to B CF, 

the ratio compounded of the ratios of the sides. 

For let, 

them be placed so that; bc is collinear with cg; 

therefore, 

dc is, also, collinear with ce. 

Let, 

BDG, be completed; 

let, 

k, be set out, 

[vi. 12] and let it be contrived that; 
as BC is to CG, 

SO IS if TO L, AND 

as DC is to CE, so is Lto M. 

Then, 

THE RATIOS OF if TO L, AND 



of L to Mare the same as the ratios of the sides, 

NAMELY, 

OF .BC TO CG AND 

of DC to CE. 

But, 

the ratio, of kto m, is compounded of 
the ratio, of kto l, and of that of l to m\ 

so that, also, 

if HAS TO M, 

THE RATIO COMPOUNDED OF THE RATIOS OF THE SIDES. 

[VI. 1] 

NOW SINCE, 

as BC is to CG, 

so is BAC, to BCH, while 

as BC is to CG, 
so is Kto L, 

[V. 11] THEREFORE ALSO, 
AS K IS TO L, 

so is BAC to BCH. 

[vi. 1] Again, since, 
as DC is to CE, 

so B CHto BCF, while 

as DC is to CE, 

so is L to M, 

[V. 11] THEREFORE ALSO, 
AS L IS TO M, 

so is BCH to BCF. 

Since then it was proved that; 
as K is to L, 

so is BAC to BCH, and 

as L is to M, 

soisH CH to BCF, 

THEREFORE, EX AEQUALI, 
AS K IS TO M, 

so is HA C to H CF. 
But, 

if HAS TO M, 



the ratio compounded of the ratios of the sides; 
therefore, 

bac, also, has to bcf, 

the ratio compounded of the ratios of the sides. 

Therefore etc. 

Q.E. D. 



Proposition 24. 

In any parallelogram the parallelograms about the 
diameter are similar both to the whole and to one another. 




BE = 3.09218 cm 
AE = 1.16232 cm 
AF= 1.49261 cm 
CF = 3.97089 cm 
AB = 4.25450 cm 
DG = 1.90724 cm 
AG = 0.71691 cm 
AD = 2.62415 cm 



CD = 4.25450 cm 
FG = 1.16232 cm 
AC = 5.46350 cm 
BC = 2.62415 cm 
EF = 0.71691 cm 



BE AB AB AD 

= 2.66036 = 3.66036 = 1.62128 = 0.61680 

AE AE AD CD 

CF AD AE AG 

= 2.66036 = 3.66036 = 1.62128 = 0.61680 

AF AG AG FG 

DG AC CD BC 

— - = 2.66036 = 2.08200 = 1.62128 = 0.61680 

AG BC BC AB 

CD AF FG EF 

— - = 0.77871 = 2.08200 = 1.62128 = 0.61680 

AC EF EF AE 



FG 
AF 



= 0.77871 



Let, 

BABCD, 

AND, 

ac its diameter, 
And let, 

BEG, BHK, be about AC; 

I SAY THAT; 

EACH, OF BEG, BHK IS SIMILAR both 

to the whole, babcd, and to the other. 

For, since, 

ef || bc, one of the sides of aabc, 

[vi. 2] proportionally, 
as BE is to EA, 
so is CFto FA. 

Again, since, 

fg || cd, one of the sides of hacd, 

[vi. 2] proportionally, 



as CF is to FA, 
so is DG to GA. 

BUT, IT WAS PROVED THAT; 
AS CF IS TO FA, SO ALSO, 

is BE to EA; 

THEREFORE ALSO, 
AS BE IS TO EA, 

so is DG to GA, 

[V. 18] AND THEREFORE, COMPONENDO, 
AS EA IS TO AE, 

so is DA to AG, 

[V. 16] AND, ALTERNATELY, 

as BA is to AD, 
so is EA to AG 

Therefore, 

in B ABCD, BEG, the sides about 

THE Z BAD, ARE PROPORTIONAL. 
AND, SINCE, 

GF || DC, 

zAFG = aDCA; and 

aDAC, is common to A ADC, AAGF; 

therefore, 

aaec, is equiangular with aagf. 

For the same reason, 

aace, is, also, equiangular with aafe, and 

haece, is equiangular with b fg. 

Therefore, proportionally, 
as AD is to DC, 
so is AG to GF, 
as DC is to CA, 
so is GFto FA, 
as AC is to CB, 
so is AFto FE, and further 
as CB is to BA, 
so is FE to EA. 

And, since it was proved that; 
as DC is to CA, 



SO IS GF TO FA, AND, 

as AC is to CB, 
so is AF to FE, 

[V. 22] THEREFORE, EX AEQUALI, 

as DC is to CB, 
so is GFto FE. 

Therefore, 

in BABCD, BEG, the sides about 

THE EQUAL ANGLES ARE PROPORTIONAL; 
[VI. DEF. 1] THEREFORE, 

BABCD, is similar to BEG 

For the same reason, 

B ABCD, is, also, similar to BKH; 

THEREFORE, 

each, of BEG, BHK, is similar to ABCD. 
[vi. 21] But, 

FIGURES SIMILAR TO 

THE SAME RECTILINEAL FIGURE ARE, ALSO, SIMILAR TO 

ONE another; 
therefore, 

beg, is, also, similar to b hk. 

Therefore etc. 

Q.E. D. 



Proposition 25. 

to construct one and the same figure similar to a given 
rectilineal figure and equal to another given rectilineal 

FIGURE. 




ABC = 4.73969 cm 2 
BE = 4.73969 cm 2 
D = 5.56518 cm 2 
EF = 5.56518 cm 2 
KGH = 5.56518 cm 2 



BC 
GH 
GH 

CF 



L 


E 




BC 


0.92286 


CF 




ABC 


0.92286 


KGH 




BE . 




= 




EF 




0.85167 



= 0.85167 



0.85167 



ABC 

BE 

KGH 

EF 



G H 

ABC-BE = 0.00000 cm 2 
= 1.00000 EF-D = 0.00000 cm 2 
BC = 3.15383 cm 
GH = 3.41746 cm 
CF= 3.70312 cm 



1.00000 



Let, 

abc, be the given rectilineal figure to which 
the figure to be constructed must be similar, and 
d, that to which it must be equal; 

thus it is required, 

to construct one and the same figure 
similar to abc and equal to d, 

[i. 44] Let, 

THERE BE APPLIED TO BC, B BE = AABC, 
[I. 45] AND, 

TO CE, BCM=D, in ^FCE = ^CBL, 

Therefore, 

bc is collinear with cf, and, 
le collinear with em. 



[vi. 13] Now let, {GH=^BCx CF) 

GH BE TAKEN A MEAN PROPORTIONAL TO BC, CF. 
[VI. 18] AND LET, 



onGH, 

kgh be described similar and , 

similarly situated to abc. 

Then, since, 

as BC is to GH, 
so is GH to CF, 

[VI. 19, POR.] AND, 

IF THREE STRAIGHT LINES BE PROPORTIONAL, 

AS THE FIRST IS TO THE THIRD, 

SO IS THE FIGURE ON THE FIRST TO THE SIMILAR AND, 

SIMILARLY SITUATED FIGURE DESCRIBED ON THE SECOND, 

THEREFORE, 

AS BC IS TO CF, 

soisAABCtoAKGH. 

[vi. 1] But, 

as BC is to CF, so ALSO, 

istheBBEtoBEF. 

Therefore also, 

asAABCistoAKGH, 

soisH BE to BEF; 
[v. 16] 

THEREFORE, ALTERNATELY, 

as AABC is to B BE, 
soisAKGHtoBEF. But, 
AABC = BBE; therefore, 
AKGH=BEF. But, 
BEF=D; 

THEREFORE, 

KGH=D. And, 

kgh is, also, similar to abc. 

Therefore, 

one and the same figure, 
kgh, has been constructed similar to 
the given rectilineal figure, abc, and 
equal to the other given figure, d. 

Q.E. D. 



Proposition 26. 





If from a parallelogram 
there be taken away a 
parallelogram similar and 
similarly situated to the 
whole and having a common 
angle with it, it is about the 
same diameter with the whole. 



For let, 
from the parallelogram, abcd, there be taken away 
the parallelogram, af, similar and 
similarly situated to abcd, and 

having zdab, common with it; 

i say that; 

abcd is about the same diameter, with af. 

For suppose it is not, but, if possible, let, 
ahc be the diameter < of abcd, > 

LET, 

GFbe produced, and carried through to H, 

[I. 31] AND LET, 

hk be drawn, through h, parallel to 
either of the straight lines, ad, bc. 

Since, then, 

abcd is about the same diameter with kg, 

[vi. 24] therefore, 
as da is to ab, 
so is GA to AK. 

But also, 

because of the similarity of abcd, eg, 
as DA is to AB, 
so is GA to AE; 

[V. 11] THEREFORE ALSO, 

as GA is to AK, 
so is GA to AE. 

Therefore, 

ga has the same ratio to each, of 
the straight lines, ak, ae. 

[v. 9] Therefore, 
AE = AK, 



the less to the greater: which, 
is impossible. 

Therefore, 

abcd cannot but be about 
the same diameter, with af\ 

therefore, 

the parallelogram, abcd, is about 

the same diameter with the parallelogram, af. 

Therefore etc. 

Q.E. D. 



Proposition 27. 

Of all the parallelograms applied to the same straight 
line and deficient by parallelogrammic figures similar and 
similarly situated to that described on the half of the 
straight line, that parallelogram is greatest which is 
applied to the half of the straight line and is similar to the 

DEFECT. 

D E 



V \ A, 


' 


I 


AD = 6.99416 cm 2 


n\ V 


\ F 


\ H 


AF = 6.36860 cm 2 


\ \ 


\" 


\ 


CH = 4.90245 cm 2 
EK = 4.90245 cm 2 
CG = 4.90245 cm 2 
LMN = 6.36860 cm 2 



A C K B 

AD-AF = 0.62556 cm 2 CG-EK = 0.00000 cm 2 
CH-EK = 0.00000 cm 2 AF-LMN = 0.00000 cm 2 

Let, 

ab be bisected at c; 

LET, 

there be applied to ab, 

the bad, deficient by bdb, described on 

the half of ab, that is, cb; 

i say that; 

of all the parallelograms, applied to ab, and 
deficient by parallelogrammic figures similar, and 
similarly situated to db, 
ad is greatest. 

For let, 

there be applied to the straight line, ab, 
the parallelogram, af, deficient by 
the parallelogrammic figure, fb, similar and, 
similarly situated to db; 

i say that; 

ad is greater than af. 

[VI. 26] 

For, since, 

the parallelogram, db, is similar to 

the parallelogram, fb, 

they are about the same diameter. 

Let, 



THEIR DIAMETER, DB, BE DRAWN, 

AND LET, 

THE FIGURE BE DESCRIBED. 

[i. 43] Then, since, 
CF= FE, AND, 
FB IS COMMON, 

THEREFORE, 

BCH=BKE. 

[i. 36] But, 

CH=CG, since, 
AC= CB. 

Therefore, 
GC=EK. 

Let, 

cf be added to each; 

therefore, 

baf= the gnomon, lmn; 

SO THAT, 

bdb, that is, ad, is greater than baf. 
Therefore etc. 



Proposition 28. 

to a given straight line to apply a parallelogram equal 
to a given rectilineal figure and deficient by a 
parallelogrammic figure similar to a given one: thus the 
given rectilineal figure must not be greater than the 
parallelogram described on the half of the straight line 
and similar to the defect. 




SB K 

C = 5.18413 cm 2 
TS = 5.18413 cm 2 
C-TS = 0.00000 cm 2 



Let, 

ab be the given straight line, 

c, the given rectilineal figure to which 
the figure to be applied, to ab, is required, 
to be equal, not being greater than 

the parallelogram, described, on the half, of ab, and 
similar to the defect, and 

d, the parallelogram to which the defect is required, 
TO BE similar; 

THUS IT IS REQUIRED, 

TO APPLY TO THE GIVEN STRAIGHT LINE, AB, 

A PARALLELOGRAM EQUAL 

TO THE GIVEN RECTILINEAL FIGURE, C, AND, DEFICIENT BY 

A FIGURE WHICH IS SIMILAR TO BD. 

[vi. 18] Let, 

AB BE BISECTED AT THE POINT, E, 
AND LET, 

on EB, 



BEBFG BE DESCRIBED SIMILAR AND 
SIMILARLY SITUATED TO BD; 
LET, 

bag, be completed. 

If then, 
AG= C, 

THAT WHICH WAS ENJOINED WILL HAVE BEEN DONE; 
FOR, 

there has been applied to ab, 

bag, equal to 

the given rectilineal figure, c, and, 

deficient by bgb, 

which is similar to d. 

But, if not, let, 

he, be greater than c. 

Now, 

HE = GB; 

THEREFORE, 

GBlS, ALSO, GREATER THAN C. 

[vi. 25] Let, 

klmn be constructed at once equal to 

the excess, by which gb, is greater than c, and 

similar and similarly situated, to d. 

But, 

d is similar to gb; 

[vi. 21] therefore, 

km is, also, similar to gb. 

Let, then, 

kl correspond to ge, and, 
LM to GF. 

NOW, SINCE, 

GB = C, KM, 

THEREFORE, 

GB > KM; 

THEREFORE ALSO, 

GE > KL, and 
GF>LM. 



Let, 

GO = KL, AND 
GP=LM. 

AND LET, 

BOGPQ, be completed; 

THEREFORE, 

IT IS EQUAL AND SIMILAR TO KM. 

[vi. 21] Therefore, 

gq is, also, similar to gb; 

[vi. 26] therefore, 

gq is about the same diameter, with gb. 

Let, 

gqb be their diameter, 

AND LET, 

the figure be described. 

Then, since, 

bg = c, km, and in them 
GQ = KM, 

therefore, 

the remainder, 

the gnomon, uwv = the remainder, c. 

And, since, 
PR = OS, 

LET, 

qb be added to each; 

therefore, 

the whole, pb = the whole, ob. 

But, 

OB = TE, 

[I. 36] SINCE, 

the SIDES, AE = EB; 

THEREFORE, 

TE = PB. 

Let, 

os be added to each; 

therefore, 

the whole, ts = 

the whole, the gnomon, vwu. 



But, 

the gnomon, vwu = c) 

therefore, 
TS= C. 

Therefore, 

to the given straight line, ab, there has been applied 
the parallelogram, st, equal to 
the given rectilineal figure, c, and 
deficient by a parallelogrammic figure, qb, 
which is similar to d. 

Q. E. F. 



Proposition 29. 

to a given straight line to apply a parallelogram equal 
to a given rectilineal figure and exceeding by a 
parallelogrammic figure similar to a given one. 

C = 5.08108 cm 2 
AO = 5.08108 cm 2 
AO-C = 0.00000 cm 2 

F X M 




Let, 

ab be given, 

c, the given rectilineal figure to which 

the figure to be applied to ab, is required to be equal, 

AND, 

D, THAT TO WHICH THE EXCESS IS REQUIRED TO BE SIMILAR; 

THUS IT IS REQUIRED, 
TO APPLY TO AB, 
A PARALLELOGRAM EQUAL TO THE RECTILINEAL FIGURE, C, 

AND, 

exceeding by a parallelogrammic figure similar to d. 

Let, 

ab be bisected at e\ 

LET, 

THERE BE DESCRIBED, ON EB, 

BBF, SIMILAR AND, SIMILARLY SITUATED, TO D; 
[VI. 25] AND LET, 

BGH=BBF+ C, and 
similar and similarly situated to d. 
Let, 



KH CORRESPOND TO FL, AND 

KG to FE. 

NOW, SINCE, 

BGH>BFB, 

THEREFORE, 

KH > FL, and KG > FE. 

Let, 

fl, fe be produced, 

LET, 

FLM = KH, and FEN = KG, 

AND LET, 

HM/Vbe completed; 

therefore, 

bm/vls both equal and similar to bgh. 

But, 

BGH is similar to BEL; 

[vi. 21] therefore, 

bmnls, also, similar to bel; 

[vi. 26] therefore, 

hel is about the same diameter with bmn. 

Let, 

their diameter, fo, be drawn, 

AND LET, 

the figure be described. 
Since, 

BGH= BEL + C, while 

BGH = BMN, 

THEREFORE, 

BMN = BEL + C. 

Let, 

el be subtracted from each; 

therefore, 

the remainder, the gnomon, xwv = c. 

[i. 36] now, since, 



AE = EB, 

BAN=BNB, 

[i. 43] that is, to blp. 

Let, 

eo be added to each; 

therefore, 

the whole, bao = the gnomon, vwx. 

But, 

the gnomon, vwx = c) 

therefore, 

BAO = C. 

[vi. 24] Therefore, 
to AB, 

THERE HAS BEEN APPLIED BAO, 

EQUAL TO THE GIVEN RECTILINEAL FIGURE, C, AND 

EXCEEDING BY BQP, 

WHICH IS SIMILAR TO D, 

SINCE, 

BPQ IS, ALSO, SIMILAR TO BEL. 

Q. E. F. 



Proposition 30. 

to cut a given finite straight line in extreme and mean 

RATIO. 




T ' 

' S ^ - ~" ~ ~ ^s-. 



EF = 2.60350 cm 
DE = 1.60905 cm 
AB = 2.60350 cm 
EF 



DE 



= 1.61803 



BE = 0.99445 cm 
AE = 1.60905 cm 



AE . AB 

— — = 1.61803 = 1.61803 

BE AE 




Let, 

AB be given; 

THUS IT IS REQUIRED, 

TO CUT AB, IN EXTREME AND MEAN RATIO. 

LET, 

ON AB, 

BBC, be described; 

[VI. 29] AND LET, 

THERE BE APPLIED TO AC, 

B CD, EQUAL TO BC, AND 

EXCEEDING BY THE FIGURE, AD, SIMILAR TO BC. 

NOW, 

BC is a square; 

therefore, 

ad is, also, a square. 

And, since, 
BC= CD, 

LET, 

CE BE SUBTRACTED FROM EACH; 

THEREFORE, 

THE REMAINDERS, BF= AD. 



But, 

it is, also, equiangular with it; 

[vi. 14] therefore, 

in bf, ad, the sides about 

the equal angles are reciprocally proportional; 

therefore, 

as fe is to ed, 
so is AE to EB. 

But, 

FE = AB, and 
ED = AE. 

Therefore, 

as BA is to AE, 
so is AE to EB. 

And, 

AB > AE; 

THEREFORE, 
AE > EB. 

Therefore, 

ab, has been cut in extreme, and 

mean ratio at e, and 

the greater segment of it is ae. 

Q. E. F. 



Proposition 31. 

In right-angled triangles the figure on the side 
subtending the right angle is equal, to the similar and 
similarly described figures on the sides containing the 
right angle. 



B 



D X 



AB = 2.15416 cm 2 
AC = 7.06344 cm 2 
BC = 9.21761 cm 2 
BC-(AC+AB) = 0.00000 cm 2 



Let, 

aABC, 

BE A RIGHT-ANGLED 
TRIANGLE HAVING 

\-BAC, right; 

i say that; 

the figure, on bc equals the similar and 
similarly described figures, on ba + ac. 

Let, 

ad be drawn perpendicular. 

[vi. 8] Then since, 

in aABC, AD ± BC, 

aABD, aADC, adjoining 

the perpendicular are similar both to 

aABC, and to one another. 

And, since, 

abc is similar to abd, 

[vi. def. 1] therefore, 
as CB is to BA, 
so is AB to BD. 

[vi. 19, Por.] And, since, 

THREE STRAIGHT LINES ARE PROPORTIONAL, 

AS THE FIRST IS TO THE THIRD, 

SO IS THE FIGURE ON THE FIRST TO 



the similar and similarly described figure on 
the second, 

Therefore, 

as CB is to BD, 

so is the figure on cb to 

the similar and similarly described figure, on ba. 

For the same reason also, 
as BC is to CD, 

SO IS THE FIGURE, ON BC, TO THAT, ON CA\ 
SO THAT, IN ADDITION, 

as BC is to BD, DC, 

so is the figure, on .bc to the similar, and 
similarly described figures, on ba, ac. 

But, 

BBC = BBD + BDC; 

therefore, 

the figure, on bc = the similar, and 
similarly described figures, on ba, ac. 

Therefore etc. 



Q.E. D. 



Proposition 32. 




If two triangles having two 
sides proportional to two sides 
be placed together at one 
angle so that their 
corresponding sides are, also, 
parallel, the remaining sides 
of the triangles will be in a 
straight line. 



Let, 
abc, dce, be two triangles having 
the two sides, ba, ac, proportional to 
the two sides, dc, de, 

SO THAT, 

AS AB IS TO AC, 

SO IS DC TO DE, AND 

AB PARALLEL TO DC, AND 

AC to DE; 

i say that; 

bc is in a straight line with ce. 

For, since, 

ab is parallel to dc, 

[I. 29] 

AND, 

the straight line ac has fallen upon them, 

the alternate angles, 

bac, acd, are equal to one another. 

For the same reason, 

aCDE= aACD\ 

SO THAT, 

^BAC= ^CDE. 

And, since, 

abc, dce are two triangles having one angle, 

^at a, equal to one angle, 

^AT D, AND 

THE SIDES ABOUT THE EQUAL ANGLES PROPORTIONAL, 

SO THAT, 

AS BA IS TO AC, 



so is CD to DE, 
[vi. 6] 

THEREFORE, 

AABC, IS EQUIANGULAR WITH 

ADCE; 

THEREFORE, 

zABC = zDCE. 

But, 

zACD = 

zBAC; 

therefore, 

the whole angle, ace = 
the two angles, abc, bac. 

Let, 

zacb, be added to each; 

therefore, 

the angles, ace, acb, are equal to 

THE ANGLES, BAC, ACB, CBA. 

[I. 32] 

But, 

the angles, bac, abc, acb are equal to 
two right angles; 

therefore, 

the angles, ace, acb, are, also, equal to two 
right angles. 

Therefore, 

with a straight line, ac, and 

at the point, c, on it, 

the two straight lines, bc, ce, 

not lying on the same side make the adjacent angles, 

ace, acb, equal to two right angles; 

[I. 14] 

therefore, 

bc is in a straight line with ce. 

Therefore etc. 

Q.E. D. 



Proposition 33. 

In equal circles angles have the same ratio as the 
circumferences on which they stand, whether they stand at 
the centres or at the circumferences. 




Let, 

abc, def be equal circles, 

AND LET, 

zBGC, zEHF, BE ANGLES AT 

THEIR CENTRES, G, H, AND 

zBAC, zEDF, ANGLES AT THE CIRCUMFERENCES; 

I SAY THAT; 

AS THE CIRCUMFERENCE, BC, IS TO 
THE CIRCUMFERENCE, EF, 

so is zBGC, to zEHF, and 
zBAC, to zEDF. 

For let, 

any number of consecutive circumferences, 
ck, kl, be made equal to the circumference, bc, 
and any number of consecutive circumferences, 
fm, mn, equal to the circumference, ef, 

AND LET, 

GK, GL, HM, HN, be joined. 

[hi. 27] Then, since, 
the circumferences, 
bc, ck, kl, are equal to one another, 

zBGC, zCGK, zKGL, are, also, equal to one another; 

THEREFORE, 

WHATEVER MULTIPLE THE CIRCUMFERENCE, BL IS OF BC, 



that multiple, also, is zbgl of zbgc. 

For the same reason also, 

whatever multiple the circumference, 
ne is of ef, that multiple, also, is 

zNHE OF zEHF. 
[in. 27] If then, 

THE CIRCUMFERENCES, BL = EN, 

zBGL = zEHN; 

IF, 

THE CIRCUMFERENCES, BL> EN, 

zBGL > zEHN; 

and, if less, less. 

There being then four magnitudes, 
two circumferences, bc, ef, and 

two angles, zbgc, zehf, there have been taken, of 
the circumference, bc, and zbgc, equimultiples, 

NAMELY, 

THE CIRCUMFERENCE, BL, AND zBGL, AND 

OF THE CIRCUMFERENCE, EF, AND zEHF, EQUIMULTIPLES, 
NAMELY, 

the circumference, en, and zehn. 

And it has been proved that; if, 

the circumference, bl, is in excess of 
the circumference, en, 

zBGL, IS, ALSO, IN EXCESS of zEHN; 

IF EQUAL, EQUAL; AND, 
IF LESS, LESS. 

[v. Def. 5] Therefore, 

AS THE CIRCUMFERENCE, BC IS TO EF, 

so is zBGC to zEHF. 

But, 

as zBGC is to zEHF, 

so is zBAC to zEDF; 

FOR, 

THEY ARE DOUBLES RESPECTIVELY. 



Therefore also, 

as the circumference, bc, is to the circumference, ef, 

so is aBGC, to aEHF, and 

aBAC, to aEDF. 

Therefore etc. 

Q.E. D. 
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BOOK VII. 

Definitions. 

1 . An unit is that by virtue of which each, of the things 
that exist is called one. 

2. a number is a multitude composed of units. 

3. a number is a part of a number, the less of the 
greater, when it measures the greater; 

4. but parts when it does not measure it. 

5. The greater number is a multiple of the less when it 
is measured by the less. 

6. An even number is that which is divisible into two 
equal parts. 

7. An odd number is that which is not divisible into two 
equal parts, or that which differs by an unit from an even 

NUMBER. 

8. An even-times even number is that which is measured 
by an even number according to an even number. 

9. An even-times odd number is that which is measured 
by an even number according to an odd number. 

10. An odd-times odd number is that which is measured 
by an odd number according to an odd number. 

1 1 . a prime number is that which is measured by an unit 

ALONE. 

12. Numbers prime to one another are those which are 
measured by an unit alone as a common measure. 

13. a composite number is that which is measured by 
some number. 

14. Numbers composite to one another are those 
which are measured by some number as a common measure. 

15. a number is said to multiply a number when that 
which is multiplied is added to itself as many times as 
there are units in the other, and thus some number is 
produced. 

16. And, when two numbers having multiplied one 
another make some number, the number so produced is 
called plane, and its sides are the numbers which have 
multiplied one another. 

17. And, when three numbers having multiplied one 
another make some number, the number so produced is 
solid, and its sides are the numbers which have multiplied 
one another. 

18. a square number is equal multiplied by equal, or a 
number which is contained by two equal numbers. 



19. And a cube is equal multiplied by equal and again by 
equal, or a number which is contained by three equal 

NUMBERS. 

20. Numbers are proportional when the first is the 
same multiple, or the same part, or the same parts, of the 
second that the third is of the fourth. 

2 1 . Similar plane and solid numbers are those which 
have their sides proportional. 

22. a perfect number is that which equals its own 

PARTS. 



Notes. 

Definition 1. An unit is that by virtue of which each, of the 
things that exist is called one. 



Notes. 
Definition 2. A number is a multitude composed of units. 



Notes. 
Definition 3. A number is a part of a number, the less of 

THE GREATER, WHEN IT MEASURES THE GREATER; 



Notes. 
Definition 4. but parts when it does not measure it. 



Notes. 

Definition 5. The greater number is a multiple of the less 
when it is measured by the less. 



Notes. 

Definitions 6. An even number is that which is divisible 
into two equal parts. 



Notes. 

Definitions 7. An odd number is that which is not divisible 
into two equal parts, or that which differs by an unit 
from an even number. 



Notes. 

Definition 8. An even-times even number is that which is 
measured by an even number according to an even 

NUMBER. 



Notes. 

Definition 9. An even-times odd number is that which is 
measured by an even number according to an odd 

NUMBER. 



Notes. 

Definition 10. An odd-times odd number is that which is 
measured by an odd number according to an odd number. 



Notes. 
Definition 11. A prime number is that which is measured by 

AN UNIT ALONE. 



Notes. 

Definition 12. Numbers prime to one another are those 
which are measured by an unit alone as a common 

MEASURE. 



Notes. 
Definition 13. A composite number is that which is 

MEASURED BY SOME NUMBER. 



Notes. 

Definition 14. Numbers composite to one another are 
those which are measured by some number as a common 

MEASURE. 



Notes. 
Definition 15. A number is said to multiply a number when 

THAT WHICH IS MULTIPLIED IS ADDED TO ITSELF AS MANY TIMES 
AS THERE ARE UNITS IN THE OTHER, AND THUS SOME NUMBER IS 
PRODUCED. 



Notes. 

Definition 16. And, when two numbers having multiplied 
one another make some number, the number so produced 
is called plane, and its sides are the numbers which 
have multiplied one another. 



Notes. 

Definition 17. And, when three numbers having multiplied 
one another make some number, the number so produced 
is solid, and its sides are the numbers which have 
multiplied one another. 



Notes. 
Definition 18. A square number is equal multiplied by 

EQUAL, OR A NUMBER WHICH IS CONTAINED BY TWO EQUAL 
NUMBERS. 



Notes. 

Definition 19. And a cube is equal multiplied by equal and 
again by equal, or a number which is contained by three 
equal numbers. 



Notes. 

Definition 20. Numbers are proportional when the first is 
the same multiple, or the same part, or the same parts, 
of the second that the third is of the fourth 



Notes. 

Definition 2 1 . Similar plane and solid numbers are those 
which have their sides proportional. 



Notes. 
Definition 22. A perfect number is that which equals its 

OWN PARTS. 
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BOOK VII. 
PROPOSITIONS. 

Proposition 1. 

two unequal numbers being set out, and the 
a less being continually subtracted in turn from 

the greater, if the number which is left never 
measures the one before it until an unit is left, 
the original numbers will be prime to one 

ANOTHER. 

For, 
b d the less of two unequal numbers, 

ab, cd, being continually subtracted from 
the greater, 

LET, 

THE NUMBER WHICH IS LEFT NEVER MEASURE 
THE ONE BEFORE IT UNTIL AN UNIT IS LEFT; 

I SAY THAT; 

AB, CD ARE PRIME TO ONE ANOTHER, 

THAT IS, 

that an unit alone measures ab, cd. 

For, 

if ab, cd are not prime to one another, 
some number will measure them. 

Let, 

a number measure them, 

AND LET, 
IT BE E; 

LET, 

CD, MEASURING BF, 

LEAVE FA LESS THAN ITSELF, 

LET, 

AF, MEASURING DG, 

LEAVE GC LESS THAN ITSELF, 

AND LET, 

gc, measuring fh, 
leave an unit ha. 

Since, then, 

e measures cd, and 



cd measures bf, 

therefore, 

e, also, measures bf. 

But, 

it, also, measures the whole ba\ 

therefore, 

it will, also, measure the remainder, af. 

But, 

AF measures DG; 

therefore, 

e, also, measures dg. 

But, 

it, also, measures the whole, dc, 

therefore, 

it will, also, measure the remainder, cg 

But, 

cg measures fh; 

therefore, 

e, also, measures fh. 

But, 

it, also, measures the whole, fa; 

therefore, 

it will, also, measure the remainder, the unit, ah, 
though it is a number: 

WHICH, 

is impossible. 

Therefore, 

no number will measure the numbers ab, cd; 

[vii. def. 12] therefore, 

ab, cd are prime to one another. 

Q. E. D. 



Proposition 2. 

A Given two numbers not prime to one 

ANOTHER, TO FIND THEIR GREATEST COMMON 
MEASURE. 



C 
F G 



B 



Let, 

ab, cd be the two given numbers 
not prime to one another. 



Thus it is required, 
to find the greatest common measure of ab, cd. 

If now, 

cd measures ab, and 

it, also, measures itself, 

cd is a common measure of cd, ab, and 

it is manifest that it is, also, the greatest; 

FOR, 

no greater number than cd will measure cd. 

But, 

if cd does not measure ab, 

THEN, 

the less of the numbers, ab, cd, 
being continually subtracted from the greater, 
some number will be left which will measure 
the one before it. 

[vii. 1] For, 

an unit will not be left; 

otherwise, 

ab, cd will be prime to one another, 

WHICH, 

is contrary to the hypothesis. 

Therefore, 

some number will be left, which 
will measure the one before it. 

NOW LET, 

CD, MEASURING BE, 

LEAVE EA LESS THAN ITSELF, 

LET, 

EA, MEASURING DF, 

LEAVE FC LESS THAN ITSELF, 



AND LET, 

cf measure ae. 

Since then, 

cf measures ae, and 
ae measures df, 

therefore, 

cfwill, also, measure df. 

But, 

it, also, measures itself; 

therefore, 

it will, also, measure the whole, cd. 

But, 

CD measures BE; 

therefore, 

cf, also, measures be. 

But, 

it, also, measures ea\ 

therefore, 

it will, also, measure the whole, ba. 

But, 

it, also, measures cd; 

therefore, 

CF MEASURES AB, CD. 

Therefore, 

cf is a common measure of ab, cd. 

I SAY next; 

that it is, also, the greatest. 

For, 

if ce is not the greatest common measure of ab, cd, 
some number which is greater than cf, 
will measure the numbers ab, cd. 

Let, 

such a number measure them, 

AND LET, 
IT BE G. 

NOW, SINCE, 

G MEASURES CD, WHILE 

CD MEASURES BE, 

G, ALSO, MEASURES BE. 



But, 

it, also, measures the whole, ba\ 

therefore, 

it will, also, measure the remainder, ae. 

But, 

AE measures DF; 

therefore, 

gwill, also, measure df. 

But, 

it, also, measures the whole, do, 

therefore, 

it will, also, measure the remainder, cf, 

THAT IS, 

THE GREATER WILL MEASURE THE LESS: 

WHICH, 

is impossible. 

Therefore, 

no number, which is greater than cf, will measure 
the numbers ab, cd; 

therefore, 

cfls the greatest common measure of ab, cd. 

PORISM. 

From this it is manifest that, if a number measure two 
numbers, it will, also, measure their greatest common 

MEASURE. 

Q.E. D. 



Proposition 3. 

Given three numbers not prime to one another, to find 
their greatest common measure. 
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Let, 

a, b, c be the three given numbers 
not prime to one another; 

thus it is required, 

to find the greatest common measure of a, b, c. 

[vii. 2] For let, 

the greatest common measure, d, 
of the two numbers, a, b, be taken; 

THEN, 

d either measures, or 
does not measure, c. 

First, let it, 
measure it. 

But, 

it measures a, b also; 

therefore, 

d measures a, b, c; 

therefore, 

d is a common measure of a, b, c. 

i say that; 

it is, also, the greatest. 

For, 

if d is not the greatest common measure of a, b, c, 
some number which is greater than d, 
will measure the numbers, a, b, c. 

Let, 



SUCH A NUMBER MEASURE THEM, 

AND LET, 
IT BE E. 

Since then, 

e measures a, b, c, 

it will, also, measure a, b\ 

[vii. 2, por.] therefore, 
it will, also, measure 
the greatest common measure of a, b. 

But, 

the greatest common measure of a, b is d; 

therefore, 

e measures d, 

the greater the less: 

WHICH, 

is impossible. 

Therefore, 

no number, which is greater than d, 
will measure the numbers, a, b, c. 

therefore, 

d is the greatest common measure of a, b, c. 

Next, let, 

d not measure c; 

i say first that; 

c, d are not prime to one another. 

For, since, 

a, b, c are not prime to one another, 
some number will measure them. 

[vii. 2, Por.] Now, 

that which measures a, b, c, 
will, also, measure a, b, and 
will measure d, the greatest common measure of a, b. 

But, 

it measures calso; 

therefore, 

some number will measure the numbers, d, q 

therefore, 

D, Care not prime to one another. 

[vii. 2] Let, 



then their greatest common measure, e, be taken. 

Then, since, 

e measures d, and 
d measures a, b, 

therefore, 

e, also, measures a, b. 

But, 

it measures c, also; 
therefore measures a, b, c, 

therefore, 

e is a common measure of a, b, c. 

i say next that; 

it is, also, the greatest. 

For, 

if e is not the greatest common measure of a, b, c, 
some number which is greater than e will measure 
the numbers, a, b, c. 

Let, 

such a number measure them, 

AND LET, 
IT BE F. 

now, since, 

f measures a, b, c, 
it, also, measures a, b\ 

[vii. 2, por.] therefore, 
it will, also, measure 
the greatest common measure of a, b. 

But, 

the greatest common measure of a, b is d; 

therefore, 

f measures d. 

And, 

it measures calso; 

therefore, 

f measures d, c; 

[vii. 2, por.] therefore, 
it will, also, measure 
the greatest common measure of d, c. 

But, 



THE GREATEST COMMON MEASURE OF D, C IS E\ 

THEREFORE, 

F MEASURES E, 

THE GREATER THE LESS: 

WHICH, 

is impossible. 

Therefore, 

no number, which is greater than e, will measure 
the numbers, a, b, q 

therefore, 

e is the greatest common measure of a, b, c. 

Q.E. D. 



Proposition 4. 

Any number is either a part or parts of any 
number, the less of the greater. 



B Let, 

A, BC BE TWO NUMBERS, 



E 
F 



D AND LET, 

BC BE THE LESS; 

c I SAY THAT; 

bc is either a part, or parts, of a. 

For, 
a, bc are either prime to one another or not. 

First, let, 

a, bc be prime to one another. 

Then, 

if bc be divided into the units in it, 

each unit of those in bc will be some part of a; 

SO THAT, 

bc is parts of a. 

Next let, 

a, bc not be prime to one another; 

THEN, 

BC EITHER MEASURES, OR DOES NOT MEASURE, A. 

NOW, 

If BC MEASURES A, 

bc is a part of a. 

[vii. 2] But, if not, let, 

the greatest common measure, d of a, bc, be taken; 

AND LET, 

BC BE DIVIDED INTO THE NUMBERS EQUAL TO D, 

NAMELY, 

BE, EF, FC; 

now, since, 

d measures a, 
d is a part of a. 

But, 

d equals each, of the numbers, be, ef, fc\ 

therefore, 



EACH, OF THE NUMBERS, BE, EF, FC, IS, ALSO, A PART OF A; 
SO THAT, 

bc is parts of a. 

Therefore etc. 

Q. E. D. 



Proposition 5. 

If a number be a part of a number, and another be the 
same part of another, the sum will, also, be the same part 
of the sum that the one is of the one. 

M 
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For let, 

the number, a, be a part, of bc, and another 

d, the same part, of another, ef, that a is of bo, 

i say that; 

the sum, of a, d, is, also, the same part of 
the sum, of bc, ef, that a is of bc. 

For since, 

whatever part, a, is of bc, 
d is, also, the same part of ef, 

therefore, 

as many numbers as there are in bc equal to a, 
so many numbers are there, also, in ef equal to d. 

Let, 

bc be divided into the numbers equal to a, 

NAMELY, 

BG, GC, AND 

EElNTO THE NUMBERS EQUAL TO D, 

NAMELY, 

EH, HF; 

THEN, 

the multitude, of bg, gc, will be equal to 
the multitude, of eh, hf. 

And, since, 

BG = A, AND 

EH to D, 

THEREFORE, 



bg, eh are, also, equal to a, d. 

For the same reason, 

gc, hf are, also, equal to a, d. 

Therefore, 

as many numbers as there are in bc equal to a, 
so many are there, also, in bc, ef equal to a, d. 

Therefore, 

whatever multiple, bc, is of a, 

the same multiple, also, is 

the sum, of bc, ef, of the sum, of a, d. 

Therefore, 

whatever part, a, is of bc, 

the same part, also, is 

the sum, of a, d, of the sum, of bc, ef. 

Q.E. D. 



Proposition 6. 
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If a number be parts of a number, 
and another be the same parts of 
another, the sum will, also, be the 
same parts of the sum that the one is 
of the one. 

For let, 

the number, ab, 

be parts of the number c, 

\ i 

s i AND ANOTHER, 

db, the same parts of another, f, 
that ab is of c; 

i say that; 

the sum, of ab, de, is, also, 

the same parts of the sum, of c, f, that ab is of c. 

For since, 

whatever parts, ab, is of c, 
de is, also, the same parts, of f, 

therefore, 

as many parts, of c, as there are in ab, 
so many parts, of f, are there, also, in de. 

Let, 

ab be divided into the parts of c, 

NAMELY, 

AG, GB, and 

DE INTO THE PARTS OF F, 
NAMELY, 

DH, HE; 

THUS, 

the multitude, of ag, gb, will be equal to 
the multitude, of dh, he. 

And since, 

whatever part, ag, is of c, 
the same part is dh of falso, 

[vii. 5] therefore, 

whatever part, ag, is of c, 

the same part, also, is 

the sum of ag, dh, of the sum, of c, f. 

For the same reason, 



whatever part, gb, is of c, the same part, also, is 
the sum, of gb, he, of the sum, of c, f. 

Therefore, 

whatever parts, ab is of c, the same parts, also, is 
the sum, of ab, de, of the sum of c, f. 

Q.E. D. 



Proposition 7. 

If a number be that part of a number, which a number 
subtracted is of a number subtracted, the remainder will, 
also, be the same part of the remainder that the whole is of 
the whole. 
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For let, 

the number, ab, be that part of the number, cd, 

WHICH, 

ae, subtracted is of cf, subtracted; 

i say that; 

the remainder, eb, is, also, the same part of 
the remainder, fd, that the whole, ab, is of 
the whole, cd. 

For let, 

whatever part, ae, is of cf, 
the same part, also, eb be of cg. 

now since, 

whatever part, ae, is of cf, 
the same part, also, is eb of cg, 

[vii. 5] therefore, 

whatever part, ae, is of cf, 
the same part, also, is ab of gf. 

But, by hypothesis, 

whatever part, ae, is of cf, 
the same part, also, is ab of cd; 

therefore, 

whatever part, ab, is of gf, 
the same part is it of cd also; 

therefore, 
GF= CD. 

Let, 



CF BE SUBTRACTED FROM EACH; 

THEREFORE, 

THE REMAINDER, GC, = THE REMAINDER, FD. 

NOW SINCE, 

WHATEVER PART, AE, IS OF CF, 
THE SAME PART, ALSO, IS EB OF GC, 

WHILE, 

GC=FD, 

therefore, 

whatever part, ae, is of cf, 
the same part, also, is eb of fd. 

But, 

whatever part, ae, is of cf, 
the same part, also, is ab of cd; 

therefore also, 

the remainder, eb, is the same part of 

the remainder, fd, that the whole, ab, is of 

the whole, cd. 

Q.E. D. 



Proposition 8. 

If a number be the same parts of a number that a number 
subtracted is of a number subtracted, the remainder will, 
also, be the same parts of the remainder that the whole is 
of the whole. 
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For let, 

the number, ab, be the same parts of the number, cd, 
that ae, subtracted, is of cf, subtracted; 

i say that; 

the remainder, eb, is, also, the same parts of 

the remainder, fd, 

that the whole, ab, is of the whole, cd. 

For let, 

gh be made equal to ab. 

Therefore, 

whatever parts, gh, is of cd, 
the same parts, also, is ae of cf. 

Let, 

gh be divided into the parts of cd, 

NAMELY, 

GK, KH, and 

AE INTO THE PARTS OF CF, 
NAMELY, 

AL, LE; 



THUS, 



the multitude, of gk, kh, will be equal to 
the multitude, of al, le. 

now since, 

whatever part, gk, is of cd, 

the same part, also, is al of cf, while 

cd is greater than cf, 

therefore, 

gkls, also, greater than al. 

Let, 

gm be made equal to al. 

Therefore, 

whatever part, gk, is of cd, 
the same part, also, is gm of cf, 

[vii. 7] therefore also, 

the remainder, mk, is the same part of 

the remainder, fd, that 

the whole, gk, is of the whole, cd. 

Again, since, 

whatever part, kh, is of cd, 
the same part, also, is el of cf, 

WHILE, 

cd is greater than cf, 

therefore, 

hkls, also, greater than el. 

Let, 

kn be made equal to el. 

Therefore, 

whatever part, kh, is of cd, 
the same part, also, is kn of cf, 

[vii. 7] therefore, 

also the remainder, nh, is 

the same part, of the remainder, fd, that 

the whole, kh, is of the whole, cd. 

But, 

the remainder, mk, was, also, proved to be 
the same part, of the remainder, fd, that 
the whole, gk, is of the whole, cd; 

therefore, 

also the sum of mk, nhls 
the same parts, of df, that 



the whole, hg, is of the whole, cd. 

But, 

the sum, of mk, nh, = eb, and 
HG=BA; 

THEREFORE, 

THE REMAINDER, EB, IS THE SAME PARTS OF 

THE REMAINDER, FD, THAT 

THE WHOLE, AB, IS OF THE WHOLE, CD. 

Q.E. D. 



Proposition 9. 

If a number be a part of a number, and another be the 
same part of another, alternately also, whatever part or 
parts the first is of the third, the same part, or the same 
parts, will the second, also, be of the fourth. 
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For let, 

the number, a, be a part of the number, bc, 

and another, 

d, the same part of another, ef, that a is of bo, 

i say that; 

alternately also, 

whatever part or parts, a, is of d, 

the same part or parts is bc of ef also. 

For since, 

whatever part, a, is of bc, 
the same part, also, is d of ef, 

therefore, 

as many numbers as there are in bc equal to a, 
so many, also, are there in ef equal to d. 

Let, 

bc be divided into the numbers equal to a, 

NAMELY, 

BG, GC, AND 

EF INTO THOSE EQUAL TO D, 

NAMELY, 

EH, HE; 

THUS, 

THE MULTITUDE, OF BG, GC, WILL BE EQUAL TO 
THE MULTITUDE, OF EH, HF. 

NOW, SINCE, 

THE NUMBERS, BG, GC, ARE EQUAL TO ONE ANOTHER, AND 



THE NUMBERS, EH, HF, ARE, ALSO, EQUAL TO ONE ANOTHER, 
WHILE, 

the multitude, of bg, gc, = 
the multitude, of eh, hf, 

therefore, 

whatever part or parts, bg, is of eh, 

the same part or the same parts is gc of hf also; 

[vii. 5, 6] so that, in addition, 

whatever part or parts, bg, is of eh, 
the same part also, or the same parts, is 
the sum, bc, of the sum, ef. 

But, 

BG = A, AND 

EH to D; 

THEREFORE, 

WHATEVER PART OR PARTS, A, IS OF D, 

THE SAME PART OR THE SAME PARTS IS BC OF EF ALSO. 

Q. E. D. 



Proposition 10. 
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If a number be parts of a number, and 
another be the same parts of another, 
alternately also, whatever parts or part 
the first is of the third, the same parts or 
the same part will the second, also, be of 
the fourth. 



For let, 

the number, ab, be parts of 
the number, c, and another, 
de, the same parts of another, f) 

i say that; 

alternately also, 

whatever parts or part, ab, is of de, 

the same parts or the same part is c of f also. 

For since, 

whatever parts, ab, is of c, 
the same parts, also, is de of f, 

therefore, 

as many parts, of c, as there are in ab, 
so many parts, also, of f, are there in de. 

Let, 

ab be divided into the parts, of c, 

NAMELY, 

AG, GB, and 

DE INTO THE PARTS, OF F, 
NAMELY, 

DH, HE; 

THUS, 

the multitude, of ag, gb, will be equal to 
the multitude, of dh, he. 

now since, 

whatever part, ag, is of c, 
the same part, also, is dh of f, 

[vii. 9] alternately also, 

whatever part or parts, ag, is of dh, 

the same part or the same parts is c of f also. 

For the same reason, also, 

whatever part or parts, gb, is of he, 



THE SAME PART OR THE SAME PARTS IS C OF F ALSO; 

[VII. 5, 6] SO THAT, IN ADDITION, 

WHATEVER PARTS OR PART, AB, IS OF DE, 

THE SAME PARTS, ALSO, OR THE SAME PART, IS C OF F. 

Q.E. D. 



Proposition 11. 

If, as whole is to whole, so is a number subtracted to a 
number subtracted, the remainder will, also, be to the 
remainder as whole to whole. 



B 



SO LET, 

as the whole, ab, is to the whole, cd, 
ae, subtracted be to cf, subtracted; 

i say that; 

the remainder, eb, is, also, to the remainder, fd, 
as the whole, ab, to the whole, cd. 

[vii. Def. 20] Since, 
as AB is to CD, 
so is AE to CF, 

WHATEVER PART OR PARTS, AB, IS OF CD, 

THE SAME PART OR THE SAME PARTS IS AE OF CF ALSO; 

[vii. 7, 8] Therefore also, 

THE REMAINDER, EB, IS THE SAME PART OR PARTS, OF FD, 
THAT AB IS OF CD. 

[vii. Def. 20] Therefore, 
as EB is to FD, 
so is AB to CD. 



Q.E. D. 



C D 



A B 



Proposition 12. 

If there be as many numbers as we please 
in proportion, then, as one of the 
antecedents is to one of the consequents, so 
are all the antecedents to all the 
consequents. 

Let, 

A, B, C, D, 

BE AS MANY NUMBERS AS WE PLEASE IN PROPORTION, 

SO THAT, 

AS A IS TO B, 

so is CtoD; 

i say that; 
as a is to b, 
so are a, cto b, d. 

[vii. Def. 20] For since, 
as A is to B, 
so is Cto D, 

WHATEVER PART OR PARTS, A, IS OF B, 
THE SAME PART OR PARTS IS C OF D ALSO. 

[vii. 5, 6] Therefore also, 

THE SUM, OF A, C, IS THE SAME PART OR, 

THE SAME PARTS, OF THE SUM, OF B, D, THAT A IS OF B. 

[vii. Def. 20] Therefore, 
as A is to B, 
so are A, Cto B, D. 



Proposition 13. 

If four numbers be proportional, they will, also, be 
proportional alternately. 



B 



B 
C 



= 1.40000 



C 
B 



= 0.70000 



= 1.40000 



= 0.70000 



A = 1.77800 cm 
B = 1.27000 cm 
C = 2.54000 cm 
D = 1.81429 cm 



Let, 

the four numbers, a, b, c, d, be proportional, 

SO THAT, 

AS A IS TO B, 

so is CtoD; 

I SAY THAT; 

THEY WILL, ALSO, BE PROPORTIONAL ALTERNATELY, 

SO THAT, 

as a is to c, 

so will b be to d. 

For since, 
as A is to B, 
so is CtoD. 

[vii. def. 20] therefore, 

whatever part or parts, a, is of b, 

the same part or the same parts is c of d also. 

[vii. 10] Therefore, alternately, 
whatever part or parts, a, is of c, 
the same part or the same parts is b of d also. 

[vii. Def. 20] Therefore, 
as A is to C, 
so is B to D. 



Q.E.D. 



Proposition 14. 

If there be as many numbers as we please, and others 
equal to them in multitude, which taken two and two are in 
the same ratio, they will, also, be in the same ratio ex 

AEQUALI. 

A D 



B 
C 



Ff 



A = 2.45533 cm 
B = 1.88383 cm 
C= 1.12183 cm 
D= 3.61950 cm 
E = 2.77703 cm 
F = 1.65374 cm 



B 
D 
E 



= 1.30337 



= 1.30337 



B 
C 

E 



= 1.67925 



= 1.67925 



C 
D 



= 2.18868 



= 2.18868 



D 
B 
E 



= 0.67836 



= 0.67836 



= 0.67836 



= 0.67836 



Let, 

there be as many numbers as we please, a, b, c, and, 
others equal to them in multitude, d, e, f, 
which taken two and two are in the same ratio, 

SO THAT, 

AS A IS TO B, 

SO IS D TO E, AND 

AS B IS TO C, 

so is E to F; 

I SAY THAT; EX AEQUALI, 
AS A IS TO C, 
SO, ALSO, isDto F. 

For, since, 
as a is to b, 
so is D to E, 

[VII. 13] THEREFORE, ALTERNATELY, 
AS A IS TO D, 

so is B to E. 

Again, since, 
as b is to c, 
so is E to F, 

[VII. 13] THEREFORE, ALTERNATELY, 



AS B IS TO E, 

so is CtoF. 

But, 

as b is to e, 
so is A to D; 

THEREFORE ALSO, 
AS A IS TO D, 
SO IS CtoF. 

[id.] Therefore, alternately, 
as A is to C, 
so is D to F. 



Proposition 15. 

If an unit measure any number, 

Ai AND ANOTHER NUMBER MEASURE ANY 

B G H C OTHER NUMBER THE SAME NUMBER OF 

TIMES, ALTERNATELY ALSO, THE UNIT 

D ~~ ~ , „ WILL MEASURE THE THIRD NUMBER THE 

K L F 
Ej SAME NUMBER OF TIMES THAT THE 

second measures the fourth 

For let, 
the unit, a, measure any number, bc, 

AND LET, 

another number, d, measure any other number, ef, 
the same number of times; 

i say that; alternately also, 

the unit, a, measures the number, d 

the same number of times that bc measures ef. 

For, since, 

the unit, a, measures the number, bc, 

the same number of times that d measures ef, 

therefore, 

as many units as there are in bc, 

so many numbers equal to d are there in ef, also. 

Let, 

bc be divided into the units in it, bg, gh, hc, and 
eflnto the numbers, ek, kl, lf, equal to d. 

Thus, 

the multitude, of bg, gh, hc, will be equal to 
the multitude, of ek, kl, lf. 

And, since, 

the units, bg, gh, hc, are equal to one another, and 

the numbers, 

ek, kl, lf, are, also, equal to one another, 

WHILE, 

THE MULTITUDE, OF THE UNITS, BG, GH, HC, = 
THE MULTITUDE, OF THE NUMBERS, EK, KL, LF, 

THEREFORE, 

AS THE UNIT, BG, IS TO THE NUMBER, EK, 

SO WILL THE UNIT, GH, BE TO THE NUMBER, KL, AND, 

THE UNIT, HC, TO THE NUMBER, LF. 

[vn. 12] Therefore also, 



AS ONE OF THE ANTECEDENTS IS TO 

ONE OF THE CONSEQUENTS, 

SO WILL ALL THE ANTECEDENTS BE TO ALL THE CONSEQUENTS; 

THEREFORE, 

AS THE UNIT, BG, IS TO THE NUMBER, EK, 

so is BC to EF. 

But, 

the unit, bg, = the unit, a, and 
the number, ek, to the number, d. 

Therefore, 

as the unit, a, is to the number, d, 
so is BC to EF. 

Therefore, 

the unit, a, measures the number, d, 

the same number of times that bc measures ef. 

Q. E. D. 



Proposition 16. 

If two numbers, by multiplying one another, make certain 
numbers, the numbers so produced will be equal to one 

ANOTHER. 

E = 0.74083 cm B = 2.96333 cm D = 8.89000 cm 
A = 2.22250 cm C = 8.89000 cm 
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A B 

— — = 12.00000 

E E 








B A 

— — = 12.00000 

E E 




A C 

— = 3.00000 — = 12.00000 

E E 


/A B\ C 

( — — 1 — = 0.00000 

\E E/ E 




B D 

— = 4.00000 — = 12.00000 

E E 


/B A\ D 

( — — 1-— = 0.00000 

\E E/ E 


Let, 






A, 


B, 


BE TWO NUMBERS, 





AND LET, 

A, BY MULTIPLYING B, MAKE C, AND 

B, BY MULTIPLYING A, MAKE D\ 

I SAY THAT; 

C=D. 

For, since, 

a, by multiplying b, has made c, 

therefore, 

b measures c, according to the units in a. 

But, 

the unit, e, also, measures the number, a, 
according to the units in it; 

therefore, 

the unit, e, measures a, 

the same number of times that b measures c. 

[vii. 15] Therefore, alternately, 

the unit, e, measures the number, b, 

the same number of times that a measures c. 

Again, since, 

b, by multiplying a, has made d, 



therefore, 

a measures d, according to the units in b. 

But, 

the unit, e, also, measures b, according to 
the units in it; 

therefore, 

the unit, e, measures the number, b, 

the same number of times that a measures d. 

But, 

the unit, e, measured the number, b, 

the same number of times that a measures c\ 

therefore, 

a measures each, of the numbers, c, d, 
the same number of times. 
Therefore C= D. 



Q. E. D. 



Proposition 17. 

If a number, by multiplying two numbers, make certain 
numbers, the numbers so produced will have the same ratio 
as the numbers multiplied. 

F = 0.59267 cm A = 3.00000 A B = 12.00000 

A = 1.77800 cm B = 4.00000 AC = 15.00000 

B = 2.37067 cm C = 5.00000 

C = 2.96333 cm D = 12.00000 

D = 7.11200 cm F = 15.00000 
E = 8.89000 cm 

C E 




D B fA-B^ 

— = 0.80000 — = 0.80000 = 0.80000 

F C (AC) 

For let, 

the number, a, by multiplying 
the two numbers, b, c, make d, e\ 

i say that; 
as b is to c, 
so is D to E. 

For, since, 

a, by multiplying b, has made d, 

therefore, 

b measures d, according to the units in a. 

But, 

the unit, f, also, measures the number, a, 
according to the units in it; 

therefore, 

the unit, f, measures the number, a, 

the same number of times that b measures d. 

[vii. Def. 20] Therefore, 

as the unit, f, is to the number, a, 
so is B to D. 

For the same reason, 

as the unit, f, is to the number, a, 
so, also, is Cto E; 

THEREFORE ALSO, 
AS B IS TO D, 



so is Cto E. 

[vii. 13] Therefore, alternately, 
as B is to C, 
so is D to E. 

Q.E. D. 



Proposition 18. 

If two numbers, by multiplying any number, make certain 
numbers, the numbers so produced will have the same ratio 
as the multipliers. 

A D 

A = 2.81517 cm 

B = 3.87350 cm 

D = 4.27905 cm 

E = 5.88772 cm 

C = 1.60867 cm 

A D 

= 0.00000 
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-— = 0.00000 

B C B 



For let, 

two numbers, a, b, by multiplying any number c, 

MAKE D, E; 

I SAY THAT; 

AS A IS TO B, 

so is D to E. 

For, since, 

a, by multiplying c, has made d, 

[vii. 16] therefore also, 

c, by multiplying a, has made d. 

For the same reason also, 

c, by multiplying b, has made e. 

Therefore, 

the number, c, by multiplying 

the two numbers, a, b, has made d, e. 

[vii. 17] Therefore, 
as A is to B, 
so is D to E. 



Proposition 19. 

If four numbers be proportional the number produced 
from the first and fourth will be equal to the number 
produced from the second and third; and, if the number 
produced from the first and fourth be equal to that 
produced from the second and third, the four numbers will 
be proportional. 



U = 0.93133 cm 
AI= 2.92100 cm 
JB = 2.18017 cm 
KC = 2.64583 cm 



KF= 6.19366 cm 
KG = 8.29830 cm 
LD = 1.97479 cm 
LE = 6.19366 cm 




A = 3.13636 
B = 2.34091 
C = 2.84091 
D= 2.12039 
E = 6.65031 
F= 6.65031 
G = 8.91012 



= 0.00000 



A D-E = 0.00000 
B C-F = 0.00000 
E-F = 0.00000 

— — = 0.00000 
D E 



G G 



= 0.00000 



Let, 

a, b, c, d, be four numbers in proportion, 

SO THAT, 

AS A IS TO B, 

so is CTO.D; 

AND LET, 

A, BY MULTIPLYING D, MAKE E, 

AND LET, 

B, BY MULTIPLYING C, MAKE F. 

I SAY THAT; 
E=F. 

For let, 

a, by multiplying c, make g. 

Since, then, 



a, by multiplying c, has made g, and 
by multiplying, d, has made f, 
the number, a, by multiplying, 
the two numbers, c, d, has made g, f. 

[vii. 17] Therefore, 
as Cis to D, 
so is GtoF. 

But, 

as C is to D, 
so is A to B; 

THEREFORE ALSO, 
AS A IS TO B, 

so is GtoF. 

Again, since, 

a, by multiplying c, has made g, 

but, further, 

b, has also, by multiplying c, made f, 
the two numbers, a, b, 

by multiplying a certain number, c, have made g, f. 

[vii. 18] Therefore, 
as A is to F, 
so is GtoF 

But further, 
as A is to B, 
so is GtoF also; 

THEREFORE ALSO, 
AS G IS TO F, 

so is GtoF 

Therefore, 

Ghas to each, of the numbers, F, F, the same ratio; 

[CF. V. 9] THEREFORE, 

E=F. 

Again, let, 

f be equal to f; 

I SAY that; 

AS A IS TO B, 

so is CtoD. 

For, 

with the same construction, 



SINCE, 

E=F, 

[CF. V. 7] THEREFORE, 
AS G IS TO E, 
SO IS GtoF. 

[vii. 17] But, 
as G is to E, 
so is CtoD, 

[VII. 18] AND, 
AS G IS TO F, 

so is A to B. 

Therefore also, 
as A is to B, 
so is CtoD. 

Q.E. D. 



Proposition 20. 

The least numbers of those which have the same ratio 
with them measure those which have the same ratio the 
same number of times, the greater the greater and the less 

THE LESS. 

JU = 0.86783 cm CD _ 2.60350 cm 
JA = 5.20700 cm £F = 173567 cm 
KB = 3.47133 cm 
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A = 6.00000 
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il B = 4.00000 
CD = 3.00000 
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A A 

B — = 1.50000 = 2.00000 

B CD 


CD B 






EF 


= 1.50000 = 2.00000 

EF 



For let, 

cd, ef be the least numbers of those 
which have the same ratio with a, b\ 

i say that; 

cd measures a 

the same number of times that ef measures b. 

Now, 

cd is not parts of a. 

For, if possible, let it be so; 

[vii. 13 and def. 20] therefore, 
efls, also, the same parts of b, 
that cd is of a. 

Therefore, 

as many parts, of a, as there are in cd, 
so many parts, of b, are there, also, in ef. 

Let, 

cd be divided into the parts, of a, 

NAMELY, 

CG, GD, AND 

EFlNTO THE PARTS, OF B, 

NAMELY, 



EH, HE; 

THUS, 

THE MULTITUDE, OF CG, GD, WILL BE EQUAL TO 
THE MULTITUDE, OF EH, HF. 

NOW, SINCE, 

THE NUMBERS, CG, GD, ARE EQUAL TO ONE ANOTHER, AND 
THE NUMBERS, EH, HF, ARE, ALSO, EQUAL TO ONE ANOTHER, 

WHILE, 

THE MULTITUDE, OF CG, GD, = 
THE MULTITUDE, OF EH, HF, 

THEREFORE, 

as CG is to EH, 
so is GD to HF. 

[vii. 12] Therefore also, 

as one of the antecedents is to 

one of the consequents, 

so will all the antecedents be to all the consequents. 

Therefore, 

as CG is to EH, 
so is CD to EF. 

Therefore, 

cg, eh are in the same ratio with cd, ef, 
being less than they: 

WHICH, 

is impossible, 

for by hypothesis, 

cd, ef are the least numbers of those 
which have the same ratio with them. 

Therefore, 

cd is not parts of a; 

[vii. 4] therefore, 
it is a part of it. 

[vii. 13 and Def. 20] And, 

EFlS THE SAME PART, OF B, THAT CD IS OF A; 

THEREFORE, 

CD MEASURES A, 

THE SAME NUMBER OF TIMES THAT EF MEASURES B. 

Q. E. D. 



Proposition 21. 
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Numbers prime to one another 
are the least of those which have 
the same ratio with them. 

Let, 

a, b be numbers prime to one 
another; 

a i say that; 

a, b are the least of those 
which have the same ratio with them. 

For, 

if not, there will be some numbers less than 
a, b which are in the same ratio with a, b. 

Let, 

them be c, d. 

[vii. 20] Since then, 

the least numbers of those which have 
the same ratio measure those which have 
the same ratio the same number of times, 
the greater the greater and, 
the less the less, 

THAT IS, 

THE ANTECEDENT THE ANTECEDENT, AND, 
THE CONSEQUENT THE CONSEQUENT, 

THEREFORE, 

C MEASURES A, THE SAME NUMBER OF TIMES 
THAT D MEASURES B. 

NOW, LET, 

as many times as c measures a, 
so many units there be in e. 

Therefore, 

d, also, measures b, according to the units in e. 

And 

since c measures a, according to the units in e, 

[vii. 16] therefore, 

e, also, measures a, according to the units in c. 

[vii. 16] For the same reason, 

E, ALSO, MEASURES B, ACCORDING TO THE UNITS IN D. 



Therefore, 

e measures a, b, which 
are prime to one another: 

[vii. def. 12] which, 
is impossible. 

Therefore, 

there will be no numbers less than a, b 
which are in the same ratio with a, b. 

Therefore, 

a, b are the least of those 

which have the same ratio with them. 

Q. E. D. 



Proposition 22. 




The least numbers of those 
which have the same ratio with 
them are prime to one another. 

Let, 

A, Bbe 

THE LEAST NUMBERS 

OF THOSE WHICH HAVE 

THE SAME RATIO WITH THEM; 



I SAY THAT; 

A, Bare prime to one another. 

For, 

if they are not prime to one another, 
some number will measure them. 

Let, 

some number measure them, 

AND LET, 
IT BE C. 

And, 

as many times as c measures a, 
so many units let there be in d, and 
as many times as c measures b, 
so many units let there be in e. 

[vii. Def. 15] Since, 

c measures a, according to the units in d, 

therefore, 

c, by multiplying d, has made a. 

For the same reason also, 

c, by multiplying e, has made b. 

Thus, 

the number, c, by multiplying 

the two numbers, d, e, has made a, b\ 

[vii. 17] therefore, 
as d is to e, 
so is A to B; 

THEREFORE, 

D, E ARE IN THE SAME RATIO WITH A, B, 
BEING LESS THAN THEY: 



WHICH, 

is impossible. 

Therefore, 

no number will measure the numbers, a, b. 

Therefore, 

A, Bare prime to one another. 

Q. E. D. 



Proposition 23. 
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If two numbers be prime to one 
another, the number which measures the 
one of them will be prime to the 
remaining number. 

Let, 

a, b be two numbers 
prime to one another, 

AND LET, 
ANY NUMBER, C, MEASURE A, 

I SAY THAT; 

C, Bare, also, prime to one another. 

For, 

if c, b are not prime to one another, 
some number will measure c, b. 

Let, 

a number measure them, and 
let it be d. 

Since, 

d measures c, and 
c measures a, 

therefore, 

d, also, measures a. 

But, 

it, also, measures b\ 

therefore, 

d measures a, b, 

which are prime to one another: 

[vii. def. 12] which, 
is impossible. 

Therefore, 

no number will measure the numbers, c, b. 

Therefore, 

c, b are prime to one another. 

Q.E. D. 



Proposition 24. 



B 



If two numbers be prime to any number, 
their product, also, will be prime to the 

SAME. 

For let, 

the two numbers, a, b 
be prime to any number, c, 

AND LET, 

A, BY MULTIPLYING B, MAKE D\ 

I SAY THAT; 

C, D ARE PRIME TO ONE ANOTHER. 



For, 



if c, d are not prime to one another, 
some number will measure c, d. 

Let, 

a number measure them, 

AND LET, 
IT BE E. 

Now, 

since c, a are prime to one another, 
and a certain number, e, measures c, 

[vii. 23] therefore, 

a, e are prime to one another. 

as many times, then, let, 
as e measures d, 
so many units there be in f, 

[vii. 16] therefore, 

f, also, measures d, according to the units in e. 

[vii. Def. 15] Therefore, 

e, by multiplying f, has made d. 

But, further, 

a, by multiplying b, has, also, made d\ 

therefore, 

the product, of e, f, = the product, of a, b. 

[vii. 19] But, 

IF THE PRODUCT OF THE EXTREMES 

BE EQUAL TO THAT OF THE MEANS, 

THE FOUR NUMBERS ARE PROPORTIONAL; 



therefore, 
as e is to a, 
so is b to f. 

[vii. 21] But, 

a, e are prime to one another, 

numbers which are prime to one another are, also, 

the least of those which have the same ratio, and 

the least numbers of those which have 

the same ratio with them measure those 

which have the same ratio the same number of times, 

the greater the greater, and, 

the less the less, 

[vii. 20] that is, 

the antecedent the antecedent, and, 
the consequent the consequent; 

therefore, 

e measures b. 

But, 

it, also, measures c; 

therefore, 

e measures b, c, 

which are prime to one another: 

[vii. def. 12] which, 
is impossible. 

Therefore, 

no number will measure the numbers, c, d. 

Therefore, 

c, d are prime to one another. 

Q.E,D. 



Proposition 25. 

If two numbers be prime to one another, 
the product of one of them into itself will be 
prime to the remaining one. 



B 



Let, 

a, b be two numbers prime to one 

ANOTHER, 
AND LET, 
A, BY MULTIPLYING ITSELF, MAKE O. 

I SAY THAT; 

B, Care prime to one another. 

For let, 
d be made equal to a. 

Since, 

a, b are prime to one another, and 

A = D, 

THEREFORE, 

D, Bare, also, prime to one another. 

Therefore, 

each, of the two numbers, d, a, is prime to b; 

[vii. 24] therefore, 

the product, of d, a, will, also, be prime, to b. 

But, 

the number which is the product, of d, a, is c. 

Therefore, 

c, b are prime to one another. 

Q.E. D. 



Proposition 26. 

If two numbers be prime to two numbers, both to each, 
their products, also, will be prime to one another. 

01 = 0.88900 cm 0D = 4.44500 cm A = 2.00000 E = 6.00000 

1A = 1.77800 cm 0E = 5.33400 cm B = 3.00000 F = 15.00000 

0B = 2.66700 cm OF = 13.33500 cm C = 3.00000 ABE = 0.00000 
1C = 2.66700 cm 



B 



D E 



D = 5.00000 CDF = 0.00000 

F 



A C 



For let, 

the two numbers, 

a, b, be prime to the two numbers, c, d\ 

both to each, 

AND LET, 

A, BY MULTIPLYING B, MAKE E, 

AND LET, 

C, BY MULTIPLYING D, MAKE F, 

I SAY THAT; 

E, Fare prime to one another. 

[vii. 24] For, since, 

each, of the numbers, a, b, is prime to c, 

therefore, 

the product of a, b will, also, be prime to c. 

But, 

the product, of a, b, is e\ 

therefore, 

E, Care prime to one another. 

For the same reason, 

E, Dare, also, prime to one another. 

Therefore, 

each, of the numbers, c, d, is prime to e. 

[vii. 24] Therefore, 

the product, of c, d, will, also, be prime, to e. 

But, 

the product, of c, d, is f. 

Therefore, 



E, Fare prime to one another. 

Q.E. D. 



Proposition 27. 

If two numbers be prime to one another, and each, by 
multiplying itself, make a certain number, the products will 
be prime to one another; and, if the original numbers, by 
multiplying the products, make certain numbers, the latter 
will, also, be prime to one another [and this is always the 
case with the extremes] . 
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Let, 



A, B BE TWO NUMBERS PRIME TO ONE ANOTHER, 

LET, 

A, BY MULTIPLYING ITSELF, MAKE C, AND 
BY MULTIPLYING C, MAKE D, 

AND LET, 

b, by multiplying itself, make e, and 
by multiplying e, make f) 

i say that; 

both, c, e and d, f, are prime to one another. 

[vii. 25] For, since, 

a, b are prime to one another, and 

a, by multiplying itself, has made c, 

therefore, 

c, b are prime to one another. 

Since, 

then c, b are prime to one another, and 

b, by multiplying itself, has made e, 



[id.] therefore, 

c, e are prime to one another. 

Again, since, 

a, b are prime to one another, and 

b, by multiplying itself, has made e, 

[id.] therefore, 

a, e are prime to one another. 

Since then, 

the two numbers, a, c, are prime to 
the two numbers, b, e, both to each, 

[vii. 26] therefore, 

also the product, of a, c, is prime to 
the product, of b, e. 

And, 

the product, of a, c, is d, and 
the product, of b, e, is f. 

Therefore, 

D, Fare prime to one another. 



Q.E. D. 



Proposition 28. 

A B 



If two numbers be prime to one 
another, the sum will, also, be 
prime to each, of them; and, if the 
sum to two numbers be prime to any 
one of them, the original numbers 



D 

will, also, be prime to one another. 

For let, 

two numbers, ab, bc, prime to one another be added; 

i say that; 

the sum, ac, is, also, prime to each, of 
the numbers, ab, bc. 

For, 

if ca, ab are not prime to one another, 
some number will measure ca, ab. 

Let, 

a number measure them, 

AND LET, 
IT BE D. 

Since then, 

d measures ca, ab, 

therefore, 

it will, also, measure the remainder, bc. 

But, 

it, also, measures ba\ 

therefore, 

d measures ab, bc, 

which are prime to one another: 

[vii. def. 12] which, 
is impossible. 

Therefore, 

no number will measure the numbers, ca, ab; 

therefore, 

ca, ab are prime to one another. 

For the same reason, 

AC, CBare, also, prime to one another. 

Therefore, 

ca is prime to each, of the numbers, ab, bc. 

Again, let, 



ca, ab be prime to one another; 

i say that; 

ab, bc are, also, prime to one another. 

For, 

if ab, bc are not prime to one another, 
some number will measure ab, bc. 

Let, 

a number measure them, 

AND LET, 
IT BE D. 

now, since, 

d measures each, of the numbers, ab, bc, 
it will, also, measure the whole, ca. 

But, 

it, also, measures ab; 

therefore, 

d measures ca, ab 

which are prime to one another: 

[vii. def. 12] which, 
is impossible. 

Therefore, 

no number will measure the numbers, ab, bc. 

Therefore, 

ab, bc are prime to one another. 



Q.E. D. 



Proposition 29. 

Any prime number is prime to any number which it does 
* not measure. 



Let, 

a be a prime number, 



AND LET, 

it not measure b\ 

i say that; 

b, a are prime to one another. 

For, 

if b, a are not prime to one another, 
some number will measure them. 

Let, 

c measure them. 

Since, 

c measures b, and 
a does not measure b, 

therefore, 

c is not the same with a. 

now, since, 

c measures b, a, 

therefore, 

it, also, measures a which is prime, 
though it is not the same with it: 

WHICH, 

is impossible. 

Therefore, 

no number will measure b, a. 

Therefore, 

A, Bare prime to one another. 

Q.E. D. 



Proposition 30. 

If two numbers, by multiplying one another, make some 
number, and any prime number measure the product, it will, 
also, measure one of the original numbers. 

ED C 



i. . M ultiplication 

A 

For let, 

the two numbers, a, b, 

by multiplying one another, make c, 

AND LET, 

any prime number, d, measure c; 

i say that; 

d measures one of the numbers, a, b. 

For let, 

it not measure a. 
Now D is prime; 

[vii. 29] therefore, 

a, d are prime to one another. 

And, 

as many times as d measures c, 
so many units let there be in e. 

Since then, 

d measures c, according to the units in e, 

[vii. def. 15] therefore, 

d, by multiplying e, has made c. 

Further, 

a, by multiplying b, has, also, made q 

therefore, 

the product, of d, e, = the product, of a, b. 

[vii. 19] Therefore, 
as D is to A, 
so is B to E. 



[vii. 21] But, 

d, a are prime to one another, 

primes are, also, least, and 

the least measure the numbers which have 

the same ratio the same number of times, 

the greater the greater, and, 

the less the less, 

[vii. 20] that is, 

the antecedent the antecedent and, 
the consequent the consequent; 

therefore, 

d measures b. 

Similarly we can, also, show that, 
if d do not measure b, 
it will measure a. 

Therefore, 

d measures one of the numbers, a, b. 

Q.E. D. 



Proposition 31. 



Any composite number is 
c a measured by some prime number. 



♦ 



Let, 

a be a composite number; 



B 



i say that; 
a is measured by some prime number. 

For, since, 

a is composite, 

some number will measure it. 

Let, 

a number measure it, 

AND LET, 
IT BE B. 

Now, 

if b is prime, 

what was enjoined will have been done. 

But, 

if it is composite, some number will measure it. 

Let, 

a number measure it, 

AND LET, 
IT BE C. 

Then, since, 

c measures b, and 
b measures a, 

therefore, 

c, also, measures a. 

And, 

if c is prime, 

what was enjoined will have been done. 

But, 

if it is composite, some number will measure it. 

Thus, 

if the investigation be continued in this way, 
some prime number will be found 
which will measure the number before it, 
which will, also, measure a. 



For, 

if it is not found, 

an infinite series of numbers will measure 

the number a, 

each, of which, 

is less than the other: 

WHICH, 

is impossible in numbers. 

Therefore, 

some prime number will be found 
which will measure the one before it, 
which will, also, measure a. 

Therefore, 

any composite number is measured by 
some prime number. 



Proposition 32. 

Any number either is prime or is measured by some prime 

NUMBER. 



Let, 
A be a number; 

I SAY that; 

A EITHER IS PRIME, OR 

IS MEASURED BY SOME PRIME NUMBER. 

Now, 

if a is prime, 

that which was a enjoined will have been done. 

[vii. 31] But, 

if it is composite, 

some prime number will measure it. 

Therefore, 

any number either is prime, or 

is measured by some prime number. 

Q.E. D. 



Proposition 33. 

Given as many numbers as we please, to 
abc d e fg find the least of those which have the 

same ratio with them. 



M 



I 



Let, 

H K l A, B, C, BE THE GIVEN NUMBERS, 

AS MANY AS WE PLEASE; 



THUS IT IS REQUIRED, 

TO FIND THE LEAST OF 
THOSE WHICH HAVE THE SAME RATIO WITH A, B, C. 

Now, 

a, b, c are either prime to one another or not. 

[vii. 21] And, 

if A, B, Care prime to one another, 

THEY ARE THE LEAST OF THOSE WHICH HAVE 
THE SAME RATIO WITH THEM. 

[vii. 3] But, if not, let, 

D, THE GREATEST COMMON MEASURE, OF A, B, C, BE TAKEN, 

AND LET, 

AS MANY TIMES AS D MEASURES THE NUMBERS, A, B, C, 

RESPECTIVELY, 

SO MANY UNITS THERE BE IN THE NUMBERS, E, F, G, 

RESPECTIVELY. 

[vii. 1 6] Therefore, 

THE NUMBERS, E, F, G, MEASURE THE NUMBERS, A, B, C, 

RESPECTIVELY, 

ACCORDING TO THE UNITS IN D. 

[vii. Def. 20] Therefore, 

E, F, G, MEASURE A, B, C, THE SAME NUMBER OF TIMES; 
THEREFORE, 

E, F, Gare in the same ratio with A, B, C. 

i say next that; 

they are the least that are in that ratio. 

For, 

if E, F, Gare not the least of those 
which have the same ratio with a, b, c, 
there will be numbers less than e, f, g, 
which are in the same ratio with a, b, c. 

Let, 



THEM BE H, K, L; 

THEREFORE, 

H MEASURES A, THE SAME NUMBER OF TIMES THAT 

THE NUMBERS, K, L, MEASURE 

THE NUMBERS, B, C, RESPECTIVELY. 

NOW LET, 

as many times as h measures a, 
so many units there be in m\ 

therefore, 
the numbers, 

k, l, also, measure the numbers, b, c, respectively, 
according to the units in m. 

And, since, 

h measures a, according to the units in m, 

[vii. 1 6] therefore, 

m, also, measures a, according to the units in h. 

For the same reason, 

m, also, measures the numbers, b, c, 
according to the units in the numbers, k, l, 
respectively; 

Therefore, 

M measures A, B, C. 

now, since, 

h measures a, according to the units in m, 

[vii. def. 15] therefore, 

h, by multiplying m, has made a. 

For the same reason also, 

e, by multiplying d, has made a. 

Therefore, 

the product, of e, d, = the product, of h, m. 

[vii. 19] Therefore, 
as E is to H, 
so is Mto D. 

But, 

e is greater than h; 

therefore, 

Mis, also, greater than D. 

And, 

it measures a, b, c\ 



WHICH, 

IS IMPOSSIBLE, 

FOR, 

by hypothesis, 

d is the greatest common measure of a, b, c. 

Therefore, 

there cannot be any numbers less than e, f, g, 
which are in the same ratio with a, b, c. 

Therefore, 

e, f, g, are the least of those 

which have the same ratio with a, b, c. 

Q. E. D. 



Proposition 34. 

Given two numbers, to find the least number which they 

MEASURE. 
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Let, 

a, b be the two given numbers; 

thus it is required, 

to find the least number which they measure. 

Now, 

a, b are either prime to one another or not. 

First, let, 

a, b be prime to one another, 

AND LET, 

a, by multiplying b, make c, 

[vii. 16] therefore also, 

b, by multiplying a, has made c. 

Therefore, 

a, b measure c. 

i say next that; 

it is, also, the least number they measure. 

For, 

if not, a, b will measure some number 
which is less than c. 

Let, 

them measure d. 

Then let, 

as many times as a measures d, 
so many units there be in e, 

AND, 

AS MANY TIMES AS B MEASURES D, 
SO MANY UNITS LET THERE BE IN F] 

[VII. DEF. 15] THEREFORE, 

A, BY MULTIPLYING E, HAS MADE D, 

AND, 



B, BY MULTIPLYING FHAS MADE D\ 

THEREFORE, 

THE PRODUCTS, AxE= BxF. 

[vii. 19] Therefore, 
as A is to B, 
so is Fto E. 

[vii. 21] But, 

A, Bare prime, primes are, also, least, 

[vii. 20] AND, 

the least measure 

the numbers which have the same ratio 

the same number of times, 

the greater the greater and, 

the less the less; 

therefore, 

b measures e, as consequent, consequent. 

And, 

since a, by multiplying b, e, has made c, d, 

[vii. 17] therefore, 
as b is to e, 
SO IS CtoD. 

But, 

B measures E; 

THEREFORE, 

C, ALSO, MEASURES D, 
THE GREATER THE LESS: 

WHICH, 

is impossible. 

Therefore, 

a, b do not measure any number less than c; 

therefore, 

c is the least that is measured by a, b. 

Next, let, 

a, b not be prime to one another, 

H F G E A B 



[VII. 33] AND LET, 



F,E, 

the least numbers of those which have 

the same ratio with a, b be taken; 

[vii. 19] therefore, 

the product, of a, e, = the product, of b, f. 

And let, 

a, by multiplying e, make c; 

therefore also, 

b, by multiplying f, has made c; 

therefore, 

a, b measure c. 

i say next that; 

it is, also, the least number that they measure. 

For, if not, 

a, b will measure some number which is less than c. 

Let, 

them measure d. 

And let, 

as many times as a measures d, 
so many units there be in g, 

AND LET, 

as many times as b measures d, 
so many units there be in h. 

Therefore, 

a, by multiplying g, has made d, and 

b, by multiplying h, has made d. 

Therefore, 

the product of a, g = the product of b, h; 

[vii. 19] therefore, 
as a is to b, 
so is Hto G 

But, 

as A is to B, 
so is Fto E. 

Therefore also, 
as F is to E, 
so is Hto G. 

But, 

f, e are least, 



[VII. 20] AND, 

the least measure the numbers 

which have the same ratio the same number of times, 

the greater the greater and, 

the less the less; 

therefore, 

e measures g. 

And, since, 

a, by multiplying e, g, has made c, d, 

[vii. 17] therefore, 
as e is to g, 
so is Cto D. 

But, 

e measures g; 

therefore, 

c, also, measures d, 
the greater the less: 

WHICH, 

is impossible. 

Therefore, 

a, b will not measure any number 
which is less than c. 

Therefore, 

c is the least that is measured by a, b. 

Q.E. D. 



Proposition 35. 

If two numbers measure any number, the least number 
measured by them will, also, measure the same. 

A B 




C F E D 

For let, 

the two numbers, a, b, measure any number, cd, 

AND LET, 

e be the least that they measure; 

i say that; 

e, also, measures cd. 

For, 

if e does not measure cd, 

LET, 

E MEASURING DF, LEAVE CF, LESS THAN ITSELF. 

NOW, SINCE, 

A, B MEASURE E, AND 
E MEASURES DF, 

THEREFORE, 

A, Swill, also, measure DF. 

But, 

they, also, measure the whole, cd; 

therefore, 

they will, also, measure the remainder, cf, 
which is less than e\ 

WHICH, 

is impossible. 

Therefore, 

e cannot fail to measure cd; 

therefore, 

it measures it. 

Q.E. D. 



Proposition 36. 
A 

LEAST NUMBER WHICH THEY MEASURE. 



_ Given three numbers, to find the 



c 

D 

E Let, 

A, B, C, be 

the three given numbers; 

thus it is required, 

to find the least number which they measure. 

[vii. 34] Let, 

d, the least number measured by 
the two numbers, a, b, be taken. 

Then, 

c either measures, or does not measure, d. 

First, let it, 
measure it. 

But, 

a, b, also, measure d\ 

therefore, 

a, b, c measure d. 

i say next that; 

it is, also, the least that they measure. 

For, 

if not, a, b, c will measure some number 
which is less than d. 

Let, 

them measure e. 

Since, 

A, B, C, measure E, 

THEREFORE, ALSO, 
A, B MEASURE E. 

[vii. 35] Therefore, 
the lease number 
measured by a, b will, also, measure e. 

But, 

d is the least number measured by a, b; 

therefore, 

d will measure e, 



THE GREATER THE LESS: 
WHICH, 

is impossible. 

Therefore, 

a, b, c, will not measure any number 
which is less than d; 

A 

THEREFORE, 

r^ B 

D IS THE LEAST 

c ^ ^— ^^ 

THAT A, B, C MEASURE. 

D 

Again, let, __ 

c not measure d, 

[vii. 34] and let, 

e, the least number measured by c, d be taken. 

Since, 

a, b measure d, and 
d measures e, 

therefore, also, 
a, b measure e. 

But, 

c, also, measures e\ 

therefore also, 
a, b, c measure e. 

i say next that; 

it is, also, the least that they measure. 

For, 

if not, a, b, c, will measure some number 
which is less than e. 

Let, 

them measure f. 

Since, 

a, b, c, measure f, 

therefore also, 
a, b measure f, 

[vii. 35] therefore, 

the least number measured by a, b, 
will, also, measure f. 

But, 

d is the least number measured by a, b; 



therefore, 

d measures f. 

But, 

c, also, measures f, 

therefore, 

d, c measure f, 

SO THAT, 

the least number measured by d, c, 
will, also, measure f. 

But, 

e is the least number measured by c, d; 

therefore, 

e measures f, 

the greater the less: 

WHICH, 

is impossible. 

Therefore, 

a, b, c, will not measure any number 
which is less than e. 

Therefore, 

e is the least that is measured by a, b, c. 



Q.E. D. 



Proposition 37. 

If a number be measured by any number, the number 
which is measured will have a part called by the same name 
as the measuring number. 



D 



B C 




For let, 

the number, a, be measured by any number, b; 

i say that; 

a has a part called by the same name as b. 

For let, 

as many times as b measures a, 
so many units there be in c. 

Since, 

b measures a, according to the units in c, 

AND, 

the unit, d, also, measures the number, c, 
according to the units in it, 

therefore, 

the unit, d, measures the number, c, 

the same number of times as b measures a. 

[vii. 1 5] Therefore, alternately, 

the unit, d, measures the number, b, 

the same number of times as c measures a; 

therefore, 

whatever part the unit, d, is of the number b, 
the same part is c of a, also. 

But, 

the unit, d, is a part, of the number b, 
called by the same name as it; 

therefore, 

c is, also, a part, of a, called by the same name as b, 

SO THAT, 

A HAS A PART C, 

WHICH IS CALLED BY THE SAME NAME AS B. 



Q. E. D. 



Proposition 38. 

If a number have any part whatever, it will be measured 
by a number called by the same name as the part. 

D C B A 

i _ - - 




For let, 

the number, a, have any part whatever, b, 

AND LET, 

c be a number called by the same name as the part b; 

i say that; 

c measures a. 

For, since, 

b is a part, of a, called by the same name as c, 

AND, 

the unit, d, is, also, a part, of c, called by 
the same name as it, 

therefore, 

whatever part the unit, d, is of the number, c, 
the same part is b of a, also; 

therefore, 

the unit, d, measures the number, c, 

the same number of times that b measures a. 

[vii. 15] Therefore, alternately, 

the unit, d, measures the number, b, 

the same number of times that c measures a. 

Therefore, 

c measures a. 

Q.E. D. 



Proposition 39. 



A B 



D__ __ __ E TO FIND THE NUMBER 

„ WHICH IS THE LEAST THAT 

F 

WZLL HAVE GIVEN PARTS. 



G 



H 

Let, 
a, b, c, be the given parts; 

thus it is required, 

to find the number which is the least 
that will have the parts, a, b, c. 

Let, 

d, e, f, be numbers called by 

the same name as the parts, a, b, c, 

[vii. 36] and let, 

g, the least number measured by d, e, f, be taken. 

[vii. 37] Therefore, 

g has parts called by the same name as d, e, f. 

But, 

a, b, c are parts called by the same name as d e, f, 

therefore, 

g has the parts a, b, c. 

i say next that; 

it is, also, the least number that has. 

For, 

if not, there will be some number less than g, 
which will have the parts, a, b, c. 

Let, 

IT BE H. 

Since, 

Hhas the parts, A, B, C, 

[vii. 38] therefore, 

hwill be measured by numbers called by 
the same name as the parts, a, b, c. 

But, 

D, E, Fare numbers called by 

THE SAME NAME AS THE PARTS, A, B, O, 
THEREFORE, 



his measured by d, e, f, 

And, 

it is less than g: 

WHICH, 

is impossible. 

Therefore, 

there will be no number less than g, 
that will have the parts, a, b, c. 

Q.E. D. 
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BOOK VIII. 
PROPOSITIONS. 

Proposition 1. 

If there be as many numbers as we please in continued 
proportion, and the extremes of them be prime to one 
another, the numbers are the least of those which have 
the same ratio with them. 




Let, 

there be as many numbers as we please, a, b, c, d, 
in continued proportion, 

AND LET, 

the extremes of them, a, d, be prime to one another; 

i say that; 

a, b, c, d are the least of those 
which have the same ratio with them. 

For let, 

if not, E, F, G, Hbk less than A, B, C, D, and 
in the same ratio with them. 

now, since, 

a, b, c, d are in the same ratio with e, f, g,h, and 
the multitude of the numbers, a, b, c, d, equals 
the multitude of the numbers, e, f, g, h, 

[vii. 14] therefore, ex aequali, 
as a is to d, 
so is e to h. 

[vii. 21] But, 
a, d are prime, 
primes are, also, least, and 
the least numbers measure those 



which have the same ratio the same number of times, 
the greater the greater and, 
the less the less, 

[vii. 20] that is, 

the antecedent the antecedent and, 
the consequent the consequent. 

Therefore, 

a measures e, 

the greater the less: 

WHICH, 

IS IMPOSSIBLE. 

Therefore, E, F, G, H, which are less than A, B, C, D, 
are not in the same ratio with them. 

Therefore, 

a, b, c, d, are the least of those which have 
the same ratio with them. 

Q.E. D. 



Proposition 2. 

to find numbers in continued proportion, as many as may 
be prescribed, and the least that are in a given ratio. 



01 = 0.48683 cm 
A0 = 0.97367 cm 
BO = 1.46050 cm 
CO = 1.94733 cm 
DO = 2.92100 cm 
EO = 4.38150 cm 
OF = 3.89467 cm 
OG = 5.84200 cm 
OH = 8.76300 cm 
0K= 13.14450 cm 

1 A B 



A = 
B = 


2.00000 
3.00000 


A 2 -C = 0.00000 
A B-D = 0.00000 


C 
D 


= 0.66667 


C = 

D = 


4.00000 
6.00000 


B 2 -E = 0.00000 
A 3 -F = 0.00000 


D 
E 


= 0.66667 


E = 


9.00000 


A D-G = 0.00000 


F 




F = 


8.00000 


A EH = 0.00000 


G 


= 0.66667 


G = 


12.00000 


B E-K = 0.00000 


G 




H = 


18.00000 


A 




= 0.66667 


K = 


27.00000 


— = 0.66667 
B 


H 
H 










= 0.66667 




Let, 

the ratio, of a to b be the given ratio in least numbers; 

thus it is required, 

to find numbers in continued proportion, 

as many as may be prescribed, and 

the least that are in the ratio, of a to b. 

Let, 

FOUR BE prescribed; 

LET, 

A, BY MULTIPLYING ITSELF, MAKE C, 

AND LET , 

BY MULTIPLYING B, IT MAKE D\ 

LET, 

B, BY MULTIPLYING ITSELF, MAKE E\ 

FURTHER, LET, 

A, BY MULTIPLYING C, D, E, MAKE F, G, H, 

AND LET, 

B, BY MULTIPLYING E, MAKE K. 

NOW, SINCE, 

A, BY MULTIPLYING ITSELF, HAS MADE C, AND 



BY MULTIPLYING B, HAS MADE D, 

[VII. 17] THEREFORE, 
AS A IS TO B, 
SO IS CtoD. 

Again, since, 

a, by multiplying b, has made d, and 

b, by multiplying itself, has made e, 

therefore, 

the numbers, a, b, by multiplying b, have made 
the numbers, d, e, respectively. 

[vii. 18] Therefore, 
as A is to B, 
so is D to E. 

But, 

as A is to .B, 
so is CtoD; 

therefore also, 
as c is to d, 
so is d to e. 

And, since, 

a, by multiplying c, d, has made f, g, 

[vii. 17] therefore, 
as c is to d, 
so is fto g. 

But, 

as C is to D, 
so was A to B; 

THEREFORE ALSO, 
AS A IS TO B, 

so is Fto G. 

Again, since, 

a, by multiplying d, e, has made g, h, 

[vii. 17] therefore, 
as d is to e, 
so is gto h. 

But, 

as d is to e, 
so is A to R 

Therefore also, 



AS A IS TO B, 

so is Gto H. 

And, since, 

a, b, by multiplying e, have made h, k, 

[vii. 18] therefore, 
as a is to b, 
so is hto k. 

But, 

AS A IS TO £ 

so is Fto G, and 
GtoH. 

Therefore also, 
as F is to G, 
so is GtoH, and 
HtoK, 

therefore, 

c, d, e, and f, g, h, if, are proportional in 
the ratio, of a to b. 

i say next that; 

they are the least numbers that are so. 

[vii. 22] For, since, 

a, b are the least of those 

which have the same ratio with them, and 

the least of those which have 

the same ratio are prime to one another, 

therefore, 

A, Bare prime to one another. 

And, 

the numbers, a, b, by multiplying themselves, 
respectively, have made the numbers, c, e, and 
by multiplying the numbers, c, e, respectively, 
have made the numbers, f, k\ 

[vii. 27] therefore, 

c, e and f, kare prime to one another, respectively. 

[viii. 1] But, 

if there be as many numbers as we please 
in continued proportion, and 
the extremes of them be prime to one another, 
they are the least of those which have 
the same ratio with them. 



Therefore, 

c, d, e, and f g, h, k, are the least of those 
which have the same ratio with a, b. 

Q.E. D. 

PORISM. 

From this it is manifest that, if three numbers in 
continued proportion be the least of those which have 
the same ratio with them, the extremes of them are 
squares, and, if four numbers, cubes. 



Proposition 3. 

If as many numbers as we please in continued proportion 
be the least of those which have the same ratio with them, 
the extremes of them are prime to one another. 

01 = 0.42333 cm OC-N = 7.62000 cm G = 4.00000 L = 8.00000 

0E = 0.84667 cm OG = 1.69333 cm H = 6.00000 M = 12.00000 

OF = 1.27000 cm OH = 2.54000 cm K = 9.00000 N = 18.00000 

OA-L = 3.38667 cm OK = 3.81000 cm E = 2.00000 o = 27.00000 

OB-M = 5.08000 cm OD-O = 11.43000 cm F = 3.00000 



1 E F 



A-L 



B-M 



C-N 



DO 




E 2 -G = 0.00000 
F 2 -K = 0.00000 
E 3 -L = 0.00000 
F 3 -Q = 0.00000 



F 
L 

M 
M 



= 0.66667 



= 0.66667 



= 0.66667 



— = 0.66667 
O 



Let, 

as many numbers as we please, a, b, c, d, 

in continued proportion be the least of those 

which have the same ratio with them; 

i say that; 

the extremes of them, a, d, are prime to one another. 

[vii. 33] For let, 

two numbers, e, f, 

the least that are in the ratio, of a, b, c, d, be taken, 

[viii. 2] then, 

three others, g, h, k, with the same property; 

and others, 

more by one continually, 

UNTIL, 

the multitude taken becomes equal to 
the multitude of the numbers, a, b, c, d. 

Let, 

them be taken, 

AND LET, 

THEM BE L, M, N, O. 

[VII. 22] NOW, SINCE, 

E, Fare the least of those 



which have the same ratio with them, 
they are prime to one another, 

[viii. 2, Por.] And, since, 

the numbers, e, f, by multiplying themselves, 
respectively, have made the numbers, g, k, and 
by multiplying the numbers, g, k, 
respectively, have made the numbers, l, o. 

[vii. 27] therefore, 

both g, k, and l, o, are prime to one another, 

And, since, 

a, b, c, d are the least of those which have 

the same ratio with them, while l, m, n, o are 

the least that are in the same ratio with a, b, c, d, 

AND, 

THE MULTITUDE OF THE NUMBERS, A, B, C, D, EQUALS 
THE MULTITUDE OF THE NUMBERS, L, M, N, O, 

THEREFORE, 

THE NUMBERS, A, B, C, D ARE EQUAL TO 
THE NUMBERS, L, M, N, O, RESPECTIVELY; 

THEREFORE, 

A = L, AND, D = O. 

And, 

l, o are prime to one another. 

Therefore, 

A, Dare, also, prime to one another. 



Q.E. D. 



Proposition 4. 

Given as many ratios as we please in least numbers, to 
find numbers in continued proportion which are the least in 
the given ratios. 



A 
B 
C 
D 
E 
F 



3.00000 
4.00000 
5.00000 
■ 6.00000 
8.00000 
9.00000 



H- 15.00000 
G = 20.00000 
K- 24.00000 
L = 27.00000 



A. 

B 

C_ 

D 

.E 

F 

AC 
BC 
BD 
AF- 



0.75000 
0.83333 

0.88889 

- 15.00000 

- 20.00000 

- 24.00000 
■ 27.00000 



(A-C) 
(BC) 
(BC) 
(BD) 
(BD) 
(A-F) 



0.75000 



0.83333 



0.88889 



(A-E) 
(A-F) 



0.88889 
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Let, 

the given ratios in least numbers be that of a to b, 
that of cto d, and, 
that of e to f; 

thus it is required, 

to find numbers in continued proportion which are 
the least that are in the ratio, of a to b, in 
the ratio, of cto d, and, in the ratio, of eto f. 

[vii. 34] Let, 

g, the least number measured by b, c, be taken. 

And let, 

as many times as b measures g, 
so many times, also, a measure h, 

AND LET, 

AS MANY TIMES AS C MEASURES G, 
SO MANY TIMES, ALSO, D MEASURE K. 

NOW, 

e either measures or does not measure k. 

First, let, 

it measure it. 



And let, 



as many times as e measures k, 
so many times f measure l also. 

now, since, 

a measures h, the same number of times 
that b measures g, 

[vii. def. 20, vii. 13] therefore, 
as a is to b, 
so is hto g. 

For the same reason also, 
as C is to D, 
so is Gto K, 

AND FURTHER, 
AS E IS TO F, 

so is Kto L; 

therefore, 

h, g, k, l are continuously proportional in 
the ratio, of a to b, in 
the ratio, of cto d, and in 
the ratio, of e to f. 

i say next that; 

they are, also, the least that have this property. 

For, 

if h, g, k, l are not 

the least numbers continuously proportional in 

the ratios 

OF A TO B, 

OF CTO D, AND 

OF E TO F, 

LET, 

THEM BE TV, O, M, P. 

Then since, 
as A is to B, 
so is TVto O, 

WHILE, 

A, B ARE LEAST, 

AND, 

THE LEAST NUMBERS MEASURE THOSE WHICH HAVE 
THE SAME RATIO THE SAME NUMBER OF TIMES, 
THE GREATER THE GREATER AND, 
THE LESS THE LESS, 



[vii. 20] that is, 

the antecedent the antecedent and, 
the consequent the consequent; 

therefore, 

b measures o. 

For the same reason, 
c, also, measures o; 

therefore, 

B, C measure O; 

[vii. 35] therefore, 

the least number measured 
by b, c, will, also, measure o. 

But, 

g is the least number measured by b, o, 
therefore g measures o, 
the greater the less: 

WHICH, 

is impossible. 

Therefore, 

there will be no numbers less than h, g, k, l 
which are continuously in the ratio 

OF A TO B, 

OF CTO D, AND 

OF B TO F. 



Next, let, 
















E NOT MEASURE K. 














A- 2.00000 
B - 3.00000 


K- 15.00000 


A 
B 


- 0.66667 


M 

— - 2.00000 
K 


H 

— - 0.66667 


N 
O 


0.66667 


C - 4.00000 
D = 5.00000 
E- 6.00000 
F- 7.00000 


N- 16.00000 
O - 24.00000 


C 
D 
E 
F 


- 0.80000 

- 0.85714 


N 

— - 2.00000 
H 

o 

— - 2.00000 


A 

— -0.66667 
B 

M 

— -5.00000 
E 

P 

— = 5.00000 
F 


O 

M " 
M 


0.80000 
0.85714 


H - 8.00000 


M = 30.00000 




P 




G= 12.00000 


P- 35.00000 


K 
E 


= 2.50000 
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A-A-C - 16.00000 
A-B-C - 24.00000 
A-B-D = 30.00000 
D-F - 35.00000 


(A-A-C) 
(ABC) 
(ABC) 
(A-B-D) ~ 
(A-B-D) 
fD-F^ 


0.66667 
0.80000 
0.85714 





Let, 

m, the least number measured by e, k, be taken. 

And let, 

as many times as k measures m, 

so many times h, g measure n, o, respectively, and 

as many times as e measures m, 

so many times let f measure p, also. 

Since, 

h measures n, the same number of times 
that g measures o, 

[vii. 13 and def. 20] therefore, 
as His to G, 

SO IS iVTO O. 

But, 

as His to G, 
so is A to B; 

THEREFORE ALSO, 
AS A IS TO B, 
SO IS iVTO O. 

For the same reason also, 
as c is to d, 
so is o to m. 

Again, since, 
e measures m, 
the same number of times that f measures p, 

[vii. 13 and def. 20] therefore, 
as e is to f, 
so is Mto P; 

THEREFORE, 

N,0,M, Pare continuously proportional in the ratios 

OF A TO B, 

OF Cto D, and 

OF E TO F. 

I SAY NEXT THAT; 

THEY ARE, ALSO, THE LEAST THAT ARE IN THE RATIOS 

A : B, C : D, E : F. 

For, 

if not, there will be some numbers less than 
n, o, m, p, continuously proportional in 
the ratios A : B, C : D, E : F. 



Let, 

them be q, r, s, t. 

now since, 
as q is to r, 
so is A to B. 

WHILE, 

A, B ARC LEAST, 

[VII. 20] AND, 

the least numbers measure those which have 

the same ratio with them 

the same number of times, 

the antecedent the antecedent and, 

the consequent the consequent, 

therefore, 

b measures r. 

For the same reason, 
c, also, measures r; 

therefore, 

b, c measure r. 

[vii. 35] Therefore, 

the least number measured by 
b, c will, also, measure r. 

But, 

g is the least number measured by b, c; 

therefore, 

g measures r. 

[vii. 13] And, 
as G is to R, 
so is Kto S: 

therefore, 

k, also, measures s. 

But, 

e, also, measures s; 

therefore, 

e, k measure s. 

[vii. 35] Therefore, 

the least number measured by e, k, 
will, also, measure s. 

But, 



Mis the least number measured by E, K; 

therefore, 

m measures s, 

the greater the less: which, 

is impossible. 

Therefore, 

there will not be any numbers less than 

n, o, m, p continuously proportional in the ratios 

OF A TO B, 

OF Cto D, and 
of E to F; 

THEREFORE, 

N, O, M, Pare 

THE LEAST NUMBERS CONTINUOUSLY PROPORTIONAL IN 

the ratios A : B, C : D, E : F. 

Q.E. D. 



Proposition 5. 

Plane numbers have to one another the ratio 
compounded of the ratios of their sides. 
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- 1.50000 


C D 
E F 



1.25000 



1.50000 



1.87500 



1 F D E C 
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K 



H 



C G 

G = 15.00000 — = 1.25000 ~ = 1.87500 

H= 12.00000 

H A 

K- 8.00000 — = 1.50000 — = 1.25000 

K H 



Let, 

a, b be plane numbers, 

AND LET, 

THE NUMBERS, C, D, BE THE SIDES, OF A, AND 

E, FofB; 

I SAY THAT; 

A HAS TO B, 

THE RATIO COMPOUNDED OF THE RATIOS OF THE SIDES. 



For, 

the ratios being given which c has to e, and 
DtoF, 

LET, 

THE LEAST NUMBERS, G, H, K, THAT ARE CONTINUOUSLY IN 

the ratios C : E, D : F, be taken, 

[VIII. 4] SO THAT, 
AS C IS TO E , 
SO IS GTO H, AND 
AS D IS TO F, 

so is Hto K. 



And let, 

d, by multiplying e, make l. 

now, since, 

d, by multiplying c, has made a, and 
by multiplying e, has made l, 

[vii. 17] therefore, 
as c is to e, 
so is a to l. 

But, 

as C is to E, 
so is Gto H; 

therefore also, 
as g is to h, 
so is a to l. 

Again, since, 

e, by multiplying d, has made l, and further 
by multiplying f, has made b, 

[vii. 17] therefore, 
as d is to f, 
so is l to b. 

But, 

as D is to F, 
so is Hto K; 

therefore also, 
as his to k, 
so is l to b. 

But, 

it was, also, proved that; 
as g is to h, 
so is A to L; 

[vii. 14] therefore, exaequaln, 
as g is to k, 
so is a to b. 

But, 

G HAS TO K, 

THE RATIO COMPOUNDED OF THE RATIOS OF THE SIDES; 

THEREFORE, 

A, ALSO, HAS TO B, 

THE RATIO COMPOUNDED OF THE RATIOS OF THE SIDES. 

Q. E. D. 



Proposition 6. 

If there be as many numbers as we please in continued 
proportion, and the first do not measure the second, 
neither will any other measure any other. 

A =1.35467 cm 
B - 2.03200 cm 
C = 3.04800 cm 
D - 4.57200 cm 
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B E = 6.85800 cm 



E 
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F = 0.67733 cm 

G= 1.01600 cm 

H H= 1.52400 cm 



A 
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= 0.66667 


B 
C 


- 0.66667 


C 
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= 0.66667 
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= 0.66667 


F 
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= 0.66667 


G 
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= 0.66667 



Let, 

there be as many numbers as we please, 
a, b, c, d, e, in continued proportion, 

AND LET, 

A NOT MEASURE B; 

I SAY THAT; 

NEITHER WILL ANY OTHER MEASURE ANY OTHER. 

Now, 

IT IS MANIFEST THAT 

A, B, C, D, E, DO NOT MEASURE ONE ANOTHER, IN ORDER; 

FOR, 

a does not even measure b. 

i say, then, that; 

neither will any other measure any other. 

For, if possible, let, 
a measure c. 

[vii. 33] And let, 

however many, a, b, c, are, as many numbers, e, g, h, 

the least of those which have 

the same ratio with a, b, c, be taken. 

now, since, 

F, G, Hare in the same ratio with A, B, C, and 

THE MULTITUDE OF THE NUMBERS, A, B, C, = 
THE MULTITUDE OF THE NUMBERS, F, G, H, 



[vii. 14] therefore, ex aequali, 
as a is to c, 
so is fto h. 

And since, 
as A is to B, 
so is Fto G, 

WHILE, 

A DOES NOT MEASURE B, 

[VII. DEF. 20] THEREFORE, 

NEITHER DOES F MEASURE G; 

THEREFORE, 

FlS NOT AN UNIT, 

FOR, 

THE UNIT MEASURES ANY NUMBER. 

[viii. 3] Now, 

F, Hare prime to one another. 

And, 

as F is to H, 
so is A to C; 

therefore, 

neither does a measure c. 

Similarly we can prove that, 

neither will any other measure any other. 

Q.E. D. 



Proposition 7. 

If there be as many numbers as we please in continued 
proportion and the first measure the last, it will measure 
the second also. 
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A- 1.18533 cm 
B = 2.37067 cm 
C = 4.74133 cm 
D = 9.48267 cm 
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— = 8.00000 
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Let, 

there be as many numbers as we please, 
a, b, c, d, in continued proportion; 

AND LET, 

a measure d; 

i say that; 

a, also, measures b. 

[viii. 6] For, 

if a does not measure b, 
neither will any other of 
the numbers measure any other. 
But A measures D. 

Therefore, 

a, also, measures b. 

Q.E. D. 



Proposition 8. 

If between two numbers there fall numbers in continued 
proportion with them, then, however many numbers fall 
between them in continued proportion, so many will, also, 
fall in continued proportion between the numbers which 
have the same ratio with the original numbers. 



A- 

C- 

D- 

B* 

E- 

M 

N- 

F- 
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H — 
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L — 



OGHAKEC L M 




A = 3.00000 E- 5.00000 G - 1.00000 

C = 6.00000 M= 10.00000 H = 2.00000 

" D - 12.00000 N = 20.00000 K = 4.00000 

B = 24.00000 F = 40.00000 L = 8.00000 



— =0.12500 — = 5.00000 
B G 

E M 

— = 0.12500 — = 5.00000 
F H 

G N 

— = 0.12500 — = 5.00000 
L K 



Let, 

the numbers, c, d, fall between the two numbers, a, b 
in continued proportion with them, 

AND LET, 

e be made in the same ratio to f, 
as a is to b; 

i say that; 

as many numbers as have fallen 
between a, bw continued proportion, 
so many will, also, fall 
between e, fin continued proportion. 

For, 

as many as a, b c, d, are in multitude, 

[VII. 33] LET, 

SO MANY NUMBERS, G, H, K, L, THE LEAST OF THOSE 
WHICH HAVE THE SAME RATIO WITH A, C, D, B, BE TAKEN; 

[VIII. 3] THEREFORE, 

THE EXTREMES OF THEM, G, L, ARE PRIME TO ONE ANOTHER. 

NOW, SINCE, 



A, C, D, B ARE IN THE SAME RATIO WITH G, H, K, L, AND 
THE MULTITUDE, OF THE NUMBERS, A, C, D, B, = 
THE MULTITUDE, OF THE NUMBERS, G, H, K, L, 

[VII. 14] THEREFORE, EX AEQUALI, 
AS A IS TO B, 
SO IS GtoL. 

But, 

as A is to B, 
so is E to F; 

THEREFORE ALSO, 
AS G IS TO L, 

so is E to F, 

[vii. 21] But, 

g, l are prime, primes are, also, least, 

AND, 

the least numbers measure those which have 
the same ratio the same number of times, 
the greater the greater and, 
the less the less, 

[vii. 20] that is, 

the antecedent the antecedent and, 
the consequent the consequent. 

Therefore, 

G measures E, 

the same number of times as l measures f. 

Next let, 

as many times as g measures e, 

so many times h, k, also, measure m, n, respectively; 

therefore, 

G, H, K, L MEASURE E, M, N, F, THE same number of times. 

[vii. Def. 20] Therefore, 

g, h, k, l are in the same ratio with e, m, n, f. 

But, 

g, h, k, l are in the same ratio with a, c, d, b\ 

therefore, 

A, C, D, Bare, also, in the same ratio with E, M, N, F. 

But, 

A, C, D, Bare in continued proportion; 

THEREFORE, 



E, M, N, Fare, also, in continued proportion. 

Therefore, 

as many numbers as have fallen between a, b, 
in continued proportion with them, 
so many numbers have, also, fallen between e, f 
in continued proportion. 

Q.E. D. 



Proposition 9. 

If two numbers be prime to one another, and numbers 
fall between them in continued proportion then however 
many numbers fall between them in continued proportion, so 
many will, also, fall between each, of them and an unit in 
continued proportion. 



1 = 0.44450 cm 
A = 8.00000 
C - 12.00000 
D- 18.00000 
B - 27.00000 
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Let, 



A, B BE TWO NUMBERS PRIME TO ONE ANOTHER, 

AND LET, 

C, D FALL BETWEEN THEM IN CONTINUED PROPORTION, 

AND LET, 

THE UNIT E BE SET OUT; 

I SAY THAT; 

AS MANY NUMBERS AS FALL BETWEEN A, B, 

IN CONTINUED PROPORTION, 

SO MANY WILL, ALSO, FALL BETWEEN 



either of the numbers, a, b, and 
the unit in continued proportion. 

[viii. 2] For let, 

two numbers, f, g, 

the least that are in the ratio, of a, c, d, b, be taken, 

three numbers, h, k, l, with the same property, and 

others more by one continually, until 

their multitude equals the multitude of a, c, d, b. 

Let, 

them be taken, 

AND LET, 

THEM BE M, N, O, P. 

[viii. 2, Por.] It is now manifest that, 

f, by multiplying itself, has made h, and 
by multiplying h, has made m, while 

g, by multiplying itself, has made l, and 
by multiplying l, has made p. 

[viii. 1] And, since, 

m, n, o, p, are the least of those 
which have the same ratio with f, g, and 
A, C, D, Bare, also, the least of those 

WHICH HAVE THE SAME RATIO WITH F, G, 

WHILE, 

THE MULTITUDE OF THE NUMBERS, M, N, O, P, EQUALS 
THE MULTITUDE OF THE NUMBERS, A, C, D, B, 

THEREFORE, 

M, N, O, Pare equal to A, C, D, B, respectively; 

THEREFORE, 
M = A, AND 

P=B. 

now, since, 

f, by multiplying itself, has made h, 

therefore, 

f measures h, according to the units in f. 

But, 

the unit, e, also, measures f according to 
the units in it; 

therefore, 

the unit, e, measures the number, f, 

the same number of times as f measures h. 



[vii. Def. 20] Therefore, 

as the unit, e, is to the number, f, 
so is fto h. 

Again, since, 

f, by multiplying h, has made m, 

therefore, 

h measures m, according to the units in f 

But, 

the unit, e, also, measures the number, f, 
according to the units in it; 

therefore, 

the unit, e, measures the number, f, 

the same number of times as h measures m. 

Therefore, 

as the unit, e, is to the number, f, 
so is Hto M. 

But, 

it was, also, proved that, as 
the unit, e, is to the number, f, 
so is Fto H; 

THEREFORE ALSO, 

AS THE UNIT, E, IS TO THE NUMBER, F, 

so is Fto H, 
and Hto M. 

But, 
M=A; 

THEREFORE, 

AS THE UNIT, E, IS TO THE NUMBER, F, 

so is Fto H, 
and Hto A. 

For the same reason also, 

as the unit, e, is to the number, g, 
so is GtoL, 

AND L TO B. 

Therefore, 

as many numbers as have fallen 
between a, bw continued proportion, 
so many numbers, also, have fallen 
between each, of the numbers, a, b, and 
the unit, e, in continued proportion. 



Q.E. D. 



Proposition 10. 

If numbers fall between each, of two numbers and an 
unit in continued proportion, however many numbers fall 
between each, of them and an unit in continued proportion, 
so many, also, will fall between the numbers themselves in 
continued proportion. 



A- 
B 
D 
E = 
F ■ 



27.00000 
64.00000 
■ 3.00000 
9.00000 
4.00000 



G 
H 
K 
L- 



16.00000 

■ 12.00000 

36.00000 

48.00000 



0A 
0E 
0E 
0D 



3.00000 



3.00000 



OCDF EH G 






M, 1 r N , -■ 'I ^ 



' I' / 



K 



D 2 -E = 0.00000 
F 2 -G = 0.00000 
F-G = 64.00000 
D-F-H = 0.00000 
D-H-K= 0.00000 
F-H-L = 0.00000 
L B 
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For let, 

the numbers, d, e, and f, g, respectively, fall between 

the two numbers, a, b, and, 

the unit, c, in continued proportion; 

i say that; 

as many numbers as have fallen between each, of 

the numbers, a, b, and 

the unit, c, in continued proportion, 

so many numbers will, also, fall between 

A, .Bin continued proportion. 

For let, 



D, BY MULTIPLYING F, MAKE H, 

AND LET, 

THE NUMBERS, D, F, BY MULTIPLYING H, 
MAKE K, L, RESPECTIVELY. 

NOW, SINCE, 

AS THE UNIT, C, IS TO THE NUMBER, D, 

so is D to E, 

[vii. def. 20] therefore, 

the unit, c, measures the number, d, 

the same number of times as d measures e. 

But, 

the unit, c, measures the number, d, 
according to the units in d; 

therefore, 

the number, d, also, measures e, 
according to the units in d; 

therefore, 

d, by multiplying itself, has made e. 

Again, since, 

as c is to the number d, 
so is E to A, 

therefore, 

the unit, c, measures the number, d, 

the same number of times as e measures a. 

But, 

the unit, c, measures the number, d, 
according to the units in d; 

therefore, 

e, also, measures a, 
according to the units in d; 

therefore, 

d, by multiplying, has made a. 

For the same reason also, 

f, by multiplying itself, has made g, and 
by multiplying g, has made b. 

And, since, 

d, by multiplying itself, has made e, and 
by multiplying f, has made h, 

[vii. 17] therefore, 



AS D IS TO F, 

so is E to H. 

[vii. 18] For the same reason also, 
as D is to F, 
so is Hto G. 

Therefore also, 
as E is to H, 
so is Hto G. 

Again, since, 

d, by multiplying the numbers, e, h, 
has made a, k, respectively, 

[vii. 17] therefore, 
as e is to h, 
so is a to k. 

But, 

as e is to h, 
so is D to F; 

therefore also, 
as d is to f, 
so is a to k 

Again, since, 

the numbers, d, f, by multiplying h, 
have made k, l, respectively, 

[vii. 18] therefore, 
as d is to f, 
so is kto l. 

But, 

as d is to f, 
so is A to K; 

therefore also, 
as a is to k, 
so is xto l. 

Further, since, 

f, by multiplying the numbers, h, g, 
has made l, b, respectively, 

[vii. 17] therefore, 
as His to G, 
so is L to R 

But, 

as His to G, 



so is D to F; 

therefore also, 
as d is to f, 
so is l to b. 

But it was, also, proved that, 
as D is to F, 
so is A to K, 

AND KTO L, 

THEREFORE ALSO, 
AS A IS TO K, 

so is Kto L, 

AND L TO S. 

Therefore, 

A, K, L, Bare in continued proportion. 

Therefore, 

as many numbers as fall between each, of 

the numbers, a, b, and, 

the unit, c, in continued proportion, 

so many, also, will fall between 

a, bw continued proportion. 

Q.E. D. 



Proposition 11. 

Between two square numbers there is one mean 
proportional number, and the square has to the square the 
ratio duplicate of that which the side has to the side. 

A = 9.00000 C E A 2 

B- 25.00000 d= - 60000 b=°- 60000 E " - 3600 ° 



C = 3.00000 
D = 5.00000 
E= 15.00000 



1 



A A 

— = 0.60000 — = 0.36000 




Let, 

A, Bbe square numbers, 

AND LET, 

c be the side of a, and, 
DofB; 

i say that; between 

a, b, there is one mean proportional number, and 
a has to b the ratio duplicate of 
that which c has to d. 

For let, 

c, by multiplying d, make e. 

now, since, 

a is a square and c is its side, 

therefore, 

c, by multiplying itself, has made a. 

For the same reason also, 

d, by multiplying itself, has made b. 

Since then, 

c, by multiplying the numbers 
c, d, has made a, e, respectively, 

[vii. 17] therefore, 
as c is to d, 
so is a to e. 



[vii. 18] For the same reason also, 
as C is to D, 
so is E to B. 

Therefore also, 
as A is to E, 
so is E to B. 

Therefore, 

between a, b, there is one mean proportional number. 

i say next that; 

a, also, has to b, the ratio duplicate of 
that which c has to d. 

For, since, 

a, e, b are three numbers in proportion, 

[v. def. 9] therefore, 

A HAS TO B, 

the ratio duplicate of that which a has to e. 

But, 

as A is to E, 
so is CtoD. 

Therefore, 

a has to b the ratio duplicate of 
that which the side c has to d. 

Q.E. D. 



Proposition 12. 

Between two cube numbers there are two mean 
proportional numbers, and the cube has to the cube the 
ratio triplicate of that which the side has to the side. 

A = 8.00000 E- 4.00000 K= 18.00000 C-D-F = 0.00000 

B = 27.00000 F- 6.00000 C 3 -A - 0.00000 D 2 -G = 0.00000 

C = 2.00000 G = 9.00000 D 3. B _ q.OOOOO C-F-H = 0.00000 

D = 3.00000 H = 12.00000 C 2. E = q.OOOOO D-F-K = 0.00000 



1 C DE 





Let, 

a, b be cube numbers, 

AND LET, 

c be the side of a, and, 
DofB; 

i say that; 

between a, b, 

there are two mean proportional numbers, and 

A HAS TO B, 

the ratio triplicate of that which c has to d. 

For let, 

c, by multiplying itself, make e, 

AND LET, 

BY MULTIPLYING D, IT MAKE F) 



LET, 

D, BY MULTIPLYING ITSELF, MAKE G, 

AND LET, 

the numbers, c, d, by multiplying f, make h, k, 
respectively. 

now, since, 

a is a cube, and, 

Cits side, and, 

c, by multiplying itself, has made e, 

therefore, 

c, by multiplying itself, has made e, and 
by multiplying e, has made a. 

For the same reason also, 

d, by multiplying itself, has made g, and 
by multiplying g, has made b. 

And, since, 

c, by multiplying 

the numbers, c, d, has made e, f, respectively, 

[vii. 17] therefore, 
as c is to d, 
so is e to f. 

[vii. 18] For the same reason also, 
as c is to d, 
so is Fto G 

Again, since, 

c, by multiplying 

the numbers, e, f, has made a, h, respectively, 

[vii. 17] therefore, 
as e is to f, 
so is a to h. 

But, 

as £ is to F, 
so is CtoD. 

Therefore also, 
as C is to D, 
so is A to H. 

Again, since, 

the numbers, c, d, by multiplying f, have made h, k, 
respectively, 

[vii. 18] therefore, 



AS C IS TO D, 

so is Hto K. 

Again, since, 

d, by multiplying each, of the numbers, f, g, 
has made k, b, respectively, 

[vii. 17] therefore, 
as f is to g, 
so is kto b. 

But, 

as F is to G, 
so is Cto D; 

THEREFORE ALSO, 
AS C IS TO D, 
SO IS A TO H, 

Hto K, and 
KtoB. 

Therefore, 

H, Kare two mean proportionals between A, B. 

i say next that; 

a, also, has to b, the ratio triplicate 
of that which c has to d. 

For, since, 

A, H, K, Bare four numbers in proportion, 

[v. def. 10] therefore, 

a has to b, the ratio triplicate of 
that which a has to h. 

But, 

as a is to h, 
so is CtoD; 

THEREFORE, 

A, ALSO, HAS TO B, THE RATIO TRIPLICATE OF THAT 
WHICH C HAS TO D. 

Q.E. D. 



Proposition 13. 

If there be as many numbers as we please in continued 
proportion, and each, by multiplying itself, make some 
number, the products will be proportional; and, if the 
original numbers, by multiplying the products, make certain 
numbers, the latter will, also, be proportional. 



A- 


■ 1.46552 


K = 


10.76439 


A 2 -D - 0.00000 


A-L-M 


= 0.00000 


B ■ 


■ 1.79884 


L = 


2.63624 


B 2 -E = 0.00000 


BL-N 


= 0.00000 


C ■ 


■ 2.20799 


M- 


- 3.86345 


C 2 -F = 0.00000 


B-C-O 


= 0.00000 


D- 


- 2.14774 


N - 


■ 4.74218 


A 3 -G = 0.00000 


BOP 


= 0.00000 


E - 


■ 3.23584 


O - 


■ 3.97183 




C-O-Q 


= 0.00000 


F = 


4.87521 


P = 


7.14470 


B 3 -H = 0.00000 






G = 


- 3.14755 


Q- 


■ 8.76974 


C 3 -K= 0.00000 






H 


-5.82078 






A B-L = 0.00000 









1 ABC 


G 


M N H 




p 



K 




A B 

b"c 



0.00000 



D E 

— -— = 0.00000 
E F 



D L E 



G_ H. 

h"k 



0.00000 



Let, 

there be as many numbers as we please, 
a, b, c, in continued proportion, 

SO THAT, 

AS A IS TO B, 

so is B to C; 

LET, 

A, B, C, BY MULTIPLYING THEMSELVES, MAKE D, E, F, 

AND LET, 

BY MULTIPLYING D, E, F, THEM MAKE G, H, K\ 

I SAY THAT; 

D, E, Fand G, H, Kare in continued proportion. 

For let, 

a, by multiplying b, make l, 

AND LET, 

the numbers, a, b, by multiplying l, make m, n, 
respectively. 

And again let, 

b, by multiplying c, make o, 



AND LET, 

the numbers, b, c, by multiplying o, make p, q, 
respectively. 

Then, 

in manner similar to the foregoing, 

we can prove that, 

D, L, Eand G, M, N, Hare 

CONTINUOUSLY PROPORTIONAL IN THE RATIO, OF A TO B, 
AND FURTHER, 

E, O, Fand H, P, Q, Kare 

CONTINUOUSLY PROPORTIONAL IN THE RATIO, OFBTO C. 

Now, 

AS A IS TO B, 

so is B to C; 

therefore, 

d, l, e are, also, in the same ratio with e, o, f, 

and further, 

g, m, n, h, in the same ratio with h, p, q, k. 

And, 

the multitude, of d, l, e, equals 

the multitude, of e, o, f, and 

THAT, OF G, M, N, Hto THAT, OF H, P, Q, K 

[VII. 14] THEREFORE, EX AEQUALI, 
AS D IS TO E, 
SO IS E TO F, AND, 
AS IS GTO H, 

so is Hto K. 



Proposition 14. 

If a square measure a square, the side will, also, 
measure the side; and, if the side measure the side, the 
square will, also, measure the square. 



01 - 
0C = 
0A = 
0D 
OB' 
0E = 



2.11667 cm 
1.50283 cm 
1.06701 cm 
■ 4.50850 cm 
9.60310 cm 
3.20103 cm 



A 
B 
C 
D 
E = 



0.50410 
4.53690 
0.71000 
2.13000 
1.51230 



C 2 -A = 0.00000 

D 

— = 3.00000 

D 2 -B = 0.00000 
C-D-E = 0.00000 



A_ 
E 

D 

e 

B 



0.33333 



0.33333 



0.33333 



AC 1 




Let, 

A, Bbe square numbers, 

LET, 

C, D BE THEIR SIDES, 

AND LET, 

a measure b; 

i say that; 

c, also, measures d. 

For let, 

c, by multiplying d, make e\ 

[viii. 1 1] therefore, 

a, e, b, are continuously proportional in 
the ratio, of cto d. 

And, since, 

a, e, b, are continuously proportional, and 
a measures b, 

[viii. 7] therefore, 
a, also, measures e. 

And, 

as A is to E, 
so is Cto D; 



[vii. def. 20] therefore also, 
c measures d. 

Again, let, 

C measure D; 

I SAY that; 

a, also, measures b. 

For, 

with the same construction, 

we can in a similar manner prove that; 
a, e, b are continuously proportional 
in the ratio, of cto d. 

And since, 
as c is to d, 
so is a to e, and 
c measures d, 

[vii. def. 20] therefore, 
a, also, measures e. 

And, 

a, e, b are continuously proportional; 

therefore, 

a, also, measures b. 

Therefore etc. 

Q. E. D. 



Proposition 15. 

If a cube number measure a cube number, the side will, 
also, measure the side; and, if the side measure the side, the 
cube will, also, measure the cube. 

D 2 -G = 0.00000 
C-F-H = 0.00000 

DF-K = 0.00000 
A C 



A =0.53992 f- 1.32612 

B = 4.31937 G = 2.65224 

C = 0.81429 H = 1.07984 

D= 1.62857 K = 2.15969 
E = 0.66306 



8.00000 



.B 
A 

C 3 -A = 0.00000 
D 3 -B = 0.00000 



E C 1 



C 2 -E 
D 



0.00000 



H D 
G 



0.00000 




H 



K 



B 



For let, 

the cube number, a, measure the cube, b, 

AND LET, 

c be the side, of a, and 
DoyB; 

i say that; 

c measures d. 

For let, 

c, by multiplying itself, make e, 

AND LET, 

D, BY MULTIPLYING ITSELF, MAKE G, 

FURTHER, LET, 

C, BY MULTIPLYING D, MAKE F, 

AND LET, 

C, D, BY MULTIPLYING F, MAKE H, K, RESPECTIVELY. 

[viii. N, 12] Now, 

it is manifest that e, f, g, and 

a, h, k, b, are continuously proportional in 

the ratio, of cto d. 

And, since, 

a, h, k, b, are continuously proportional, and 
a measures b, 

[Will. 7] THEREFORE, 



it, also, measures h. 

And, 

as a is to h, 
so is CtoD; 

[vii. def. 20] therefore, 
c, also, measures d. 

Next, let, 

C measure D; 

I SAY that; 

a will, also, measure b. 

For, 

with the same construction, 

we can prove in a similar manner that; 

a, h, k, b, are continuously proportional in 
the ratio, of cto d. 

And, since, 

c measures d, and 
as c is to d, 
so is A to H, 

[VII. DEF. 20] THEREFORE, 
A, ALSO, MEASURES H, 

SO THAT, 

A MEASURES B, ALSO. 

Q.E. D. 



Proposition 16. 

If a square number do not measure a square number, 
neither will the side measure the side; and, if the side do 
not measure the side, neither will the square measure the 

SQUARE. 

A C D B 




A= 0.36723 
B - 2.65537 
C = 0.60600 
D - 1.62953 



A-C - 0.00000 
B-D - 0.00000 



Let, 

A, Bbe square numbers, and let, 

C, D BE THEIR SIDES; 
AND LET, 

a not measure b; 

i say that; 

neither does c measure d. 

[viii. 14] For, 

if c measures d, 

a will, also, measure b. 

But, 

a does not measure b\ 

therefore, 

neither will c measure d. 

Again, let, 

c not measure d; 

I SAY that; 

neither will a measure b. 

[viii. 14] For, 

if a measures b, 
cwill, also, measure d. 

But, 

c does not measure d\ 

therefore, 

neither will a measure b. 



Q.E. D. 



Proposition 17. 

If a cube number do not measure a cube number, neither 
will the side measure the side; and, if the side do not 
measure the side, neither will the cube measure the cube. 

1 C D 




A = 4.19590 
B = 8.39337 
C = 1.61290 
D = 2.03226 



l 

A 3 -C = 0.00000 
l 

B 3 -D = 0.00000 



A B 

For let, 

the cube number, a, not measure the cube number, b, 

AND LET, 

c be the side, of a, and 
DofB; 

i say that; 

cwill not measure d. 

[vm. 15] For, 

if c measures d, 

a will, also, measure b. 

But, 

a does not measure b\ 

therefore, 

neither does c measure d. 

Again, let, 

c not measure d; 

I SAY that; 

NEITHER WILL A MEASURE B. 

[vm. 15] For, 

if a measures b, 
cwill, also, measure d. 

But, 

c does not measure d; therefore, 
neither will a measure b. 

Q.E. D. 



Proposition 18. 

Between two similar plane numbers there is one mean 
proportional number; and the plane number has to the plane 
number the ratio duplicate of that which the corresponding 
side has to the corresponding side. 

D A 

0.00000 

0.00000 



A = 


3.83040 


C-D-A - 


■ 0.00000 


B = 


5.88962 


E-F-B = 


0.00000 


C = 


1.71000 


C E 




D = 


2.24000 


d"f 


0.00000 


E = 


2.12040 


A C 2 




F = 


2.77760 


BE 


= 0.00000 


G = 


4.74970 


D-E-G - 


■ 0.00000 




1 


X c 


D 



c 


A 




D 


A 


— 


— 


= 0.00000 




■ 


E 


G 




F 


G 


c 


n 




A 


G 


— 


— 


= 0.00000 




■ 


E 


F 




G 


B 


D 


G 








— 


. — 


= 0.00000 






F 


B 









B 



/--<--x 




Let, 

a, b be two similar plane numbers, 

AND LET, 

THE NUMBERS, C, D, BE THE SIDES, OF A, AND 

E, Fof B. 

[VII. Def. 21] Now, SINCE, 

similar plane numbers are those 
which have their sides proportional, 

therefore, 
as c is to d 
so is e to f. 

i say then that; 
between a, b, 

there is one mean proportional number, and 
a has to b the ratio duplicate of that which 
c has to e, or 
DtoF, 

THAT IS, 

OF THAT WHICH THE CORRESPONDING SIDE HAS TO 
THE CORRESPONDING SIDE. 



NOW SINCE, 

AS C IS TO D 

so is E to F, 

[vii. 13] therefore, alternately, 
as c is to e, 
so is d to f. 

And, since, 

a is plane, and 
C, Dare its sides, 

therefore, 

d, by multiplying c, has made a. 

For the same reason also, 

e, by multiplying f, has made r 

NOW LET, 

d, by multiplying e, make g. 

Then, since, 

d, by multiplying c, has made a, and, 
by multiplying e, has made g, 

[vii. 17] therefore, 
as c is to e, 
so is a to g 

But, 

as C is to E, 
so is D to F; 

therefore also, 
as d is to f, 
so is a to g 

Again, since, 

e, by multiplying d, has made g, and, 
by multiplying f, has made r, 

[vii. 17] therefore, 
as d is to f, 
SO IS GtoR 

But it was, also, proved that, 
as D is to F, 
so is A to G; 

THEREFORE ALSO, 
AS A IS TO G, 

so is GtoR 



Therefore, 

a, g, b, are in continued proportion. 

Therefore, 

between a, b, there is one mean proportional number. 

i say next that; 

a, also, has to b, the ratio duplicate of that 
which the corresponding side has 
to the corresponding side, 

THAT IS, 

OF THAT WHICH C HAS TO E, OR 
DTOF. 

[v. Def. 9] For, since, 

A, G, B, ARE IN CONTINUED PROPORTION, 
A HAS TO B, 

the ratio duplicate of that which it has to g. 

And, 

as a is to g, 
so is CtoE, and 
so is D to F. 

Therefore, 

a, also, has to b, the ratio duplicate of that which 
c has to e, or 

DTOF. 

Q.E. D. 



Proposition 19. 

Between two similar solid numbers there fall two mean 
proportional numbers; and the solid number has to the 
similar solid number the ratio triplicate of that which the 
corresponding side has to the corresponding side. 



A -4.55668 
B = 3.44316 
C = 1.51748 
D = 1.66434 
E = 1.80420 
F- 1.38217 
G- 1.51592 



H= 1.64331 
K= 2.52560 
L = 2.09526 
M - 2.30039 
N- 4.15035 
O = 3.78025 

1 X 



CDE-A = 0.00000 
FGH-B = 0.00000 
CD-K = 0.00000 
F-G-L = 0.00000 
D-F-M = 0.00000 



E-M-N - 
H-M-O 



0.00000 
- 0.00000 



A 
B 



1.32340 



CDE 



MK 



B O 



N 




FGH 

c 



E M N 

- = 1.09790 — = 1.09790 — = 1.09790 77 = 1.09790 
* H L O 



C G 

— = 0.91176 T7 =0.92248 

D ti 

-=0.91176 Y = - 92248 g^ 1 - 09790 m^ 1 - 09790 ^-1-09790 —- 1.09790 



LET, 

A, B, BE TWO SIMILAR SOLID NUMBERS, 

AND LET, 

C, D, E, BE THE SIDES, OF A, AND 
F, G,HOFB. 

[vii. Def. 21] Now, SINCE, 

SIMILAR SOLID NUMBERS ARE THOSE 
WHICH HAVE THEIR SIDES PROPORTIONAL, 

THEREFORE, 

AS C IS TO D, 

SO IS FTO G, AND 

AS D IS TO B, 

so is Gto H. 

I SAY that; 

BETWEEN A, B, 

THERE FALL TWO MEAN PROPORTIONAL NUMBERS, AND 
A HAS TO BTHE RATIO TRIPLICATE OF THAT WHICH 
C HAS TO F, 



Dto G, and, also, 
Eto H. 

For let, 

c, by multiplying d, make k, 

AND LET, 

F, BY MULTIPLYING G, MAKE L. 

[VII. Def. 21] Now, SINCE, 

C, D ARE IN THE SAME RATIO WITH F, G, AND 
KlS THE PRODUCT, OF C, D, AND 
L THE PRODUCT, OF F, G, 

THEN, 

k, l are similar plane numbers; 

[viii. 18] therefore, 

between k, l there is one mean proportional number. 

Let, 

IT BE M. 

[viii. 18] Therefore, 

Mis the product, of D, F, 

as was proved in the theorem preceding this. 

now, since, 

d, by multiplying c, has made k, and 
by multiplying f, has made m, 

[vii. 17] therefore, 
as c is to f, 
so is kto m. 

But, 

as K is to M, 
so is Mto L. 

Therefore, 

k, m, l are continuously proportional in 
the ratio, of cto f. 

And since, 
as c is to d, 
so is Fto G, 

[VII. 13] ALTERNATELY THEREFORE, 
AS C IS TO F, 

so is D to G 

For the same reason also, 
as d is to g, 



so is E to H. 

Therefore, 

k, m, l are continuously proportional 
in the ratio, of cto f, 
in the ratio, ofdto g, and, also, 
in the ratio, of e to h. 

Next, let, 

e, h, by multiplying m, make n, o, respectively. 

now, since, 

a is a solid number, and c, d, e are its sides, 

therefore, 

e, by multiplying the product, of c, d, has made a. 

But, 

the product, of c, d, is k\ 

therefore, 

e, by multiplying k, has made a. 

For the same reason also, 

h, by multiplying l, has made r 

now, since, 

e, by multiplying k, has made a, 

and further also, 

by multiplying m, has made n, 

[vii. 17] therefore, 
as k is to m, 
so is a to n. 

But, 

AS if IS TO M, 

so is CtoF, 
Dto G, and, also, 
EtoH; 

therefore also, 
as c is to f, 
Dto Gand 
Eto Hso is 
Ato N. 

Again, since, 

e, h, by multiplying m, have made n, o, respectively, 

[vii. 18] therefore, 
as e is to h, 



so is Nto O. 

But, 

as E is to H, 
so is CtoF, and 
Dto G; 

THEREFORE ALSO, 
AS C IS TO F, 
D TO G, AND 

Eto H, 

SO IS A TO N, AND 
iVTO O. 

Again, since, 

h, by multiplying m, has made o, 

and further also, 

by multiplying l, has made b, 

[vii. 17] therefore, 
as Mis to L, 
so is o to b. 

But, 

as Mis to L, 
so is CtoF, 

D TO G, AND 

Eto H. 

Therefore also, 
as C is to F, 

D TO G, AND 

EtoH, 
so, 

NOT ONLY IS O TO B, 

BUT ALSO, 

A TO TV, AND, 
iVTO O. 

Therefore, 

a, iv, o, -b, are continuously proportional in 
the aforesaid ratios of the sides. 

i say that; 

a, also, has to b, the ratio triplicate of that which 
the corresponding side has to the corresponding side, 

THAT IS, 

OF THE RATIO WHICH THE NUMBER, C, HAS TO F, OR 



Dto G, and also, 
Eto H. 

For, since, 

a, n, o, b, are four numbers in continued proportion, 

[v. def. 10] therefore, 

a has to b, the ratio triplicate of 
that which a has to n. 

But, 

as a is to n, so it was proved that 

C IS TO F, 

Dto G, and also, 
Eto H. 

Therefore, 

a, also, has to b, the ratio triplicate of that which 
the corresponding side has to the corresponding side, 

THAT IS, 

OF THE RATIO WHICH THE NUMBER, C, HAS TO F, 

Dto G, and also, 
Eto H. 

Q.E. D. 



Proposition 20. 

If one mean proportional number fall between two 
numbers, the numbers will be similar plane numbers. 



A- 
B = 


1.54167 
2.82292 


A C 

— -— = 0.00000 
D E 


C B 

d"e 


- 0.00000 


c- 

D - 
E- 


2.08614 
1.35317 
1.83108 


A 

— -F - 0.00000 

D-F-A = 0.00000 


EG-B 
D C 
EB 


= 0.00000 
= 0.00000 


F- 


1.13930 


Va-b-c - 0.00000 






G = 


1.54167 










For let, 

one mean proportional number, c, fall between 
the two numbers, a, b; 

i say that; 

A, Bare similar plane numbers. 

[vii. 33] Let, 

d, e, the least numbers of those 

which have the same ratio with a, c, be taken; 

[vii. 20] therefore, 

d measures a, the same number of times that 
e measures c. 

NOW LET, 

AS MANY TIMES AS D MEASURES A, 

SO MANY UNITS THERE BE IN F; THEREFORE, 

F, BY MULTIPLYING D, HAS MADE A, 

SO THAT A IS PLANE, AND 

D, Fare its sides. 

Again, since, 

d, e are the least of the numbers 
which have the same ratio with c, b, 

[vii. 20] therefore, 
d measures c. 
the same number of times that e measures b. 



as many times, then let, 
as e measures b, 
so many units there be in g; 

therefore, 

e measures b, according to the units in g; 

therefore, 

g, by multiplying e, has made b. 

Therefore, 

Bis plane, and E, Gare its sides. 

Therefore, 

A, Bare plane numbers. 

i say next that; 

they are, also, similar. 

For, since, 

f, by multiplying d, has made a, and 
by multiplying e, has made c, 

[vii. 17] therefore, 
as d is to e, 
so is a to c, that is, 
CtoR 

Again, since, 

e, by multiplying f, g, has made c, b, respectively, 

[vii. 17] therefore, 
as e is to g, 
so is CtoR 

But, 

as C is to B, 
so is D to E; 

therefore also, 
as d is to e, 
so is fto g 

[vii. 13] And alternately, 
as D is to F, 
so E is to G 

Therefore, 

A, Bare similar plane numbers; 

FOR THEIR SIDES ARE PROPORTIONAL. 

Q. E. D. 



Proposition 21. 

If two mean proportional numbers fall between two 
numbers, the numbers are similar solid numbers. 



L = 


2.02516 


H 

— = 1.43789 


E= 1.13571 


A= 1.84906 


M- 


= 0.72335 


.Li 


F = 1.28985 


C = 2.10000 


K = 


0.39002 


K 


G= 1.46490 


D = 2.38500 


H - 


■ 2.91195 
1.62810 


— - 0.53918 

M 




B = 2.70868 


N- 


/h k 


N-E-A = 0.00000 


= 


1.84906 


A / r -- =0.88050 
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1 N 


O L 


H 


E 




E 


C B 




F 


- 0.88050 


— - 0.77529 


--- - 0.00000 


F 




A 


B 




G 


= 0.88050 


— = 0.77529 

A D 

--— = 0.00000 


— -0 - 0.00000 





For let, 

two mean proportional numbers, c, d, fall 
between the two numbers, a, b; 

i say that; 

A, Bare similar solid numbers. 

[vii. 33 or viii. 2] For let, 

three numbers, e, f, g, the least of those 
which have the same ratio with a, c, d, be taken; 

[viii. 3] therefore, 

the extremes of them, e, g, are prime to one another. 

now, since, 

one mean proportional number, 
f, has fallen between e, g, 

[viii. 20] therefore, 

E, Gare similar plane numbers. 

Let, then, 

H, Kbe the sides of E, and 
L, Mof G 



Therefore, it is manifest from the theorem before this 
that E, F, Gare continuously proportional in 

THE RATIO, OF HTO L, AND 
THAT OF KTO M. 

NOW, SINCE, 

E, F, Gare the least of the numbers 
which have the same ratio with a, c, d, and 
the multitude of the numbers, e, f, g, = 
the multitude of the numbers, a, c, d, 

[vii. 14] therefore, ex aequali, 
as e is to g, 
so is a to d. 

[vii. 21] But, 

E, Gare prime, primes are, also, least, and 

THE LEAST MEASURE THOSE WHICH HAVE 

THE SAME RATIO WITH THEM THE SAME NUMBER OF TIMES, 

THE GREATER THE GREATER AND, 

THE LESS THE LESS, 

[VII. 20] THAT IS, 

THE ANTECEDENT THE ANTECEDENT AND 
THE CONSEQUENT THE CONSEQUENT; 

THEREFORE, 

E MEASURES A 

THE SAME NUMBER OF TIMES THAT G MEASURES D. 

NOW LET, 

as many times as e measures a, 
so many units there be in n. 

Therefore, 

n, by multiplying e, has made a. 

But, 

e is the product of h, k\ 

therefore, 

n, by multiplying the product of h, k, has made a. 

Therefore, 

a is solid, and 

H, K, Nare its sides. 

Again, since, 

E, F, Gare the least of the numbers which have 

THE SAME RATIO AS C, D, B, 
THEREFORE, 



E MEASURES C, 

THE SAME NUMBER OF TIMES THAT G MEASURES B. 

Now, 

as many times as e measures c, 
so many units let there be in o. 

Therefore, 

g measures b, according to the units in o; 

therefore, 

o, by multiplying g, has made b. 

But, 

g is the product of l, m\ 

therefore, 

o, by multiplying the product of l, m, has made b. 

Therefore, 

Bis solid, and 

L, M, Oare its sides; therefore, 

A, Bare solid. 

I say that; 

they are, also, similar. 

For since, 

n, o, by multiplying e, have made a, c, 

[vii. 18] therefore, 
as n is to o, 
so is a to c, that is, 
EtoF. 

But, 

as E is to F, 

so is Hto L, and 

Kto M 

THEREFORE ALSO, 
AS HIS TO L, 

so is Kto Mand 

iVTO O. 

And, 

H, K, Nare the sides, of A, and, 
O, L, Mthe sides, of B. 

Therefore, 

A, Bare similar solid numbers. 



Q.E. D. 



Proposition 22. 

If three numbers be in continued proportion, and the 
first be square, the third will, also, be square. 

F- 1.24713 F 2 -A = 0.00000 

A =1.55532 F 3 -B - 0.00000 

B- 1.93969 F 4 -C = 0.00000 
C = 2.41903 




Let, 

a, b, c, be three numbers in continued proportion, 

AND LET, 

a the first be square; 

i say that; 

c, the third, is, also, square. 

For, since, 

between a, c, 

there is one mean proportional number, b, 

[VIII. 20] 
THEREFORE, 

A, Care similar plane numbers. 

But, 

A is square; 



THEREFORE, 

CIS, ALSO, SQUARE. 



Q.E. D. 



Proposition 23. 

If four numbers be in continued proportion, and the first 
be cube, the fourth will, also, be cube. 

A =1.64303 F 2 -G= 0.00000 



F- 1.18000 

G- 1.39240 B = 1.93878 



C = 2.28776 F 4 -B = 0.00000 
D = 2.69955 F 5. c _ o. 00000 
E- 3.18547 

F 7 -E = 0.00000 

1 F G A B C 



F 3 -A - 0.00000 



F 6 -D - 0.00000 
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Let, 

a, b, c, d, be four numbers in continued proportion, 

AND LET, 

A BE cube; 

I SAY THAT; 

DlS, ALSO, CUBE. 

For, since, 

between a, d, 

there are two mean proportional numbers, 

[viii. 21] therefore, 

A, Dare similar solid numbers. 

But, 

A is cube; 



THEREFORE, 

D IS, ALSO, CUBE. 



Q. E. D. 



Proposition 24. 

If two numbers have to one another the ratio which a 
square number has to a square number, and the first be 
square, the second will, also, be square. 



Z 
X 
A 
B 
C 
D 



1.60462 
1.17073 
4.83697 
6.62962 
2.57480 
3.52906 

IX z 



z 
x 

.B 
A 
D 
C 



1.37061 
1.37061 
1.37061 

c 



B Z 
AX 
D Z 
CX 
B D 
AC 
D 



0.00000 



0.00000 



0.00000 




X 6 -C = 0.00000 X 10 -A = 0.00000 
X 8 -D = 0.00000 X 12 -B = 0.00000 



For let, 

the two numbers, a, b, have to one another 
the ratio which the square number, c, has to 
the square number, d, and let, 
A BE A square; 

I SAY THAT; 

Bis, also, square. 

For, since, 

C, Dare square, C, Dare similar plane numbers. 

[viii. 18] Therefore, 

one mean proportional number falls between c, d. 

And, 

as c is to d, 
so is A to B; 

[VIII. 8] THEREFORE, 

ONE MEAN PROPORTIONAL NUMBER FALLS 
BETWEEN A, B, ALSO. AND, 

A is square; 

[VIII. 22] THEREFORE, 
BlS, ALSO, SQUARE. 

Q.E. D. 



Proposition 25. 

If two numbers have to one another the ratio which a 
cube number has to a cube number, and the first be cube, 
the second will, also, be cube. 



A- 1.60462 
B = 2.57480 
C - 4.13158 
D = 6.62962 
E- 1.87858 
F- 2.19931 



C 
B 
.D 
C 



1.60462 



1.60462 



— = 1.17073 
E 



F 3 

E 



1.60462 




For let, 

the two numbers, a, b, have to one another 
the ratio which the cube number, c, has to 
the cube number, d, 

AND LET, 

A BE cube; 

I SAY THAT; 

BlS, ALSO, CUBE. 

For, since, 

c, d are cube, 

C, Dare similar solid numbers. 

[viii. 19] Therefore, 

two mean proportional numbers fall 
between c, d. 

[viii. 8] And, 

as many numbers as fall between c, d, 

in continued proportion, 

so many will, also, fall between those which have 

the same ratio with them; 



SO THAT, 



two mean proportional numbers fall 
between a, b, also. 

Let, 

e, fso fall. 

Since, then, 

the four numbers, 

a, e, f, b, are in continued proportion, 

AND, 

A IS CUBE, 

[VIII. 23] THEREFORE, 
BlS, ALSO, CUBE. 

Q.E. D. 



Proposition 26. 

Similar plane numbers have to one another the ratio 
which a square number has to a square number. 

F = 4.00000 B 



A -3.00000 B - 12.00000 
C = 6.00000 E = 2.00000 







-F = 0.00000 



B 



E 




Let, 

a, b be similar plane numbers; 

i say that; 

a has to b, the ratio which 

a square number has to a square number. 

For, since, 

A, Bare similar plane numbers, 

[viii. 18] therefore, 

one mean proportional number falls between a, b. 

Let, 

it so fall, 

AND LET, 
IT BE C; 

[vii. 33 or viii. 2] 

AND LET, 

D, E, F, THE LEAST NUMBERS OF THOSE WHICH HAVE 
THE SAME RATIO WITH A, C, B, BE TAKEN; 

[VIII. 2, POR.] THEREFORE, 

THE EXTREMES OF THEM, D, F, ARE SQUARE, 



And since, 



AS D IS TO F, 

SO IS A TO B, AND 

D, Fare square, 

THEREFORE, 

A HAS TO B, THE RATIO WHICH 
A SQUARE NUMBER HAS TO A SQUARE NUMBER. 

Q.E. D. 



Proposition 27. 

Similar solid numbers have to one another the ratio 
which a cube number has to a cube number. 

Unit- 1.39700 cm 



H- 1.71494 
A- 3.52032 
B - 6.03714 



B 



-H = 0.00000 




Let, 

A, Bbe similar solid numbers; 

i say that; 

a has to b, the ratio which 

a cube number has to a cube number. 

For, since, 

A, Bare similar solid numbers, 

[viii. 19] therefore, 

two mean proportional numbers fall between a, b. 

Let, 

c, d so fall, 

AND LET, 

e, f, g, h, the least numbers of those which have 
the same ratio with a, c, d, b, 

[vii. 33 or viii. 2] and, 

equal with them in multitude, be taken; 

[viii. 2, por.] therefore, 

the extremes of them, e, h, are cube. 

And, 

as e is to h, 
so is A to B; 

THEREFORE, 

A, ALSO, HAS TO B, THE RATIO WHICH 

A CUBE NUMBER HAS TO A CUBE NUMBER. 



Q.E. D. 
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BOOK IX. 
PROPOSITIONS. 

Proposition 1. 

If two similar plane numbers, by multiplying one another, 
make some number, the product will be square. 



A= 1.96845 
B - 2.51187 
C = 4.94448 
D- 3.87480 

1 x 



A 

— = 0.78366 

D 

D 

— - 0.78366 

A B 



A. .D 

b"c 



0.00000 




Let, 

a, b be two similar plane numbers, 

AND LET, 

a, by multiplying b, make q 
i say that; 

cis square. 
For let, 

a, by multiplying itself, make d. 
Therefore, 

Dis SQUARE. 
Since then, 

a, by multiplying itself, has made d, and 

by multiplying b, has made c, 

[VII. 17] 

therefore, 

as a is to b, 

so is d to c. 
And, since, 

A, Bare similar plane numbers, 

[viii. 18] 
therefore, 

one mean proportional number falls 

between a, b. 

[viii. 8] 



But, 

if numbers fall between two numbers in 
continued proportion, as many as fall between them, 
so many, also, fall between those which have 
the same ratio; 

SO THAT, 

one mean proportional number falls 
between d, c, also. 
And, 

D is square; 

[viii. 22] 

therefore, 

cis, also, square. 



A- 1.76336 
B = 2.69466 
C - 4.75165 
D = 3.10943 



Q.E. D. 



A 

B 



0.65439 A-B = 4.75165 



— (AB)-A 2 = 0.00000 
B 



B 
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Proposition 2. 

If two numbers, by multiplying one another, make a 
square number, they are similar plane numbers. 



A- 1.96845 
B = 2.51187 




A 
B 


= 0.78366 A D 


= 0.00000 


C - 4.94448 
D = 3.87480 




D 
C 


B C 

= 0.78366 




1 


X 




A B 


D 






/ 


/ 




,. " 



B 

Let, 

a, b be two numbers, 

AND LET, 

A, BY MULTIPLYING B, MAKE THE SQUARE NUMBER C\ 
I SAY THAT; 

A, Bare similar plane numbers. 
For let, 

a, by multiplying itself, make d\ 

therefore, 

d is square, 
now, since, 

a, by multiplying itself, has made d, and 

by multiplying b, has made c, 

[VII. 17] 

therefore, 

as a is to b, 

so is d to c. 
And, since, 

d is square, and 

cis so also, 
therefore, 

D, Care similar plane numbers. 

[viii. 18] 
Therefore, 

one mean proportional number falls 

between d, c. 
And, 



AS D IS TO C, 

so is to B; 

[viii. 8] 
therefore, 

one mean proportional number falls 

between a, b, also. 

[VIII. 20] 

But, 

if one mean proportional number fall 

between two numbers, 

they are similar plane numbers; 
therefore, 

A, Bare similar plane numbers. 

Q. E. D. 



Proposition 3. 

If a cube number, by multiplying itself, make some 
number, the product will be cube. 



A = 2.31958 
B = 5.38044 
C = 1.32374 
D = 1.75229 



C 3 -A = 0.00000 
C 2 -D = 0.00000 
A 2 -B = 0.00000 



1 C D 
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B 

For let, 

the cube number a, by multiplying itself, make b\ 
i say that; 

Bis cube. 
For let, 

c, the side of a, be taken, 

AND LET, 

c, by multiplying itself, make d. 
It is then manifest that; 

c, by multiplying d, has made a. 
now, since, 

c, by multiplying itself, has made d, 
therefore, 

c measures d, according to the units in itself. 
But further, 

the unit, also, measures c, according to the units in it; 

[vii. Def. 20] 
therefore, 

as the unit is to c, 

so is CtoD. 
Again, since, 

c, by multiplying d, has made a, 
therefore, 

d measures a, according to the units in c. 
But, 

the unit, also, measures c, according to the units in it; 
therefore, 



AS THE UNIT IS TO C, 

so is D to A. 
But, 

as the unit is to c, 
so is Cto D; 

THEREFORE ALSO, 

AS THE UNIT IS TO C, 

SO IS CtoD, AND 

DtoA 
Therefore, 

between the unit and the number a, 

two mean proportional numbers, 

c, d, have fallen in continued proportion. 
Again, since, 

a, by multiplying itself, has made b, 
therefore, 

a measures b, according to the units in itself. 
But, 

the unit, also, measures a, according to the units in it; 

[vii. Def. 20] 
therefore, 

as the unit is to a, 

so is a to b. 
But, 

between the unit and a, 

two mean proportional numbers have fallen; 

[VIII. 8] 
THEREFORE, 

TWO MEAN PROPORTIONAL NUMBERS WILL, ALSO, FALL 

BETWEEN A, B. 

[VIII. 23] 

But, 

if two mean proportional numbers fall 

between two numbers, and 

the first be cube, 

the second will, also, be cube. 
And, 

A is cube; 

THEREFORE, 

BlS, ALSO, CUBE. 

Q.E. D. 



Proposition 4. 

If a cube number, by multiplying a cube number, make 
some number, the product will be cube. 



A- 1.84537 
B = 2.68125 
C - 4.94789 
D = 3.40539 

1 


ABC = 0.00000 
A 2 -D - 0.00000 

A D 
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B 

For let, 

the cube number, a, by multiplying 

the cube number, b, make c\ 
i say that; 

CIS CUBE. 

[ix. 3] 
For let, 

a, by multiplying itself, make d\ 
therefore, 

D IS CUBE. 

And, since, 

a, by multiplying itself, has made d, and 
by multiplying b, has made c, 

[VII. 17] 

therefore, 

as a is to b, 

so is d to c. 
And, since, 

A, Bare cube numbers, 

A, Bare similar solid numbers. 

[viii. 19] 
Therefore, 

two mean proportional numbers fall 

between a, b; 

[VIII. 8] 
SO THAT, 

TWO MEAN PROPORTIONAL NUMBERS WILL FALL 



between d, calso. 
And, 

D is cube; 

[viii. 23] 
therefore, 

cis, also, cube 

Q.E. D. 



Proposition 5. 

If a cube number, by multiplying any number, make a cube 
number, the multiplied number will, also, be cube. 



A 
B 
C 
D 



1.57961 
3.01031 
4.75510 
2.49516 

1 



ABC = 0.00000 
A 2 -D = 0.00000 




For let, 

the cube number, a, by multiplying any number, b, 

make the cube number, c; 
i say that; 

BlS CUBE. 

[ix. 3] 
For let, 

a, by multiplying itself, make d\ 

therefore, 

D IS CUBE. 
NOW, SINCE, 

A, BY MULTIPLYING ITSELF, HAS MADE D, AND 
BY MULTIPLYING B, HAS MADE C, 

[VII. 17] 

therefore, 

as a is to b, 

so is d to c. 
And since, 

D, Care cube, 

THEY ARE SIMILAR SOLID NUMBERS. 
[VIII. 19] 

Therefore, 

two mean proportional numbers fall between d, c. 
And, 

as d is to c, 

so is A to B; 



[viii. 8] 
therefore, 

two mean proportional numbers fall 

between a, b, also. 
And, 

A is cube; 

[viii. 23] 
therefore, 

BlS, ALSO, CUBE. 



Proposition 6. 

If a number, by multiplying itself, make a cube number, it 
will itself, also, be cube. 

A =1.60125 i 

B = 2.56400 A 3 -X = 0.00000 X 3 -C = 0.00000 

C = 4.10560 A 2 -B = 0.00000 X 9 -C = 0.00000 

X- 1.16991 A-B-C = 0.00000 



IX 




For let, 

the number, a, by multiplying itself, 

make the cube number, b; 
i say that, 

a is, also, cube. 
For let, 

a, by multiplying b, make c. 
Since, then, 

a, by multiplying itself, has made b, and 

by multiplying b, has made c, 
therefore, 

CIS CUBE. 

And, since, 

a, by multiplying itself, has made b, 
therefore, 

a measures b, according to the units in itself. 
But, 

the unit, also, measures a, according to the units in it. 

[vii. Def. 20] 
Therefore, 

as the unit is to a, 

so is A to B. 
And, since, 

a, by multiplying b, has made c, 
therefore, 

b measures c, according to the units in a. 
But, 

the unit, also, measures a, according to the units in it. 



[vii. Def. 20] 
Therefore, 

as the unit is to a, 

so is b to c. 
But, 

as the unit is to a, 

so is A to B; 
therefore also, 

as a is to b, 

so is b to c. 
And, since, 

B, Care cube, 

THEY ARE SIMILAR SOLID NUMBERS. 
[VIII. 19] 

Therefore, 

there are two mean proportional numbers 

between b, c. 
And, 

as b is to c, 

so is A to B. 

[viii. 8] 
Therefore, 

there are two mean proportional numbers 

between a, b, also. 
And, 

B is cube; 

[cf. viii. 23] 
therefore, 

A IS, ALSO, CUBE. 

Q. E. D. 



Proposition 7. 

If a composite number, by multiplying any number, make 
some number, the product will be solid. 

A = 5.94828 A 

B- 1.32759 D =3 - 0000 ° 

C = 7.89685 D-E-A = 0.00000 

D= 1.98276 A-B-C = 0.00000 

E = 3.00000 D-E-B-C = 0.00000 

n 1 B D E A C 




For let, 

the composite number, a, 

by multiplying any number, b, make c; 
i say that; 

cis solid. 

[vii. Def. 13] 
For, since, 

a is composite, it will be measured by some number. 
Let it, 

be measured by d; and 

as many times as d measures a, 

so many units let there be in b. 
Since then, 

d measures a, according to the units in e, 

[vii. Def. 15] 
therefore, 

e, by multiplying d, has made a. 
And, since, 

a, by multiplying b, has made c, 

AND, 

a is the product of d, e, 
therefore, 

the product of d, e, by multiplying b, has made c. 
Therefore, 

cis solid, and 

D, E, Bare its sides. 

Q.E. D. 



Proposition 8. 

If as many numbers as we please beginning from an unit 
be in continued proportion, the third from the unit will be 
square, as will, also, those which successively leave out 
one; the fourth will be cube, as will, also, all those which 
leave out two; and the seventh will be at once cube and 
square, as will, also, those which leave out five. 

OlABCD E p 




1 2 



A= 1.39130 
B - 1.93573 
C = 2.69319 
D = 3.74704 
E = 5.21328 
F = 7.25325 



A x -A- 0.00000 
A 2 -B - 0.00000 
A 3 -C = 0.00000 
A 4 -D = 0.00000 
A 5 -E = 0.00000 
A 6 -F = 0.00000 



Let, 



there be as many numbers as we please, 

a, b, c, d, e, f, beginning from an unit and 
in continued proportion; 

i say that; 

b, the third from the unit, is square, 

as are, also, all those which leave out one; 

c, the fourth, is cube, 

as are, also, all those which leave out two; and 
f, the seventh, is at once cube and square, 
as are, also, all those which leave out five. 
For since, 

as the unit is to a, 
so is A to B, 

[vii. Def. 20] 
therefore, 

the unit measures the number, a, 

the same number of times that a measures b. 
But, 

the unit measures the number, a, 

according to the units in it; 
therefore, 

a, also, measures b, according to the units in a. 
Therefore, 

a, by multiplying itself, has made b; 
therefore, 



BlS SQUARE. 

And, since, 

B, C, Dare in continued proportion, and 
b is square, 

[viii. 22] 
therefore, 

d is, also, square. 
For the same reason, 

FlS, ALSO, SQUARE. 

Similarly we can prove that, 

all those which leave out one are square. 
i say next that; 

c, the fourth from the unit, is cube, 

as, are, also, all those which leave out two. 
For since, 

as the unit is to a, 

so is b to c, 
therefore, 

the unit measures the number, a, 

the same number of times that, b measures c. 
But, 

the unit measures the number, a, 

according to the units in a; 
therefore, 

b, also, measures c 

according to the units in a. 
Therefore, 

a, by multiplying b, has made c. 
Since then, 

a, by multiplying itself, has made b, and 

by multiplying b, has made c, 
therefore, 

CIS CUBE. 

And, since, 

C, D, E, Fare in continued proportion, and 

CIS CUBE, 

[viii. 23] 
therefore, 

FlS, ALSO, CUBE. 

But, 

it was, also, proved square; 
therefore, 

the seventh from the unit is both cube and square. 
Similarly we can prove that, 



ALL THE NUMBERS WHICH LEAVE OUT FIVE ARE, ALSO, 
BOTH CUBE AND SQUARE. 

Q.E. D. 



Proposition 9. 

If as many numbers as we please, beginning from an unit, 
be in continued proportion, and the number after the unit be 
square, all the rest will, also, be square. and, if the 
number after the unit be cube, all the rest will, also, be 

CUBE. 

1 NAOB PCD E F 






A = 


1.46783 


N 2 -A 


- 0.00000 




B = 


2.15451 


A 2 -B = 


- 0.00000 




c- 


3.16245 


o 2 -c 


- 0.00000 


N- 1.21154 


D - 


4.64192 


B 2 -D 


- 0.00000 


O - 1.77833 


E- 


6.81353 


P 2 -E = 


0.00000 


P- 2.61027 


F- 


10.00107 


C 2 -F = 


■ 0.00000 



, 



Let, 

there be as many numbers as we please, 
a, b, c, d, e, f, beginning from an unit, and 
in continued proportion, 

AND LET, 

A, THE NUMBER AFTER THE UNIT, BE SQUARE; 

I SAY THAT; 

ALL THE REST WILL, ALSO, BE SQUARE. 

[IX. 8] 

Now, 

IT HAS BEEN PROVED THAT B, 
THE THIRD FROM THE UNIT, IS SQUARE, 
AS ARE ALSO, ALL THOSE WHICH LEAVE OUT ONE; 
I SAY THAT; 

ALL THE REST ARE, ALSO, SQUARE. 

[VIII. 22] 

For, since, 

a, b, c, are in continued proportion, and 

a is square, 
therefore, 

cis, also, square. 

[VIII. 22] 

Again, since, 

B, C, Dare in continued proportion, and 

B IS SQUARE, 

D IS, ALSO, SQUARE. 



Similarly we can prove that; 

all the rest are, also, square. 
Next, let, 

A be cube; 

NDAPQBRSC D E 










>: 



N- 1.16667 
O - 1.36111 
P- 1.85262 
Q- 2.16139 
R- 2.94190 
S - 3.43221 



A 
B 
C 
D 
E 
F ■ 



1.58796 

2.52163 

4.00425 

6.35860 

10.09722 

16.03401 



N 3 -A = 0.00000 
O s -B - 0.00000 
A 3 -C = 0.00000 
P 3 -D - 0.00000 
Q 3 -E = 0.00000 
B 3 -F - 0.00000 



I SAY THAT; 

ALL THE REST ARE, ALSO, CUBE. 

[ix. 8] 

now it has been proved that; 

c, the fourth from the unit, is cube, 

as, also, are all, those which leave out two; 
i say that; 

all the rest are, also, cube. 
For, since, 

as the unit is to a, 

so is A to B, 
therefore, 

the unit measures a, 

the same number of times as a measures b. 
But, 

the unit measures a, according to the units in it; 
therefore, 

a, also, measures b , according to the units in itself; 
therefore, 

a, by multiplying itself, has made b. 
And, 

A is CUBE. 

[ix. 3] 

But, 

if a cube number, by multiplying itself, 
make some number, the product is cube. 

Therefore, 



BlS, ALSO, CUBE. 

[viii. 23] 
And, since, 

the four numbers, 

a, b, cd, are in continued proportion, and 

A IS CUBE, 

d, also, is cube. 
For the same reason, 

ElS, ALSO, CUBE, AND 

SIMILARLY ALL THE REST ARE CUBE. 

Q.E. D. 



Proposition 10. 

If as many numbers as we please beginning from an unit 
be in continued proportion, and the number after the unit be 
not square, neither will any other be square except the 
third from the unit and all those which leave out one. and 
if the number after the unit be not cube, neither will any 
other be cube except the fourth from the unit and all those 
which leave out two. 

ndapqbrsc d 
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N - 


- 1.16667 


A- 


1.58796 


N 3 -A- 


- 0.00000 


O 


- 1.36111 


B - 


2.52163 


3 -B 


- 0.00000 


P- 


1.85262 


C - 


4.00425 


A 3 -C = 


- 0.00000 


Q 


- 2.16139 


D- 


6.35860 


P 3 -D = 


- 0.00000 


R = 


2.94190 


E- 


10.09722 


Q 3 -E = 


- 0.00000 


S- 


3.43221 


F- 


16.03401 


B 3 -F = 


0.00000 



III 

; 



Let, 

there be as many numbers as we please, 

a, b, c, d, e, f, beginning from an unit and 
in continued proportion, 

AND LET, 

A, THE NUMBER AFTER THE UNIT, NOT BE SQUARE; 
I SAY THAT; 

NEITHER WILL ANY OTHER BE SQUARE EXCEPT 

THE THIRD FROM THE UNIT 

< AND THOSE WHICH LEAVE OUT ONE. > 

[IX. 8] 

For, if possible, let, 

Cbe square. 
But, 

Bis, also, square; 
[therefore, 

b, c have to one another the ratio which 
a square number has to a square number.] 

And, 

as b is to c, 
so is A to B; 

THEREFORE, 

A, B HAVE TO ONE ANOTHER THE RATIO WHICH 



A SQUARE NUMBER HAS TO A SQUARE NUMBER; 

[VIII. 26, CONVERSE] 
[SO THAT, 

a, b are similar plane numbers] . 
And, 

B is square; 

THEREFORE, 

A is, also, square: 

WHICH, 

is contrary to the hypothesis. 
Therefore, 

cis not square. 
Similarly we can prove that; 

neither is any other of the numbers square except 

the third from the unit and those which leave out one. 
Next, let, 

a not be cube. 
i say that; 

neither will any other be cube, except 

the fourth from the unit, and 

those which leave out two. 
For, if possible, let, 

D BE CUBE. 

Now, 

CIS, ALSO, cube; 

[ix. 8] 

FOR, 

it is fourth from the unit. 
And, 

as C is to D, 

so is B to C; 
therefore, 

b, also, has to c, the ratio which a cube has to a cube. 
And, 

Cis cube; 

[viii. 25] 
therefore, 

BlS, ALSO, CUBE. 

And since, 

as the unit is to a, 

so is a to b, and 

the unit measures a, according to the units in it, 
therefore, 



A, ALSO, MEASURES B, ACCORDING TO THE UNITS IN ITSELF; 
THEREFORE, 

A, BY MULTIPLYING ITSELF, HAS MADE THE CUBE NUMBER B. 

[IX. 6] 

But, 

if a number, by multiplying itself, make a cube number, 

it is, also, itself cube. 
Therefore, 

A is, also, cube: 

WHICH, 

is contrary to the hypothesis. 
Therefore, 

Dis NOT CUBE. 

Similarly we can prove that; 

neither is any other of the numbers cube except 
the fourth from the unit and 
those which leave out two. 

Q.E. D. 



Proposition 11. 

If as many numbers as we please beginning from an unit 
be in continued proportion, the less measures the greater 
according to some one of the numbers which have place 
among the proportional numbers. 
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B = 1.67308 
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B E C- 2.79919 
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). 00000 E - 7.83544 



Let, 

there be as many numbers as we please, 

b, c, d, e, beginning from the unit, a, and 

in continued proportion; 
i say that; 

b, the least of the numbers, b, c, d, e, measures 

e, according to some one of the numbers, c, d. 
For since, 

as the unit a is to b, 

so is D to E, 

THEREFORE, 

THE UNIT, A, MEASURES THE NUMBER, B, 

THE SAME NUMBER OF TIMES AS D MEASURES E\ 

[VII. 15] 

therefore, alternately, 

the unit, a, measures d, 

the same number of times as b measures e. 
But, 

the unit, a, measures, d, according to the units in it; 
therefore, 

b, also, measures e, according to the units in d; 

SO THAT, 

B THE LESS MEASURES THE GREATER ACCORDING TO 

SOME NUMBER OF THOSE 

WHICH HAVE PLACE AMONG THE PROPORTIONAL NUMBERS. — 
PORISM. 

And it is manifest that, whatever place the measuring 
number has, reckoned from the unit, the same place, also, 
has the number according to which it measures, reckoned 



FROM THE NUMBER MEASURED, IN THE DIRECTION OF THE NUMBER 
BEFORE IT. — 

Q.E. D. 



Proposition 12. 

If as many numbers as we please beginning from an unit 
be in continued proportion, by however many prime numbers 
the last is measured, the next to the unit will, also, be 
measured by the same. 



E-F-D = 0.00000 


E-G-C = 0.00000 


EH-B 


= 0.00000 


A C-D = 0.00000 


A B-C = 0.00000 


E A 




A-C-E-F = 0.00000 


AB-EG = 0.00000 


a'h 


= 0.00000 


F C 

— -— = 0.00000 
A F 


F TK 

—-— = 0.00000 
A G 








A -1.30435 E = 0.67391 

B = 1.70132 F- 4.29507 

C- 2.21912 G = 3.29288 

D = 2.89450 H - 2.52454 



Let, 

there be as many numbers as we please, 

a, b, c, d, beginning from an unit, and 

in continued proportion; 
i say that; 

by however many prime numbers, d, is measured, 

a will, also, be measured by the same. 
For let, 

d be measured by any prime number, e\ 
i say that; 

e measures a. 
For, 

suppose it does not; 

[vii. 29] 

NOW, 

e is prime, and 

any prime number is prime to 

any which it does not measure; 
therefore, 

e, a are prime to one another. 
And, since, 

e measures d, 

LET, 

IT MEASURE IT ACCORDING TO F, 



therefore, 

e, by multiplying f, has made d. 

[ix. 1 1 and por.] 
Again, since, 

a measures d, according to the units in c, 
therefore, 

a, by multiplying c, has made d. 
But, further also, 

e has, by multiplying f, made d; 
therefore, 

the product, of a, c, = 

the product, of e, f. 

[VII. 19] 

Therefore, 
as A is to E, 
so is Fto C. 

[vii. 21] 
But, 

A, Eare prime, primes are, also, least, 

[vii. 20] 

AND, 

the least measure those which have the same ratio 

the same number of times, 

the antecedent the antecedent and 

the consequent the consequent; 
therefore, 

e measures c. 
Let, 

it measure it according to g; 
therefore, 

by multiplying g, has made c. 

[ix. 1 1 and por.] 

But, further, by the theorem before this, 

a has also, by multiplying b, made c. 
Therefore, 

the product, of a, b, equals 

the product, of e, g. 

[vii. 19] 
Therefore, 

as A is to E, 

so is GtoR 

[vii. 21] 



But, 

A, Eare prime, primes are, also, least, 

[vii. 20] 

AND, 

the least numbers measure those which have 

the same ratio with them the same number of times, 

the antecedent the antecedent and 

the consequent the consequent: 
therefore, 

e measures b. 
Let, 

it measure it according to h, 
therefore, 

by multiplying h, has made b. 

[IX. 8] 

But further, 

a, has also, by multiplying itself, made b\ 
therefore, 

the product, of e, h, equals 

the square, on a. 

[VII. 19] 

Therefore, 
as E is to A, 
so is A to H. 

[vii. 21] 

But A, Eare prime, primes are, also, least, 

[vii. 20] 

AND, 

the least measure those which have the same ratio 

the same number of times, 

the antecedent the antecedent and 

the consequent the consequent; 
therefore, 

e measures a, as antecedent antecedent. 
But, again, 

it, also, does not measure it: 

WHICH, 

is impossible. 
Therefore, 

e, a are not prime to one another. 
Therefore, 

they are composite to one another. 



[vn. Def. 14] 
But, 

numbers composite to one another 

are measured by some number. 
And, since, 

e is by hypothesis prime, and 

the prime is not measured by any number 

other than itself, 
therefore, 

e measures a, e, 

SO THAT, 

e measures a. 
[But, 

it, also, measures d; 
therefore, 

e measures a, d.] 
Similarly we can prove that; 

by however many prime numbers, d, is measured, 

a will, also, be measured by the same. 

Q.E. D. 



Proposition 13. 

If as many numbers as we please beginning from an unit 
be in continued proportion, and the number after the unit be 
prime, the greatest will not be measured by any except 
those which, have a place among the proportional numbers. 

D 



A= 1.48000 
B = 2.19040 
C = 3.24179 
D = 4.79785 
E = 1.72000 
F = 2.78945 
G = 1.16216 
H= 1.88476 



— -F= 0.00000 

E-F-D = 0.00000 
A C-E F = 0.00000 

:e c 
a"f 

c 



0.00000 
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G = 0.00000 



A EH 



F-G-C = 0.00000 
AB-F-G = 0.00000 
F B 
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G-H-B = 0.00000 
A 2 -B = 0.00000 
B F C 



0.00000 



--H = 0.00000 
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Let, 

there be as many numbers as we please, 
a, b, c, d, beginning from an unit and 
in continued proportion, 

AND LET, 

a, the number after the unit, be prime; 
i say that; 

d, the greatest of them, will not be measured by 

any other number except a, b, c. 
For, if possible, let, 

it be measured by e, 

AND LET, 

e not be the same with any of the numbers, a, b, c. 
It is then manifest that, 

ElS NOT PRIME. 

[ix. 12] 

For, 

if e is prime, and 

measures d, it will, also, measure a, 

which is prime, though it is not the same with it: 

WHICH, 



is impossible. 
Therefore, 

e is not prime. 
Therefore, 

it is composite. 

[vii. 31] 

But, 

any composite number is measured 

by some prime number; 
therefore, 

e is measured by some prime number. 
i say next that; 

it will not be measured by any other prime except a. 
For, 

if e is measured by another, and 

e measures d, 

that other will, also, measure d\ 

[IX. 12] 
SO THAT, 

IT WILL, ALSO, MEASURE A, WHICH IS PRIME, 

THOUGH IT IS NOT THE SAME WITH IT: 
WHICH, 

is impossible. 
Therefore, 

a measures e. 
And, since, 

e measures d, 

LET, 

it measure it according to f 
i say that; 

fls not the same with any of the numbers, a, b, c. 
For, 

if fls the same with one of the numbers, a, b, c, and 

measures d, according to e, 
therefore, 

one of the numbers, a, b, c, also, 

measures d, according to e. 

[IX. 11] 

But, 

one of the numbers, a, b, c, measures d, 
according to some one of the numbers, a, b, c; 

therefore, 

e is, also, the same with one of the numbers, a, b, c\ 



which is contrary to the hypothesis. 
Therefore, 

fls not the same as any one of the numbers, a, b, c. 
Similarly we can prove that; 

FlS MEASURED BY A, 

BY PROVING AGAIN THAT FlS NOT PRIME. 

[IX. 12] 

For, 

if it is, and measures d, 

it will, also, measure a, which is prime, 

though it is not the same with it: 

WHICH, 

is impossible; 

THEREFORE FlS NOT PRIME. 
[VII. 31] 

Therefore, 

it is COMPOSITE. 

But, 

any composite number is measured by 

some prime number; 
therefore, 

fls measured by some prime number. 

i say next that; 

it will not be measured by any other prime except a. 

[IX. 12] 

For, 

if any other prime number measures f, 

AND, 

F MEASURES D, THAT OTHER WILL, ALSO, MEASURE D\ 
SO THAT, 

IT WILL, ALSO, MEASURE A, WHICH IS PRIME, 

THOUGH IT IS NOT THE SAME WITH IT: 
WHICH, 

is impossible. 
Therefore, 

a measures f. 
And, since, 

e measures d according to f, 
therefore, 

e, by multiplying f, has made d. 

[IX. 11] 

But, further, 



A, HAS ALSO, BY MULTIPLYING C, MADE D\ 
THEREFORE, 

THE PRODUCT, OF A, C, = 
THE PRODUCT, OF E, F. 

[VII. 19] 

Therefore, proportionally, 

as A is to E, 

so is Fto C. 
But, 

a measures e; 
therefore, 

f, also, measures c. 
Let, 

it measure it according to g. 
Similarly, then, we can prove that; 

gls not the same with any of the numbers, a, b, 

AND THAT, 

it is measured by a. 
And, since, 

f measures c, according to g, 
therefore, 

f, by multiplying g, has made c. 

[IX. 11] 

But, further, 

a, has also, by multiplying b, made c; 
therefore, 

the product, of a, b, = 

the product, of f, g. 

[VII. 19] 

Therefore, proportionally, 

as A is to F, 

so is Gto B. 
But, 

A measures F; 
therefore, 

g, also, measures b. 
Let, 

it measure it according to h. 
Similarly then we can prove that; 

His not the same with A. 
And, since, 

g measures b, according to h, 
therefore, 



G, BY MULTIPLYING H, HAS MADE B. 

[ix. 8] 

But further, 

a, has also, by multiplying itself, made b\ 
therefore, 

the product, of h, g, = 

the square, on a. 

[VII. 19] 

Therefore, 

as His to A, 

so is A to G 
But, 

A measures G; 

THEREFORE, 

H, ALSO, MEASURES A, WHICH IS PRIME, 

THOUGH IT IS NOT THE SAME WITH IT: 
WHICH, 

is absurd. 
Therefore, 

d, the greatest will not be measured 
by any other number except a, b, c. 

Q.E. D. 



Proposition 14. 

If a number be the least that is measured by prime 
numbers, it will not be measured by any other prime number 
except those originally measuring it. 

BCE D F A 



For let, 

the number, a, be the least that is measured by 

the prime numbers, b, c, d; 
i say that; 

a will not be measured by 

any other prime number except, b, c, d. 
For, if possible, let, 

it be measured by the prime number e, 

AND LET, 

E NOT BE THE SAME WITH ANY ONE OF 

THE NUMBERS, B, C, D. 
NOW, SINCE, 

E MEASURES A, 

LET, 

it measure it according to f; 
therefore, 

e, by multiplying f, has made a. 
And, 

a is measured by the prime numbers, b, c, d. 
But, 

if two numbers, by multiplying one another, 

make some number, 

[vii. 30] 

AND, 

ANY PRIME NUMBER MEASURE THE PRODUCT, 

IT WILL, ALSO, MEASURE ONE OF THE ORIGINAL NUMBERS; 

THEREFORE, 

B, C, D WILL MEASURE ONE OF THE NUMBERS, E, F. 

Now, 

they will not measure e\ 

for e is prime, and 

not the same with any one of the numbers, b, c, d. 
Therefore, 



THEY WILL MEASURE F, WHICH IS LESS THAN A: 
WHICH, 

is impossible, 
for a is, by hypothesis, 
the least number measured by b, c, d. 
Therefore, 

no prime number will measure a, except, b, c, d. 

Q. E. D. 



Proposition 15. 

If three numbers in continued proportion be the least of 
those which have the same ratio with them, any two 
whatever added together will be prime to the remaining 

NUMBER. 
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Let, 

a, b, c, three numbers in continued proportion, 

be the least of those which have 

the same ratio with them; 
i say that; 

any two of the numbers, a, b, c, whatever, 

added together, are prime to the remaining number, 

NAMELY, 

A, Bto C; 

B, C TO A; AND FURTHER 

A, CtoB. 

[viii. 2] 
For let, 

two numbers, de, ef, the least of those which have 

the same ratio with a, b, c, be taken. 

[VIII. 2] 

It is then manifest that; 

de, by multiplying itself, has made a, and 
by multiplying ef, has made b, and, further 
ef, by multiplying itself, has made c. 

[VII. 22] 
NOW, SINCE, 

DE, EF ARE LEAST, THEY ARE PRIME TO ONE ANOTHER. 

[VII. 28] 

But, 

if two numbers be prime to one another, 
their sum is, also, prime to each; 



therefore, 

df is, also, prime to each, of the numbers, de, ef. 
But further, 

de is, also, prime to ef, 
therefore, 

df, de are prime to ef. 

[vii. 24] 

But, 

if two numbers be prime to any number, 
their product is, also, prime to the other; 

SO THAT, 

THE PRODUCT, OF FD, DE, IS PRIME TO EF, 

[vii. 25] 

HENCE, 

THE PRODUCT, OF FD, DE, IS, ALSO, PRIME TO 
THE SQUARE, ON EF. 

[ii. 3] 
But, 

the product, of fd, de, is the square, on de, 

together with the product, of de, ef, 
therefore, 

the square, on de, together with 

the product, of de, ef, is prime to the square, on ef. 
And, 

the square, on de, is a, 

the product, of de, ef, is b, and 

the square, on ef, is c; 

therefore, 

a, b added together are prime to c. 
Similarly we can prove that; 

b, c added together are prime to a. 
i say next that; 

a, c added together are, also, prime to b. 

[VII. 24, 25] 

For, since, 

df is prime to each, of the numbers, de, ef, 
the square, on df, is, also, prime to 
the product, of de, ef. 

[II. 4] 
But, 

the squares, on de, ef, together with twice 

the product, of de, ef, are equal to 



the square, on df, 
therefore, 

the squares, on de, ef, together with twice 

the product, of de, ef, are prime to 

the product, of de, ef. 
Separando, 

the squares, on de, ef, together with once 

the product, of de, ef, are prime to 

the product, of de, ef. 
Therefore, separando again, 

the squares, on de, ef, are prime to 

the product, of de, ef. 
And, 

the square, on de, is a, 

the product, of de, ef, is b, and 

the square, on ef, is c. 
Therefore, 

a, c added together are prime to b. 

Q.E. D. 



Proposition 16. 

If two numbers be prime to one another, the second will 
not be to any other number as the first is to the second. 

1 A B C 



For let, 

the two numbers, a, b, be prime to one another; 
i say that; 

b is not to any other number as a is to b. 
For, if possible, let, 

as A is to B, 

SO B BE TO C. 

[vii. 21] 
Now, 

A, Bare prime, primes are, also, least, 

[vii. 20] 

AND, 

the least numbers measure those which have 
the same ratio the same number of times, 
the antecedent the antecedent and 
the consequent the consequent; 

therefore, 

a measures b, as antecedent antecedent. 
But, 

it, also, measures itself; 
therefore, 

a measures a, b, which are prime to one another: 

WHICH, 

is absurd. 
Therefore, 

b will not be to c, as a is to b. 

Q.E. D. 



Proposition 17. 

If there be as many numbers as we please in continued 
proportion, and the extremes of them be prime to one 
another, the last will not be to any other number as the 
first to the second. 



A 
B 
C 
D 
E 



1.51923 
2.30806 
3.50648 
5.32715 
8.09317 

1 A B 



— = 0.65823 
B 



D 
E 



0.65823 



A 
D 
B 

E 



0.28519 



0.28519 



.B 
C 

D 



0.65823 



0.65823 



E 



f --,f ---¥- 



A D-E - 0.00000 



For let, 

there be as many numbers as we please, 
a, b, c, d, in continued proportion, 

AND LET, 

the extremes of them, a, d, be prime to one another; 
i say that; 

d is not to any other number as a is to b. 
For, if possible let, 

as A is to B, 

so d be to e 

[viii. 13] 

therefore, alternately, 

as a is to d, 

so is b to e. 

[vii. 21] 
But, 

A, Dare prime, primes are, also, least, 

[vii. 20] 

AND, 

the least numbers measure those which have 
the same ratio the same number of times, 
the antecedent the antecedent and 
the consequent the consequent. 
Therefore, 



a measures b. 
And, 

as A is to B, 

so is B to C. 
Therefore, 

b, also, measures c; 

SO THAT, 

a, also, measures c. 
And since, 

as B is to C, 

so is cto d, and 

b measures c, 
therefore, 

c, also, measures d. 
But, 

a measured c; 

SO THAT, 

a, also, measures d. 
But, 

it, also, measures itself; 
therefore, 

a measures a, d, which are prime to one another: 

WHICH, 

is impossible. 
Therefore, 

d will not be to any other number as a is to b. 

Q. E. D. 



Proposition 18. 

Given two numbers, to investigate whether it is possible 
to find a third proportional to them. 
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Let, 

a, b be the given two numbers, 
and let it be required, 

to investigate whether 

it is possible to find a third proportional to them. 
Now, 

A, B ARE EITHER PRIME TO ONE ANOTHER OR NOT. 
[IX. 16] 

And, 

if they are prime to one another, 
it has been proved that 

it is impossible to find a third proportional to them. 
Next, let, 

a, b not be prime to one another, 

AND LET, 

b, by multiplying itself, make c. 
Then, 

a either measures c, or does not measure it. 
First, let, 

it measure it according to d; 
therefore, 

a, by multiplying d, has made c. 
But, further, 

b, has also, by multiplying itself, made c\ 
therefore, 

the product, of a, d, = 
the square, on b. 



[vii. 19] 
Therefore, 

as A is to B, 

so is B to D; 
therefore, 

a third proportional number, d, 

has been found to a, b. 
Next, let, 

a not measure c; 
i say that; 

it is impossible to find 

a third proportional number, to a, b. 
For, if possible, let, 

d, such third proportional, have been found. 
Therefore, 

the product, of a, d, = 

the square, on b. 
But, 

the square, on b, is c; 
therefore, 

the product, of a, d, = c. 
Hence, 

a, by multiplying d, has made c; 
therefore, 

a measures c, according to d. 
But, by hypothesis, 

it, also, does not measure it: 

WHICH, 

is absurd. 
Therefore, 

it is not possible to find 

a third proportional number, to a, b, when 

a does not measure c. 

Q.E. D. 



Proposition 19. 

Given three numbers, to investigate when it is possible 
to find a fourth proportional to them. 

A =1.38694 B-C-D - 0.00000 
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Let, 

a, b, c, be the given three numbers, 
and let it be required, 

to investigate when it is possible to find 

a fourth proportional to them. 
Now, 

EITHER THEY ARE NOT IN CONTINUED PROPORTION, AND 

THE EXTREMES OF THEM ARE PRIME TO ONE ANOTHER; 
OR 

THEY ARE IN CONTINUED PROPORTION, AND 

THE EXTREMES OF THEM ARE NOT PRIME TO ONE ANOTHER; 
OR 

THEY ARE NOT IN CONTINUED PROPORTION, 

NOR ARE THE EXTREMES OF THEM PRIME TO ONE ANOTHER; 
OR 

THEY ARE IN CONTINUED PROPORTION, AND 

THE EXTREMES OF THEM ARE PRIME TO ONE ANOTHER. 



If then, 

A, B Care in continued proportion, 

[ix. 17] 

AND, 

the extremes of them, a, c, are prime to one another, 

it has been proved that it is impossible 

to find a fourth proportional number to them. 
Next, let, 

a, b c not be in continued proportion, 

the extremes being again prime to one another; 
i say that; 

in this case also, 

it is impossible to find a fourth proportional to them. 
For, if possible, let, 

d have been found, so that, 

as a is to b, 

so is CtoD, 

AND LET, 

IT BE CONTRIVED THAT, 

AS B IS TO C, 

SO IS D TO E. 
NOW, SINCE, 

AS A IS TO B, 

so is Cto D, and 

AS B IS TO C, 

so is D to E 

[vii. 14] 

therefore, ex aequali, 

AS A IS TO C, 

so is CtoE. 

[vii. 21] 
But, 

A, Care prime, primes are, also, least, 

[vii. 20] 

AND, 

the least numbers measure those which have 

the same ratio, 

the antecedent the antecedent and 

the consequent the consequent. 
Therefore, 

a measures c as antecedent, antecedent. 
But it, also, measures itself; 
therefore, 



A MEASURES A, C, 

WHICH ARE PRIME TO ONE ANOTHER: 
WHICH, 

is impossible. 
Therefore, 

it is not possible 

to find a fourth proportional, to a, b, c. 
Next, let, 

A, B, Cbe again in continued proportion, 

BUT LET, 

a, c not be prime to one another. 
i say that; 

it is possible to find a fourth proportional to them. 
For let, 

b, by multiplying c, make d] 
therefore, 

a either measures d, or does not measure it. 
First, let, 

it measure it according to e\ 
therefore, 

a, by multiplying e, has made d. 
But, further, 

b, has also, by multiplying c, made d; 
therefore, 

the product, of a, e, = 
the product, of b, c; 

[VII. 19] 

THEREFORE, PROPORTIONALLY, 
AS A IS TO B, 

so is CtoE; 
therefore, 

e has been found a fourth proportional, to a, b, c. 
Next, let, 

a not measure d; 
i say that; 

it is impossible to find 

a fourth proportional number, to a, b, c. 
For, if possible, let, 

e have been found; 

[vii. 19] 
therefore, 

the product, of a, e, = 

the product, of b, c. 



But, 

the product, of b, c, is d; 
therefore, 

the product, of a, e, = d. 
Therefore, 

a, by multiplying e, has made d\ 
therefore, 

a measures d according to e, 

SO THAT, 

a measures d. 
But, 

it, also, does not measure it: 

WHICH, 

is absurd. 
Therefore, 

it is not possible to find 

a fourth proportional number, to a, b, c, when 

a does not measure d. 
Next, let, 

A, B, Cnot be in continued proportion, 

NOR, 

the extremes prime to one another. 
And let, 

b, by multiplying c, make d. 
Similarly then, it can be proved that; 

if a measures d, 

it is possible to find a fourth proportional to them, 

BUT, 

IF IT DOES NOT MEASURE IT, IMPOSSIBLE. 

Q.E. D. 



Proposition 20. 

Prime numbers are more than any assigned multitude of 
prime numbers. 
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Let, 

a, b, c, be the assigned prime numbers; 
i say that; 

there are more prime numbers, than a, b, c. 
For let, 

the least number, measured by a, b, c, be taken, 

AND LET, 

IT BE DE; 
LET, 

the unit, df, be added, to de. 
Then, 

efls either prime or not. 
First, let, 

it be prime; 

THEN, 

the prime numbers, a, b, c, ef, have been found 
which are more than a, b, c. 
Next, let, 

EFnot be prime; 

[vii. 31] 
therefore, 

it is measured by some prime number. 
Let, 

it be measured by the prime number, g. 
i say that; 

gls not the same with any of the numbers, a, b, c. 
For, if possible, let, 

IT BE SO. 

Now, 

A, B, C measure DE; 

THEREFORE, 



g, also, will measure de. 
But, 

it, also, measures ef. 
Therefore, 

g being a number, will measure the remainder, 

the unit, df: 

WHICH, 

is absurd. 
Therefore, 

g is not the same with any one of 

the numbers, a, b, c. 
And, 

by hypothesis it is prime. 
Therefore, 

the prime numbers, a, b, c, g, have been found 

which are more than the assigned multitude of a, b, c. 

Q.E. D. 



Proposition 21. 

If as many even numbers as we please be added together, 



THE WHOLE IS EVEN. 
1 A B 
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AE= 16.00000 
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8.00000 



AB = 2.00000 
BC - 4.00000 
CD = 8.00000 
DE = 2.00000 



For let, 

as many even numbers as we please, 
AB, BC, CD, DE, be added together; 

I SAY THAT; 

THE WHOLE, AE, IS EVEN. 

[VII. DEF. 6] 

For, since, 

each, of the numbers, ab, bc, cd, de, is even, 
it has a half part; 

SO THAT, 

THE WHOLE, AE, ALSO, HAS A HALF PART. 
[ID.) 

But, 

an even number is that 

which is divisible into two equal parts; 
therefore, 

AElS EVEN. 



Q. E. D. 



Proposition 22. 

If as many odd numbers as we please be added together, 
and their multitude be even, the whole will be even. 

AB+BC+CD+DE 



AB 
BC 



1.00000 
3.00000 



4.00000 



CD = 3.00000 (AB+BC+CD+DE)-4 = 4.00000 
DE= 1.00000 




For let, 

as many odd numbers as we please, 
AB, BC, CD, DE, even in multitude, 

BE ADDED TOGETHER; 
I SAY THAT; 

THE WHOLE, AE, IS EVEN. 

[VII. DEF. 7] 

For, since, 

each, of the numbers, ab, bc, cd, de, is odd, 
if an unit be subtracted from each, 
each, of the remainders will be even; 

[IX. 21] 
SO THAT, 

the sum of them will be even. 
But, 

the multitude of the units is, also, even. 

[IX. 21] 

Therefore, 

the whole, ae, is, also, even. 



Q.E. D. 



Proposition 23. 

If as many odd numbers as we please be added together, 
and their multitude be odd, the whole will, also, be odd. 
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4.65667 cm 
9.31333 cm 
B 



AD 
AB 
CD 
AB 



9.00000 



5.00000 



AC 
AB 
AE 
AB 



4.00000 



8.00000 



E 




For let, 

as many odd numbers as we please, 

ab, bc, cd, the multitude of which is odd, 

be added together; 
i say that; 

the whole, ad, is, also, odd. 
Let, 

the unit, de, be subtracted from cd; 

[vii. Def. 7] 
therefore, 

the remainder, ce, is even. 

[IX. 22] 

But, 

CA is, also, even; 

[ix. 21] 
therefore, 

the whole, ae, is, also, even. 
And, 

de is an unit. 

[vii. Def. 7] 
Therefore, 
AD is odd. 



Q.E. D. 



Proposition 24. 

If from an even number an even number be subtracted, 
the remainder will be even. 

AB - 6.00000 AB-CB-AC - 0.00000 
CB - 2.00000 
AC - 4.00000 

A 1 C B 




For let, 

from the even number, ab, 

the even number, bc, be subtracted: 

i say that; 

the remainder, ca, is even. 

[VII. DEF. 6] 

For, since, 

ab is even, it has a half part. 
For, 

the same reason, bc, also, has a half part; 

SO THAT, 

THE REMAINDER, [CA, ALSO, HAS A HALF PART, 
AND], 

AC IS THEREFORE EVEN. 



Q. E. D. 



Proposition 25. 

If from an even number an odd number be subtracted, 
the remainder will be odd. 



AB = 8.00000 
CB = 3.00000 
DB = 2.00000 
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For let, 

from the even number, ab, 

the odd number, bc, be subtracted; 
i say that; 

the remainder, ca, is odd. 
For let, 

the unit, cd, be subtracted from bo, 

[VII. DEF. 7] 

therefore, 

db is even. 
But, 

ABis, also, even; 

[ix. 24] 
therefore, 

the remainder, ad, is, also, even. 
And, 

CD is an unit; 

[vii. Def. 7] 
therefore, 

CA IS ODD. 



Q.E. D. 



Proposition 26. 

If from an odd number an odd number be subtracted, the 
remainder will be even. 

AB = 9.00000 AD = 8.00000 

BC = 3.00000 CD = 2.00000 

BD- 1.00000 CA= 6.00000 

A 1 C D B 




For let, 

from the odd number, ab, 

the odd number, bc, be subtracted; 
i say that; 

the remainder, ca, is even. 
For, since, 

AB IS ODD, 

LET, 

the unit, bd, be subtracted; 

[vii. Def. 7] 
therefore, 

the remainder, ad, is even. 

[vii. Def. 7] 
For the same reason, 
CD is, also, even; 

[ix. 24] 

SO THAT, 

THE REMAINDER, CA, IS, ALSO, EVEN. 



Q.E. D. 



Proposition 27. 

If from an odd number an even number be subtracted, 
the remainder will be odd. 

AD- 1.00000 

BC = 2.00000 DB = 8.00000 

CA = 7.00000 CD = 6.00000 

AD C B 
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For let, 

from the odd number, ab, 

the even number, bc, be subtracted; 
i say that; 

the remainder, ca, is odd. 
Let, 

the unit, ad, be subtracted; 

[vii. Def. 7] 
therefore, 

DBlS EVEN. 

But, 

BC is, also, even; 

[ix. 24] 
therefore, 

the remainder, cd, is even. 

[vii. Def. 7] 
Therefore, 
CA is ODD. 



Q.E. D. 



Proposition 28. 

If an odd number, by multiplying an even number, make 
some number, the product will be even. 



A- 2.00000 
B = 3.00000 
C - 6.00000 A-B-C - 0.00000 

A B 




For let, 

the odd number, a, by multiplying 

the even number, b, make c\ 
i say that; 

CIS EVEN. 

For, since, 

a, by multiplying b, has made c, 

[VII. DEF. 15] 

therefore, 

c is made up of as many numbers equal to b, 

as there are units in a. 
And, 

B is even; 

THEREFORE, 

CIS MADE UP OF EVEN NUMBERS. 

[IX. 21] 

But, 

if as many even numbers as we please 

be added together, the whole is even. 
Therefore, 

Cis EVEN. 

Q.E. D. 



Proposition 29. 

If an odd number, by multiplying an odd number, make 
some number, the product will be odd. 

A -3.00000 C = 15.00000 
B - 5.00000 ABC = 0.00000 

1 A B C 




For let, 

the odd number, a ,by multiplying 

the odd number, b, make c\ 
i say that; 

CIS ODD. 

For, since, 

a, by multiplying b, has made c, 

[VII. DEF. 15] 

therefore, 

c is made up of as many numbers equal to b, 

as there are units in a. 
And, 

each, of the numbers, a, b, is odd; 
therefore, 

c is made up of odd numbers 

the multitude of which is odd. 

[IX. 23] 

Thus, 

CIS ODD. 

Q.E. D. 



Proposition 30. 

If an odd number measure an even number, it will, also, 
measure the half of it. 



A- 3.00000 
B = 6.00000 
C - 2.00000 



B - 6.00000 -_ c _ o.OOOOO 
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For let, 

the odd number, a, measure the even number, b; 
i say that; 

it will, also, measure the half of it. 
For, since, 

a measures b, 

LET, 

it measure it according to c; 
i say that; 

cis not odd. 
For, if possible, let, 

IT BE SO. 

Then, since, 

a measures b, according to c, 
therefore, 

a, by multiplying c, has made b. 
Therefore, 

b is made up of odd numbers 

the multitude of which is odd. 

[IX. 23] 

Therefore, 

Bis odd: 
which, 

is absurd, 

FOR, 

by hypothesis it is even. 
Therefore, 

Cis not odd; 
therefore, 

CIS EVEN. 

Thus, 



a measures b, an even number of times. 
For, 

this reason then it, also, measures the half of it. 

Q.E. D. 



Proposition 31. 

If an odd number be prime to any number, it will, also, be 
prime to the double of it. 
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For let, 

the odd number, a, be prime to any number, b, 

AND LET, 

c be double of £?; 
i say that; 

a is prime to c. 
For, 

if they are not prime to one another, 
some number will measure them. 
Let, 

a number measure them, 

AND LET, 
IT BE D. 

Now, 

A is odd; 

THEREFORE, 

DlS, ALSO, ODD. 

And since, 

d, which is odd, measures c, 

AND, 

CIS EVEN, 

[ix. 30] 
therefore, 

[d] will measure the half of c, also. 
But, 

B IS HALF of C; 

therefore, 

d measures b. 
But, 

it, also, measures a; 
therefore, 



D MEASURES A, B, 

WHICH ARE PRIME TO ONE ANOTHER: 
WHICH, 

is impossible. 
Therefore, 

a cannot but be prime to c. 
Therefore, 

A, Care prime to one another. 

Q. E. D. 



Proposition 32. 

Each, of the numbers which are continually doubled 
beginning from a dyad is even-times even only. 

A =2.00000 C - 8.00000 
B - 4.00000 D = 16.00000 

1 A B C D 



For let, 

as many numbers as we please, 

b, c, d, have been continually doubled beginning from 

the dyad, a; 
i say that; 

B, C, Dare even-times even only. 
Now, 

that each, of 

the numbers, b, c, d, is even-times even is manifest; 

for it is doubled from a dyad, 
i say that; 

it is, also, even-times even only. 
For let, 

an unit be set out. 
Since, 

then as many numbers as we please, 

beginning from an unit, are in continued proportion, 

AND, 

THE NUMBER, A, AFTER THE UNIT IS PRIME, 

[IX. 13] 

therefore, 

d, the greatest of the numbers, a, b, c, d, 

will not be measured by any other number, 

except, a, b, c. 
And, 

each, of the numbers, a, b, c, is even; 

[vii. Def. 8] 
therefore, 

d is even-times even only. 
Similarly we can prove that; 

each, of the numbers, b, c, is even-times even only. 

Q.E,D. 



Proposition 33. 

If a number have its half odd, it is even-times odd only. 

1 A 



For let, 

the number, a, have its half odd; 
i say that; 

a is even-times odd only. 

Now, 

THAT IT IS EVEN-TIMES ODD IS MANIFEST; 

[VII. DEF. 9] 
FOR, 

THE HALF OF IT, BEING ODD, 
MEASURES IT AN EVEN NUMBER OF TIMES. 
I SAY NEXT THAT; 

IT IS, ALSO, EVEN-TIMES ODD ONLY. 

[VII. DEF. 8] 

For, 

if a is even-times even, also, 

it will be measured by an even number 

according to an even number; 

SO THAT, 

THE HALF OF IT WILL, ALSO, BE MEASURED BY AN EVEN 
NUMBER 

THOUGH IT IS ODD: 
WHICH, 

is absurd. 
Therefore, 

a is even-times odd only. 

Q.E. D. 



Proposition 34. 

If a number neither be one of those which are 
continually doubled from a dyad, nor have its half odd, it is 
both even- times even and even-times odd. 

B DA - 0.00000 E-F-A = 0.00000 
1 B E F D A 




A -12.00000 E- 3.00000 
B - 2.00000 F - 4.00000 
D - 6.00000 

For let, 

the number, a, neither be one of those; 

doubled from a dyad, nor have its half odd; 
i say that; 

a is both even-times even and even-times odd. 
Now, 

that a is even-times even is manifest; 

[vii. Def. 8] 

FOR, 

it has not its half odd. 
i say next that; 

it is, also, even-times odd. 
For, 

if we bisect a, then bisect its half, and 

do this continually, 

we shall come upon some odd number 

which will measure a according to an even number. 
For, 

if not, we shall come upon a dyad, and 

a will be among those which are doubled from a dyad: 

WHICH, 

is contrary to the hypothesis. 
Thus, 

a is even-times odd. 
But, 

it was, also, proved even-times even. 
Therefore, 

a is both even-times even and even-times odd. 

Q.E. D. 



Proposition 35. 

If as many numbers as we please be in continued 
proportion, and there be subtracted from the second and 
the last numbers equal to the first, then, as the excess of 
the second is to the first, so will the excess of the last be 
to all those before it. 



A= 1.50716 
BC = 2.27152 
D = 3.42355 
EF- 5.15982 
EH = 3.65267 



CG 
FL = 
HK 
BG 
FK = 



0.76437 

3.42355 

= 0.76437 

1.50716 

2.27152 



GC 
FH 
EL- 
LK = 



0.76437 
1.50716 
1.73628 
1.15202 



GC 1 A FL BC FK d EH 



FK-BC = 0.00000 
FL-D = 0.00000 
BG-FH = 0.00000 
HK-GC = 0.00000 

EF 




i , ii 



*- — >'- 



EF EF CG 

— - 1.50716 — - 1.50716 — - 0.50716 



D FL 

— 1.50716 — -1.50716 



LK 

FK 

HK 

— „ - 0.50716 ~^7 

A+BC+D * H 



EH 



BC 



1.50716 



FK 



EL 



EL+LK+HK 



A ..„,..., p - = 1.50716 —=0.50716 FL+FK+ FH 

Let, 

there be as many numbers as we please 
in continued proportion, a, bc, d, ef, 
beginning from a, as least, 

AND LET, 

THERE BE SUBTRACTED, FROM .BC AND EF, 

THE NUMBERS, BG, FH, 

EACH EQUAL TO A; 
I SAY THAT; 

AS GC IS TO A, 

sois EH to A, BC, D. 

For let, 

fk be made equal to bc, and 

fl equal to d. 
Then, since, 

FK=BC, AND 

of these the part, fh, = the part, bg, 
therefore, 

the remainder, hk, = the remainder, gc. 
And since, 

asEFistoD, 



0.50716 
■ 0.50716 
0.50716 



SO IS D TO BC, AND 

BC to A, 

WHILE, 

D=FL, 

BC = FK, AND 

A = FH, 

THEREFORE, 

AS EF IS TO FL, 

SO IS LFTO FK, AND 

FK to FH. 

[vii. 11, 13] 
Separando, 

as EL is to LF, 

SO IS ZJf to FK, AND 

XHto FH. 

[vii. 12] 
Therefore also, 

as one of the antecedents is to one of 

the consequents, 

so are all the antecedents to all the consequents; 
therefore, 

as kh is to fh, 

so are EL, LK, KH to LF, FK, HF. 
But, 

KH= CG, 

FH = A, AND 

LF,FK,HF=D,BC,A; 

THEREFORE, 

AS CG IS TO A, 

so is EH to D, BC, A. 

Therefore, 

as the excess of the second is to the first, 

so is the excess of the last to all those before it 

Q. E. D. 



Proposition 36. 

If as many numbers as we please beginning from an unit 
be set out continuously in double proportion, until the sum 
of all becomes prime, and if the sum multiplied into the last 
make some number, the product will be perfect. 

(1+A)A 



1 = 1.00000 
A= 2.00000 
B = 3.00000 
C = 6.00000 



(B-2)+(B-l)+B 

6 

1.00000 



1.00000 



1+2+3 
B C 





A = 4.00000 
B = 7.00000 
C = 28.00000 

1 A 



B+(B-l)+(B-2)+(B-3)+(B-4)+(B-5)+(B-6) 
28 



1.00000 



1+2+3+4+5+6+7 

2°+2 1 +2 2 +2°-7+2 1 -7 = 28.00000 
B 



1.00000 1+2+4+7+14 = 28.00000 




For let, 

as many numbers as we please, a, b, c, d, 

beginning from an unit be set out in 

double proportion, until the sum of all becomes prime, 



A- 2.00000 
D - 16.00000 
C - 8.00000 
E- 31.00000 
M - 248.00000 
FG - 496.00000 
HK- 62.00000 
NK- 31.00000 



L - 124.00000 








OG - 465.00000 
FO- 31.00000 




FG 

A 


- 248.00000 


B - 4.00000 
E 


.00000 
0000 


FG 
B 
FG 

C 


- 124.00000 


1+A+B+C+D 
(A 5 -l)A 4 - 496. C 


- 62.00000 



FG 

D 
FG 

E 

FG 
HK 



- 31.00000 

- 16.00000 

- 8.00000 

FG 



FG 
L 

FG 

M 
A 4 -E - 496.00000 



- 4.00000 

- 2.00000 



fD E 



HK 



M 



E+HK+L+M+A+B+C+D+1 




GO FG 

— I' __ - ~ I 



NK 

A 
-=0.12 

E 



2 +2 1 +2 2 +2 3 +2 4 +2°.31+2 1 .31+2 2 -31+2 3 .31 - 496.00000 



ED-AM - 0.00000 
ED-FG - 0.00000 
A-M-FG - 0.00000 



FG 

M 

NK 



-A- 0.00000 



OG 



FG 



LET, 

E BE EQUAL TO THE SUM, 
AND LET, 

e, by multiplying d, make fg; 
i say that; 

fg is perfect. 
For let, 

however many, a, b, c, d, are in multitude, 

so many, e, hk, l, m, be taken in double proportion, 

beginning from e\ 

[VII. 14] 

THEREFORE, EX AEQUALI, 

AS A IS TO D, 

SO IS E TO M. 

[vii. 19] 
Therefore, 

the product, of e, d, = 

the product, of a, m. 
And, 

THE PRODUCT, OF E, D, is FG; 
therefore, 

the product, of a, m, is, also, fg. 
Therefore, 

a, by multiplying m, has made fg, 
therefore, 

m measures fg, according to the units in a. 
And, 

A is a dyad; 
therefore, 

fg is double of m. 
But, 

m, l, hk, e are continuously double of each other; 
therefore, 

E, HK, L, M, FG are, continuously proportional, in 

DOUBLE PROPORTION. 
NOW LET, 

THERE BE SUBTRACTED FROM THE SECOND, HK, AND 
THE LAST, FG, THE NUMBERS, HN, FO, 
EACH EQUAL TO THE FIRST, E\ 

[IX. 35] 

THEREFORE, 

AS THE EXCESS OF THE SECOND IS TO THE FIRST, 

SO IS THE EXCESS OF THE LAST TO ALL THOSE BEFORE IT. 



Therefore, 

ASiVKlSTO E, 

so is OG to M, L, KH, E. 
And, 

NK=E; 

THEREFORE, 

OG = M, L, HK, E. 

But, 

FO = E, AND 

e = a, b, c, d and the unit. 
Therefore, 

the whole, fg, = 

E, HK, L, Mand A, B, C, D and the unit; and 

IT IS MEASURED BY THEM. 
I SAY, ALSO, THAT; 

FG WILL NOT BE MEASURED BY ANY OTHER NUMBER, 

except, A, B, C, D, E, HK, L, M, and the unit. 
For, if possible, let, 

some number, p, measure fg, 

AND LET, 

PNOT BE THE SAME WITH ANY OF THE NUMBERS, 

A, B, C, D, E, HK, L, M. 

And, 

as many times as p measures fg, 

so many units let there be in q; 
therefore, 

q, by multiplying p, has made fg. 
But, further, 

e, has also, by multiplying d, made fg, 

[VII. 19] 

therefore, 

as e is to q, 

so is pto d. 
And, since, 

a, b, c, d are continuously proportional 

beginning from an unit, 

[ix. 13] 
therefore, 

d will not be measured by any other number, 

except, a, b, c. 
And, by hypothesis, 

Pis not the same with any of the numbers, A, B, C; 

THEREFORE, 

PWILL NOT MEASURE D. 



But, 

as Pis to D, 
so is E to Q; 

[vii. Def. 20] 
therefore, 

neither does e measure q. 
And, 

E is prime; 

[vii. 29] 

AND, 

any prime number is prime to any number 
which it does not measure. 
Therefore, 

e, q are prime to one another. 

[VII. 21] 

But, 

primes are, also, least, 

[vii. 20] 

AND, 

THE LEAST NUMBERS MEASURE THOSE WHICH HAVE 
THE SAME RATIO THE SAME NUMBER OF TIMES, 
THE ANTECEDENT THE ANTECEDENT AND, 
THE CONSEQUENT THE CONSEQUENT; AND 
AS E IS TO Q, 

so is Pto D; 

therefore, 

e measures p, 

the same number of times that q measures d. 
But, 

d is not measured by any other number, 

except, A, B, C; 
therefore, 

q is the same with one of the numbers, a, b, c. 
Let, 

it be the same with b. 
And let, 

however many, b, c, d, are in multitude, 

so many, e, hk, l, be taken beginning from e. 
Now, 

E, HK, L ARE IN THE SAME RATIO WITH B, C, D, 

[VII. 14] 

THEREFORE, EX AEQUALI, 
AS B IS TO D, 



so is E to L. 

[vii. 19] 
Therefore, 

the product, of b, l, = 

the product, of d, e. 
But, 

the product, of d, e, = 

the product, of q, p, 
therefore, 

the product, of q, p, = 

the product, of b, l. 

[VII. 19] 

Therefore, 

as Q is to B, 

so is L to P. 
And, 

q is the same with b\ 
therefore, 

l is, also, the same with p. 

WHICH, 

IS IMPOSSIBLE, 
FOR, 

by hypothesis pls not 

the same with any of the numbers set out. 
Therefore, 

no number will measure fg, 

except, A, B, C, D, E, HK, L, M, and the unit. 
And, 

fg was proved 

equal to, A, B, C, D, E, HK, Z, M, and the unit; 

[vii. Def. 22] 

AND, 

A PERFECT NUMBER IS THAT 

WHICH = ITS OWN PARTS; 
THEREFORE, 

FG IS PERFECT. 

Q. E. D. 
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[There are probably some mistakes in this due to the 

fact that I am not the sharpest tool in the shed. Trying to 

glean some understanding from Heath's notes is 

sometimes no use as the following quote from Book 10 

Introduction demonstrates. 

m 2 
"(1) (3 is equal to ~ (a 2 + (3), where m, n are integers, 

i.e. (3 is of the form 

m 2 

a 2 ." 



n 2 -m 2 

Now, I don't think one has to be smart to recognize 
gibberish when they see it. Who in their right mind 
defines a thing in terms of itself? Sometimes we spend too 
much time trying to appear smart instead of being clear. 

And then, the icing on the cake, 'of the form such and 
such and not of the form such and such.' which means 
what? Absolutely nothing.] 



BOOK X. 

Definitions. 

1. Those magnitudes are said to be commensurable 
which are measured by the same measure, and those 
incommensurable which cannot have any common measure. 

2. Straight lines are commensurable in square when 
the squares on them are measured by the same area, and 
incommensurable in square when the squares on them 
cannot possibly have any area as a common measure. 

3. With these hypotheses, it is proved that there exist 
straight lines infinite in multitude which are 
commensurable and incommensurable respectively, some 
in length only, and others in square also, with an assigned 
straight line. let then the assigned straight line be 
called rational, and those straight lines which are 
commensurable with it, whether in length and in square 
or in square, only, rational, but those which are 
incommensurable with it irrational. 

4. And let the square, on the assigned straight line be 
called rational and those areas which are 
commensurable with it rational, but those which are 
incommensurable with it irrational, and the straight 
lines which produce them irrational, that is, in case the 
areas are squares, the sides themselves, but in case they 
are any other rectilineal figures, the straight lines on 
which are described squares equal to them. 



Notes. 

Definition 1. Those magnitudes are said to be 

commensurable which are measured by the same 

measure, and those incommensurable which cannot 
have any common measure. 



Notes. 

Definition 2. Straight lines are commensurable in square 
when the squares on them are measured by the same 
area, and incommensurable in square when the squares 
on them cannot possibly have any area as a common 

MEASURE. 



Notes. 

Definition 3. With these hypotheses, it is proved that 
there exist straight lines infinite in multitude which are 
commensurable and incommensurable respectively, some 
in length only, and others in square also, with an 
assigned straight line. let then the assigned straight 
line be called rational, and those straight lines which 
are commensurable with it, whether in length and in 
square or in square, only, rational, but those which are 
incommensurable with it irrational. 



Notes. 

Definition 4. And let the square, on the assigned straight 
line be called rational and those areas which are 
commensurable with it rational, but those which are 
incommensurable with it irrational, and the straight 
lines which produce them irrational, that is, in case the 
areas are squares, the sides themselves, but in case 
they are any other rectilineal figures, the straight 
lines on which are described squares equal to them. 



BOOK X. 
PROPOSITIONS. 

Proposition 1. 

two unequal magnitudes being set out, if from the 
greater there be subtracted a magnitude greater than its 
half and from that which is left a magnitude greater than 
its half and if this process be repeated continually there 
will be left some magnitude which will be less than the 
lesser magnitude set out. 

v ^ ~- -. 

i x 



A^ 

C^^ 



■ ' ' ' t 

K H B 



D* 



E 



Let, 

ab, c, be two unequal magnitudes, of which, 
AB is the greater: 

I SAY THAT; 

IF FROM AB, THERE BE SUBTRACTED 

A MAGNITUDE GREATER THAN ITS HALF, AND 

FROM THAT WHICH IS LEFT 

A MAGNITUDE GREATER THAN ITS HALF, AND 

IF THIS PROCESS BE REPEATED CONTINUALLY, 

THERE WILL BE LEFT SOME MAGNITUDE 

WHICH WILL BE LESS THAN THE MAGNITUDE, C. 

[CF. V. DEF. 4] 

For, 

c, if multiplied will sometime be greater than ab. 

Let, 

it be multiplied, 

AND LET, 

DE BE A MULTIPLE OF C, AND GREATER THAN AB; 

LET, 

DE BE DIVIDED INTO THE PARTS, DF, FG, GE, EQUAL TO C, 

LET FROM, 

AB THERE BE SUBTRACTED BH, GREATER THAN ITS HALF, 

AND, FROM, 



AH, HK GREATER THAN ITS HALF, 
AND LET, 

this process be repeated continually 

until the divisions in ab are equal in multitude 

with the divisions in de. 

Let, then, 

AK, KH, HB be divisions, which 

are equal in multitude with df, fg, ge. 

now, since, 

de is greater than ab, and from de, 

there has been subtracted eg less than its half, and 

from ab, bh greater than its half, 

therefore, 

the remainder, gd, is greater than 
the remainder, ha. 

And, since, 

gd is greater than ha, and 

there has been subtracted, from gd, 

the half gf, and from 

ha, hk, greater than its half, 

therefore, 

the remainder, df, is greater than 
the remainder, ak. 

But, 

DF=C; 

therefore, 

cis, also, greater than ak. 

Therefore, 

AKlS LESS THAN C. 

Therefore, 

there is left of the magnitude, ab, 

the magnitude, ak, 

which is less than the lesser magnitude set out, 

NAMELY, 

c. 

Q.E. D. 



Proposition 2. 

If when the less of two unequal magnitudes is 
continually subtracted in turn from the greater, that 
which is left never measures the one before it, the 
magnitudes will be incommensurable. 

G B 



C F D 

For, 

there being two unequal magnitudes, ab, cd, and 

ab being the less, when 

the less is continually subtracted 

in turn from the greater, 

LET, 

that which is left over 

never measure the one before it; 

i say that; 

the magnitudes, ab, cd, are incommensurable. 

For, 

if they are commensurable, 

some magnitude will measure them. 

Let, if possible, 

a magnitude measure them, 

AND LET, 
IT BE E; 

LET, 

AB, MEASURING FD, LEAVE CF, LESS THAN ITSELF, 

LET, 

CF MEASURING BG, LEAVE AG, LESS THAN ITSELF, 

AND LET, 

this process be repeated continually, 
until there is left some magnitude 
which is less than e. 

Suppose, 
this done, 

AND LET, 

THERE BE LEFT, AG, LESS THAN E. 



Then, since, 



e measures ab, while 
ab measures df, 

therefore, 

ewill, also, measure fd. 

But, 

it measures the whole, cd, also; 

therefore, 

it will, also, measure the remainder, cf. 

But, 

CF measures BG; 

therefore, 

e, also, measures bg. 

But, 

it measures the whole, ab, also; 

therefore, 

it will, also, measure the remainder, ag, 
the greater the less: 

WHICH, 

is impossible. 

Therefore, 

no magnitude will measure the magnitudes, ab, cd; 

[X. DEF. 1] 

therefore, 

the magnitudes, ab, cd, are incommensurable. 

Therefore etc. 



Proposition 3. 

Given two commensurable magnitudes, to find their 



GREATEST COMMON MEASURE. 
AF CE AB 



CD 




Let, 

the two given 

commensurable magnitudes be ab, cd, of which, 

AB IS THE less; 

THUS IT IS REQUIRED, 

TO FIND THE GREATEST COMMON MEASURE OF AB, CD. 

Now, 

the magnitude, ab, either measures cd or it does not. 

If, 

then it measures it — and it measures itself also — 
ab is a common measure of ab, cd. 

And it is manifest, 

that it is, also, the greatest; 

FOR, 

a greater magnitude than 

the magnitude, ab, will not measure ab. 

Next, let, 

ab not measure cd. 

Then, 

if the less be continually subtracted, in turn, from 
the greater, 

that which is left over will sometime measure 
the one before it, 

[CF. X. 2] 
BECAUSE, 

AB, CD ARE not incommensurable; 



LET, 



AB, MEASURING ED, LEAVE EC, LESS THAN ITSELF, 



LET, 

EC, MEASURING FB, LEAVE AF, LESS THAN ITSELF, 

AND LET, 

af measure ce. 

Since, 

then, af measures ce, while 
ce measures fb, 

therefore, 

af will, also, measure fb. 

But, 

it measures itself also; 

therefore, 

af will, also, measure the whole, ab. 

But, 

AB measures DE; 

therefore, 

af will, also, measure ed. 

But, 

it measures ce, also; 

therefore, 

it, also, measures the whole, cd. 

Therefore, 

af is a common measure of ab, cd. 

i say next that; 

it is, also, the greatest. 

For, 

if not, there will be some magnitude 
greater than af which will measure ab, cd. 

Let, 

IT BE G. 

Since then, 

g measures ab, while 
ab measures ed, 

therefore, 

gwill, also, measure ed. 

But, 

it measures the whole, cd, also; 

therefore, 



gwill, also, measure the remainder, ce. 

But, 

CE measures FB; 

therefore, 

gwill, also, measure fb. 

But, 

it measures the whole, ab, also, 

and therefore, 

it will measure the remainder, af, 
the greater the less: 

WHICH, 

is impossible. 

Therefore, 

no magnitude greater than afwill measure ab, cd; 

therefore, 

af is the greatest common measure of ab, cd. 

Therefore, 

the greatest common measure of 

the two given commensurable magnitudes, 

ab, cd, has been found. 

Q.E. D. 

PORISM. 

From this it is manifest that, if a magnitude measure 
two magnitudes, it will, also, measure their greatest 
common measure. 



Proposition 4. 

Given three commensurable magnitudes, to find their 
greatest common measure. 

C B A 




E F 

Let, 

a, b, c be the three given commensurable magnitudes; 

thus it is required, 

to find the greatest common measure, of a, b, c . 

[x.3] 

Let, 

the greatest common measure of 
the two magnitudes, a, b, be taken, 

AND LET, 
IT BE D; 

THEN, 

d either measures c, or does not measure it. 

First, let, 

it measure it. 

Since then, 

d measures c, while 
it, also, measures a, b, 

therefore, 

d is a common measure, of a, b, c. 

And it is manifest that; 
it is, also, the greatest; 

FOR, 

a greater magnitude 

than the magnitude, d, does not measure a, b. 

Next, let, 

d not measure c. 

i say first that; 

c, d are commensurable. 

For, since, 



A, B, Care commensurable, 

SOME MAGNITUDE WILL MEASURE THEM, 

AND, OF COURSE, 

THIS WILL MEASURE A, B, ALSO; 

[X. 3, POR.] 

SO THAT, 

IT WILL, ALSO, MEASURE 

THE GREATEST COMMON MEASURE, OF A, B, 

NAMELY, 

D. 

But, 

it, also, measures c; 

SO THAT, 

THE SAID MAGNITUDE WILL MEASURE C, D] 

THEREFORE, 

C, D ARE COMMENSURABLE. 

[x.3] 

NOW LET, 

THEIR GREATEST COMMON MEASURE BE TAKEN, 

AND LET, 
IT BE E. 

Since then, 

e measures d, while 
d measures a, b, 

therefore, 

e will, also, measure a, b. 

But, 

it measures c, also; 

therefore, 

e measures a, b, c; 

therefore, 

e is a common measure, of a, b, c. 

i say next that; 

it is, also, the greatest. 

For, if possible, let, 

there be some magnitude, f, greater than e, 

AND LET, 

IT MEASURE A, B, C. 



[X. 3, POR.] 

now, since, 

f measures a, b, c, 

it will, also, measure a, b, and 

will measure the greatest common measure, of a, b. 

But, 

the greatest common measure, of a, b is d; 

therefore, 

f measures d. 

But, 

it measures c, also; 

therefore, 

f measures c, d; 

[X. 3, POR.] 

therefore, 

fwill, also, measure 

the greatest common measure, of c, d. 

But, 

THAT is E; 

THEREFORE, 

FWILL MEASURE E, THE GREATER THE LESS: 

WHICH, 

is impossible. 

Therefore, 

no magnitude greater than 

the magnitude, e, will measure a, b, c] 

therefore, 

e is the greatest common measure, of a, b, c, 

if d do not measure c, and 

if it measure it, 

d is itself the greatest common measure. 

Therefore, 

the greatest common measure of 

the three given commensurable magnitudes 

has been found. 

PORISM. 



From this it is manifest that, if a magnitude measure 
three magnitudes, it will, also, measure their greatest 
common measure. 

Similarly too, with more magnitudes, the greatest 
common measure can be found, and the porism can be 
extended. 

Q.E. D. 



Proposition 5. 

Commensurable magnitudes have to one another the 
ratio which a number has to a number. 



E = 2.00000 
C = 3.00000 
D = 3.00000 
B = 6.00000 
A= 9.00000 

1 



c 

D 



= 3.00000 



= 3.00000 



E 




B 

— = 2.00000 

c 



— = 2.00000 



= 1.50000 



= 1.50000 



Let, 

a, b, be commensurable magnitudes; 

i say that; 

a has to b, the ratio which a number has to a number. 

For, since, 

a, b are commensurable, 

some magnitude will measure them. 

Let, 

it measure them, 

AND LET, 
IT BE C. 

And let, 

as many times as c measures a, 
so many units there be in d; 

AND LET, 

as many times as c measures b, 
so many units there be in e. 

Since, 

then c measures a, according to the units in d, while 
the unit, also, measures d, according to the units in it, 

therefore, 

the unit measures the number d, 
the same number of times as 
the magnitude, c, measures a; 

[vii. Def. 20] 

therefore, 



AS C IS TO A, 

SO IS THE UNIT TO D) 

[CF. V. 7, POR.] 

therefore, inversely, 
as a is to c, 
so is d to the unit. 

Again, since, 

c measures b, according to the units in e, while 

the unit, also, measures e according to the units in it, 

therefore, 

the unit measures e, 

the same number of times as c measures b; 

therefore, 
as c is to b, 
so is the unit to e. 

But, 

it was, also, proved that, 

as a is to c, 

so is d to the unit; 

[v. 22] 

therefore, exaequaln, 
as a is to b, 
so is the number, d, to e. 

Therefore, 

the commensurable magnitudes, a, b, 
have to one another the ratio which 
the number, d, has to the number, e. 



[Note: John Clark] 



Q.E. D. 



— = 1.50000 
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01 = 1.14300 cm 
0C = 3.42900 cm 
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B = 6.00000 


0D = 2.28600 cm 
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Proposition 6. 

If two magnitudes have to one another the ratio which a 
number has to a number, the magnitudes will be 
commensurable. 
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For let, 

the two magnitudes, a, b, 

have to one another the ratio which 

the number, d, has to the number, e\ 

i say that; 

the magnitudes, a, b, are commensurable. 

For let, 

a be divided into as many equal parts 
as there are units in d, 

AND LET, 

C BE EQUAL TO ONE OF THEM; 

AND LET, 

fbe made up of as many magnitudes equal 
to c as there are units in e. 

Since, 

then there are in a as many magnitudes equal to c, 
as there are units in d, 
whatever part the unit is of d, 
the same part is c of a also; 

[vii. Def. 20] 

therefore, 
as c is to a, 
so is the unit to d. 



But, 

the unit measures the number d\ 

therefore, 

c, also, measures a. 

And since, 
as c is to a, 
so is the unit to d, 

[CF. V. 7, POR.] 

therefore, inversely, 
as a is to c, 
so is the number, d, to the unit. 

Again, since, 

there are in fas many magnitudes equal to c, 
as there are units in e, 

[vii. Def. 20] 

therefore, 
as c is to f, 
so is the unit to e. 

But, it was, also, proved that; 
as a is to c, 

SO IS D TO THE unit; 
[v. 22] 

THEREFORE, EX AEQUALI, 
AS A IS TO F, 

so is D to E. 

But, 

as d is to e, 
so is A to B; 

[v. 11] 

therefore also, 
as a is to .b, 
so is it to f, also. 

Therefore, 

a has the same ratio to each, of the magnitudes, b, f, 

[v.9] 

THEREFORE, 

B=F. 

But, 



C measures F; 

therefore, 

it measures b, also. 

Further, 

it measures a, also; 

therefore, 

c measures a, b. 

Therefore, 

a is commensurable with b. 

Therefore etc. 

Porism. 

From this it is manifest that, 

if there be two numbers, as d, e 

AND, 

a straight line, as a, 

it is possible to make a straight line [f] such that 

the given straight line is to it as 

the number, d, is to the number, e. 

And, 

if a mean proportional be, also, taken 

between a, f, as b, 

as a is to f, 

so will the square, on a, be to the square, on b, 

[VI. 19, POR.] 
THAT IS, 

as the first is to the third, 
so is the figure on the first 
to that which is similar and 
similarly described on the second. 

But, 

as A is to F, 

SO IS THE NUMBER, D, TO THE NUMBER, E\ 

THEREFORE, 

IT HAS BEEN CONTRIVED THAT, 

AS THE NUMBER, D, IS TO THE NUMBER, E, 

SO ALSO, IS THE FIGURE, ON 

THE STRAIGHT LINE, A, TO 

THE FIGURE, ON THE STRAIGHT LINE, B. 



Q.E. D. 



[Note: John Clark] 
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Proposition 7. 

Incommensurable magnitudes have not to one another 
the ratio which a number has to a number. 
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Let, 

A, Bbe incommensurable magnitudes; 

I SAY THAT; 

A HAS NOT TO B, 

THE RATIO WHICH A NUMBER HAS TO A NUMBER. 

[x.6] 

For, 

if A has to B 

the ratio which a number has to a number, 

a will be commensurable with b. 

But, 

it is not; 

THEREFORE, 

A HAS NOT TO B 

THE RATIO WHICH A NUMBER HAS TO A NUMBER. 



Therefore etc. 



Proposition 8. 

If two magnitudes have not to one another the ratio 
which a number has to a number, the magnitudes will be 
incommensurable. 
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For let, 

the two magnitudes, a, b, not have to one another 
the ratio which a number has to a number; 

i say that; 

the magnitudes, a, b, are incommensurable. 

[x.5] 

For, 

if they are commensurable, a will have to b 
the ratio which a number has to a number. 

But, 

it has not; 

therefore, 

the magnitudes, a, b, are incommensurable. 

Therefore etc. 



Proposition 9. 

The squares on straight lines commensurable in length 
have to one another the ratio which a square number has to 
a square number; and squares which have to one another 
the ratio which a square number has to a square number 
will, also, have their sides commensurable in length. but 
the squares on straight lines incommensurable in length 
have not to one another the ratio which a square number 
has to a square number; and squares which have not to one 
another the ratio which a square number has to a square 
number will not have their sides commensurable in length 

EITHER. 
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For let, 

A, Bbe commensurable, in length; 

i say that; 

the square, on a, has to the square, on b, 

the ratio which, 

a square number has to a square number. 

For, since, 

a is commensurable, in length, with b, 

[x.5] 

THEREFORE, 
A HAS TO B, 

the ratio which a number has to a number. 

Let, 

it have to it the ratio which c has to d. 

Since then, 
as A is to B, 
so is Cto D, 

WHILE, 

THE RATIO, OF THE SQUARE, ON A, 



TO THE SQUARE, ON B, IS DUPLICATE OF 
THE RATIO, OF A TO B, 

[VI. 20, POR.] 

FOR, 

SIMILAR FIGURES ARE IN 

THE DUPLICATE RATIO OF THEIR CORRESPONDING SIDES; AND 

THE RATIO, OF THE SQUARE, ON C, TO 

THE SQUARE, ON D, IS DUPLICATE OF 

THE RATIO, OF CTO D, 

FOR, 

BETWEEN TWO SQUARE NUMBERS 

THERE IS ONE MEAN PROPORTIONAL NUMBER, 

[VIII. 11] 

AND, 

the square number has to the square number 
the ratio duplicate of that which 
the side has to the side; 

therefore also, 

as the square, on a, is to the square, on b, 
so is the square, on c, to the square, on d. 

Next let, 

as the square, on a, is to the square, on b, 
so the square, on c ,be to the square, on d] 

i say that; 

a is commensurable, in length, with b. 

For since, 

as the square, on a, is to the square, on b, 
so is the square, on c, to the square, on d, 

WHILE, 

the ratio, of the square, on a, 

to the square, on b, is duplicate of 

the ratio, of a to b, and 

the ratio, of the square, on c, to 

the square, on d, is duplicate of the ratio, of cto d, 

therefore also, 
as a is to b, 
so is cto.d. 

Therefore, 
A has to B, 

THE RATIO WHICH THE NUMBER, C, HAS TO THE NUMBER, D; 



[x.6] 

therefore, 

a is commensurable, in length, with b. 

Next, let, 

a be incommensurable, in length, with b\ 

i say that; 

the square, on a, has not to the square, on b, 

the ratio which, 

a square number has to a square number. 

For, 

if the square, on a, has to the square, on b, 
the ratio which, 

a square number has to a square number, 
a will be commensurable with b. 

But, 

it is not; 

therefore, 

the square, on a, has not to the square, on b, 

the ratio which, 

a square number has to a square number. 

Again, let, 

the square, on a, not have to the square, on b, 

the ratio which, 

a square number has to a square number; 

i say that; 

a is incommensurable, in length, with b. 

For, 

if a is commensurable with b, 

the square, on a, will have to the square, on b, 

the ratio which, 

a square number has to a square number. 

But, 

it has not; 

therefore, 

a is not commensurable, in length, with b. 

Therefore etc. 

Porism. 

And it is manifest from what has been proved that 
straight lines commensurable, in length, are always 



commensurable in square also, but those commensurable 
in square are not always commensurable, in length, also. 

[Lemma. 

It has been proved in the arithmetical books that 
similar plane numbers have to one another the ratio which 
a square number has to a square number, [viii. 26] and 
that, if two numbers have to one another the ratio which 
a square number has to a square number, they are similar 
plane numbers. [converse of viii. 26] 

And it is manifest from these propositions that 
numbers which are not similar plane numbers, that is, 
those which have not their sides proportional, have not 
to one another the ratio which a square number has to a 
square number. 

For, if they have, they will be similar plane numbers: 
which is contrary to the hypothesis. 

Therefore numbers which are not similar plane 
numbers have not to one another the ratio which a square 
number has to a square number.] 



[Proposition 10. 

to find two straight lines incommensurable, the one in 
length only, and the other in square also, with an assigned 
straight line. 
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Let, 

a be the assigned straight line; 

thus it is required, 

to find two straight lines incommensurable, 

the one in length only, and, 

the other in square, also, with a. 

Let, 

two numbers, b, c, be set out, which 
have not to one another, the ratio which 
a square number has to a square number, 

THAT IS, 

WHICH ARE NOT SIMILAR PLANE NUMBERS; 

AND LET, IT BE CONTRIVED THAT; 
AS B IS TO C, 
SO IS THE SQUARE, ON A, TO THE SQUARE, ON D. 

[X. 6, POR.] 

— FOR, 

WE HAVE LEARNT HOW TO DO THIS — 



[x.6] 



therefore, 

the square, on a, is commensurable with 
the square, on d. 

And, since, 

b has not to c, 

the ratio which, 

a square number has to a square number, 

therefore, 

neither has the square, on a, to the square, on d, 

the ratio which, 

a square number has to a square number; 

[x.9] 

therefore, 

a is incommensurable, in length, with d. 

Let, 

e be taken a mean proportional between a, d] 

[V. DEF. 9] 

therefore, 
as a is to d, 
so is the square, on a, to the square, on e. 

But, 

a is incommensurable, in length, with d; 

[X. 11] 

therefore, 

the square, on a, is, also, incommensurable with 
the square, on e; 

therefore, 

a is incommensurable, in square, with e. 

Therefore, 

two straight lines d, e, 

have been found incommensurable, 

d in length only, and e, in square, 

and, of course, 

in length also, with the assigned straight line a.] 



Proposition 11. 

If four magnitudes be proportional, and the first be 
commensurable with the second, the third will, also, be 
commensurable with the fourth, and, if the first be 
incommensurable with the second, the third will, also, be 
incommensurable with the fourth. 
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Let, 

a, b, c, d be four magnitudes in proportion, 

SO THAT, 

AS A IS TO B, 

SO IS CtoD, 

AND LET, 

a be commensurable with b\ 

i say that; 

cwill, also, be commensurable with d. 

For, since, 

a is commensurable with b, 

[x.5] 

therefore, 

a has to b, the ratio which, 
a number has to a number. 

And, 

as a is to b, 
so is CtoD; 

THEREFORE ALSO, 

C HAS TO D, THE RATIO WHICH, 
A NUMBER HAS TO A NUMBER; 

[x.6] 

THEREFORE, 

C IS COMMENSURABLE WITH D. 



Next, let, 

a be incommensurable with b\ 

i say that; 

cwill, also, be incommensurable with d. 

For, since, 

a is incommensurable with b, 

[x.7] 

therefore, 

a has not to b, the ratio which, 
a number has to a number. 

And, 

as a is to b, 
so is CtoD; 

THEREFORE, 

NEITHER HAS CTO D, THE RATIO WHICH, 
A NUMBER HAS TO A NUMBER; 

[x.8] 

therefore, 

c is incommensurable with d. 

Therefore etc. 



Proposition 12. 

Magnitudes commensurable with the same magnitude are 
commensurable with one another also. 
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For let, 

each, of the magnitudes, a, b, 
be commensurable with c\ 

i say that; 

a is, also, commensurable with b. 

For, since, 

a is commensurable with c, 

[x.5] 

therefore, 

a has to c, the ratio which a number has to a number. 

Let, 

it have the ratio which d has to e. 

Again, since, 

c is commensurable with b, 

[x.5] 

therefore, 

c has to b, the ratio which a number has to a number. 

Let, 

it have the ratio which fhas to g. 

And, given, 

any number of ratios we please, 

NAMELY, 

THE RATIO WHICH D HAS TO E, AND 
THAT WHICH F HAS TO G, 

[CF. VIII. 4] 

LET, 



THE NUMBERS, H, K, L, 

BE TAKEN CONTINUOUSLY IN THE GIVEN RATIOS; 

SO THAT, 

AS D IS TO E, 
SO IS HTO K, AND 
AS F IS TO G, 
SO IS if TO L. 

Since, then, 
as A is to C, 
so is D to E, WHILE 

AS D IS TO E, 
SO IS HTO X, 

[V. 11] 

therefore also, 
as a is to c, 
so is hto k. 

Again, since, 
as c is to b, 
SO IS Fto G, while 

AS F IS TO G, 
SO IS if TO L, 

[V. 11] 

THEREFORE ALSO, 
AS C IS TO -B, 
SO IS if TO L. 

But also, 
as A is to C, 
so is Hto K; 

[v. 22] 

THEREFORE, EX AEQUALI, 
AS A IS TO .B, 

so is Hto L. 

Therefore, 

a has to b, the ratio which, 
a number has to a number; 

[x.6] 

therefore, 

a is commensurable with b. 

Therefore etc. 



Q.E. D. 



Proposition 13. 

If two magnitudes be commensurable, and the one of 
them be incommensurable with any magnitude, the remaining 
one will, also, be incommensurable with the same. 

C B A 




Let, 

A, Bbe two commensurable magnitudes, 

AND LET, 

one of them, a, 

be incommensurable with any other magnitude, c; 

i say that; 

the remaining one, b, 

will, also, be incommensurable with c. 

For, 

if b is commensurable with c, 

[x. 12] 

WHILE, 

a is, also, commensurable with b, 
a is, also, commensurable with c. 

But, 

it is, also, incommensurable with it: 

WHICH, 

is impossible. 

Therefore, 

b is not commensurable with c; 

therefore, 

it is incommensurable with it. 

Therefore etc. 

Lemma. 

Given two unequal straight lines, to find by what square 
the square, on the greater is greater than the square, on 

THE LESS. 
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Let, 

ab, c be the given two unequal straight lines, 

AND LET, 

AB BE THE GREATER OF THEM; 

THUS IT IS REQUIRED, 

TO FIND BY WHAT SQUARE 

THE SQUARE, ON AB, IS GREATER THAN 

THE SQUARE, ON C. 

[IV. 1] 

Let, 

the semicircle, adb, be described, on ab, 

AND LET, 

AD BE FITTED INTO IT EQUAL TO C; 

LET, 

DB BE JOINED. 

[in. 31] 

It is then manifest that; 
aADB, is right, 

AND THAT, 

THE SQUARE, ON AB, IS GREATER THAN 
THE SQUARE, ON AD, 

[I. 47] 

THAT IS, 

C, BY THE SQUARE, ON DB. 



Similarly also, 

if two straight lines be given, 

the straight line the square, on which = 

the sum of 

the squares on them is found in this manner. 

Let, 

ad, db be the given two straight lines, 

and let it be required, 

to find the straight line, 

the square, on which = 

the sum of the squares on them. 

Let, 

them be placed so as to contain a right angle, 
that formed by ad, db; 

AND LET, 

AB BE JOINED. 

[I. 47] 

It is again manifest that; 

the straight line, the square, on which, = 
the sum of the squares on ad, db is ab. 

Q.E. D. 



Proposition 14. 

If four straight lines be proportional, and the square, 
on the first be greater than the square, on the second by 
the square, on a straight line commensurable with the 
first, the square, on the third will, also, be greater than 
the square, on the fourth by the square, on a straight line 
commensurable with the third. 

And, if the square, on the first be greater than the 
square, on the second by the square, on a straight line 
incommensurable with the first, the square, on the third 
will, also, be greater than the square, on the fourth by the 
square, on a straight line incommensurable with the third. 
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Let, 

a, b, c, d be four straight lines in proportion, 

SO THAT, 

AS A IS TO B, 

so is CtoD; 

AND LET, 

THE SQUARE, ON A, BE GREATER THAN 
THE SQUARE, ON B, BY 
THE SQUARE, ON E, 

AND LET, 

THE SQUARE, ON C, BE GREATER THAN 
THE SQUARE, ON D, 
BY THE SQUARE, ON F) 

I SAY THAT; 

IF A IS COMMENSURABLE WITH E, 



cls, also, commensurable with f, and 
if a is incommensurable with e, 
cis, also, incommensurable with f. 

For since, 
as a is to b, 
so is Cto D, 

[vi. 22] 

therefore, also, 

as the square, on a, is to the square, on b, 
so is the square, on c, to the square, on d. 

But, 

the squares, on e, b, are equal to 
the square ,on a, and 
the squares, on d, f, are equal to 
the square, on c. 

Therefore, 

as the squares, on e, b, are to the square, on b 
so are the squares, on d, ,fto the square, on d; 

[v. 17] 

THEREFORE, SEPARANDO, 

AS THE SQUARE, ON E, IS TO THE SQUARE, ON B, 
SO IS THE SQUARE, ON F, TO THE SQUARE, ON D; 

[VI. 22] 

THEREFORE ALSO, 
AS E IS TO B, 

so is Fto D; 

THEREFORE, INVERSELY, 
AS B IS TO E, 

so is D to F. 

But, 

as A is to B, 

so, also, is Cto D; 

[v. 22] 

THEREFORE, EX AEQUALI, 
AS A IS TO E, 

SO IS CtoF. 

[X. 11] 

Therefore, 

if a is commensurable with e, 



cls, also, commensurable with f, and 
if a is incommensurable with e, 
cis, also, incommensurable with f. 

Therefore etc. 



Proposition 15. 

If two commensurable magnitudes be added together, 
the whole will, also, be commensurable with each, of them; 
and, if the whole be commensurable with one of them, the 
original magnitudes will, also, be commensurable. 

A =4.00000 C = 9.00000 

B = 5.00000 D = 1.00000 (A+B)-C = 0.00000 
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For let, 

the two commensurable magnitudes, 
ab, bc, be added together; 

i say that; 

the whole, ac, is, also, commensurable with each, of 
the magnitudes, ab, bc. 

For, since, 

ab, bc are commensurable, 

some magnitude will measure them. 

Let, 

it measure them, 

AND LET, 
IT BE D. 

Since then, 

d measures ab, bc, 

it will, also, measure the whole, ac. 

But, 

it measures ab, bc also; 

therefore, 

D measures AB, BC, AC; 

[x. Def. 1] 

therefore, 

ac is commensurable with each, of 
the magnitudes, ab, bc. 

Next, let, 

ac be commensurable with ab; 

i say that; 

ab, bc are, also, commensurable. 



For, since, 

ac, ab are commensurable, 

some magnitude will measure them. 

Let, 

it measure them, 

AND LET, 
IT BE D. 

Since then, 

d measures ca, ab, it will, also, measure 
the remainder, bc. 

But, 

it measures abalso; 

therefore, 

d will measure ab, bo, 

[x. Def. 1] 

therefore, 

ab, bc are commensurable. 

Therefore etc. 



Proposition 16. 

If two incommensurable magnitudes be added together, 
the whole will, also, be incommensurable with each, of 
them; and, if the whole be incommensurable with one of 
them, the original magnitudes will, also, be 
incommensurable. 

A = 5.69383 cm 
B = 4.06400 cm 
C = 9.75783 cm (A+B)-C = 0.00000 cm 
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For let, 

the two incommensurable magnitudes, 
ab, bc, be added together; 

i say that; 

the whole, ac, is, also, incommensurable 
with each, of the magnitudes, ab, bc. 

For, 

if ca, ab are not incommensurable, 
some magnitude will measure them. 

Let, if possible, 
it measure them, 

AND LET, 
IT BE D. 

Since then, 

d measures ca, ab, 

therefore, 

it will, also, measure the remainder, bc. 

But, 

it measures ab, also; 

therefore, 

d measures ab, bc. 

Therefore, 

AB, BC are commensurable; 

BUT BY HYPOTHESIS, 

THEY WERE ALSO, INCOMMENSURABLE: 



WHICH, 

is impossible. 

Therefore, 

no magnitude will measure ca, ab; 

[x. Def. 1] 

THEREFORE, 

CA, ABare incommensurable. 

Similarly we can prove that; 

ac, cb are, also, incommensurable. 

Therefore, 

ac is incommensurable 

with each, of the magnitudes, ab, bc. 

Next, let, 

ac be incommensurable 

with one of the magnitudes, ab, bc. 

First, let, 

it be incommensurable with AB. 

i say that; 

ab, bc are, also, incommensurable. 

For, 

if they are commensurable, 

some magnitude will measure them. 

Let, 

it measure them, 

AND LET, 
IT BE D. 

Since, 

then d measures ab, bc, 

therefore, 

it will, also, measure the whole, ac. 

But, 

it measures abalso; 

therefore, 

d measures ca, ab, 

Therefore, 

CA, ABare commensurable; 

BUT, BY HYPOTHESIS, 

THEY WERE, ALSO, INCOMMENSURABLE: 



WHICH, 

is impossible. 

Therefore, 

no magnitude will measure ab, bo, 

[x. Def. 1] 

therefore, 

ab, bc are incommensurable. 

Therefore etc. 

Lemma. 

If to any straight line there be applied a parallelogram 
deficient by a square figure, the applied parallelogram 
equals the rectangle contained by the segments of the 
straight line resulting from the application. 




For let, 

there be applied to 

the straight line, ab, the parallelogram, ad, 

deficient by the square figure, db; 

i say that; 

ad equals the rectangle, contained by ac, cb. 

This is indeed at once manifest; for, since, 
db is a square, 
DC = CB; and 

AD IS THE RECTANGLE, AC, CD, 
THAT IS, 

the rectangle, ac, cb. 
Therefore etc. 



Proposition 17. 

If there be two unequal straight lines, and to the 
greater there be applied a parallelogram equal to the 
fourth part of the square, on the less and deficient by a 
square figure, and if it divide it into parts which are 
commensurable in length, then the square, on the greater 
will be greater than the square, on the less by the square, 
on a straight line commensurable with the greater. 

And, if the square, on the greater be greater than the 
square, on the less by the square, on a straight line 
commensurable with the greater, and if there be applied to 
the greater a parallelogram equal to the fourth part of 
the square, on the less and deficient by a square figure, it 
will divide it into parts which are commensurable in length. 




A = 6.62093 cm BC = 8.27617 cm 
AD = 3.31047 cm ED = 2.48285 cm 
BD = 6.62093 cm EC = 4.13808 cm 
DC = 1.65523 cm DF = 4.96570 cm 



A 2 



BD 
DC 



= 4.00000 



BC 
DF 



= 1.66667 



AD 2 


+ .UUUUU 


BDDC 


= 1.00000 


AD 2 


BC 

= 5.00000 



DC 



(BD DC+ED 2 )-EC 2 = 0.00000 cm 2 DF 2 -4 ED 2 = 0.00000 cm 2 

(4 BD DC+4 ED 2 )-4 EC 2 = 0.00000 cm 2 BC 2 -4 EC 2 = 0.00000 cm 2 
A 2 -4 BD DC = 0.00000 cm 2 (A 2 +DF 2 )-BC 2 = 0.00000 cm 2 

Let, 

a, bc, be two unequal straight lines, of which 
bc is the greater, 

AND LET, 

THERE BE APPLIED TO BC, A PARALLELOGRAM EQUAL TO 
THE FOURTH PART OF THE SQUARE, ON THE LESS, A, 



THAT IS, 



equal to the square, on the half of a, and 
deficient by a square figure. 

[cf. Lemma] 

Let, 

this be the rectangle, bd, dc, 

AND LET, 

bd be commensurable, in length, with dc, 

i say that; 

the square, on bc, is greater than the square, on a, 
by the square, on a straight line 
commensurable with bc. 

For let, 

bc be bisected, at the point, e, 

AND LET, 

ef be made equal to de. 

Therefore, 

the remainder, dc = bf. 

And, since, 

the straight line, bc, 

has been cut into equal parts, at e, and 

into unequal parts, at d, 

[ii. 5] 

therefore, 

the rectangle, contained by bd, dc, 
together with the square, on ed = 
the square, on ec; 

And, 

the same is true of their quadruples; 

therefore, 

four times the rectangle, bd, dc, together with 
four times the square, on de, = 
four times the square, on ec. 

But, 

the square, on a, = 

four times the rectangle, bd, do, and 

the square, on df, = 

four times the square, on de, 

FOR, 

DFlS DOUBLE OF DE. 



And, 

the square, on bc, = 

four times the square, on ec, 

for, again 

bc is double of ce. 

Therefore, 

the squares, on a, df, are equal to 
the square, on bc, 

SO THAT, 

the square, on bc, is greater than 
the square, on a, by 
the square, on df. 

It is to be proved that; 

bcls, also, commensurable with df. 

Since, 

bd is commensurable, in length, with dc, 

[x. 15] 

therefore, 

bcls, also, commensurable, in length, with cd. 

But, 

cd is commensurable, in length, with cd, bf, 

[x.6] 

FOR, 

CD = BF. 

[x. 12] 

Therefore, 

bcls, also, commensurable, in length, with bf, cd, 

[x. 15] 

SO THAT, 

bcls, also, commensurable, in length, with 
the remainder, fd; 

therefore, 

the square, on bc, is greater than the square, on a, by 
the square, on a straight line commensurable with bc. 

Next, let, 

the square, on bc, be greater than the square, on, a 

BY 

THE SQUARE, ON A STRAIGHT LINE COMMENSURABLE WITH BC, 



LET, 

A PARALLELOGRAM BE APPLIED, TO BC, EQUAL TO 
THE FOURTH PART OF THE SQUARE, ON A, AND 
DEFICIENT BY A SQUARE FIGURE, 

AND LET, 

it be the rectangle, bd, dc. 

It is to be proved that, 

bd is commensurable, in length, with dc. 

With the same construction, 

we can prove similarly that; 

the square, on bc, is greater than the square, on a, by 
the square, on fd. 

But, 

the square, on bc, is greater than the square, on a, by 
the square, on a straight line commensurable with bc. 

Therefore, 

bc is commensurable, in length, with fd, 

[x. 15] 

SO THAT, 

BClS, ALSO, COMMENSURABLE, IN LENGTH, WITH 
THE REMAINDER, THE SUM, OF BF, DC. 

[x.6] 

But, 

the sum, of bf, dc, is commensurable with dc, 

[x. 12] 

SO THAT, 

BClS, ALSO, COMMENSURABLE, IN LENGTH, WITH CD; 

[x. 15] 

and therefore, separando, 

bd is commensurable, in length, with dc. 

Therefore etc. 



Proposition 18. 

If there be two unequal straight lines, and to the 
greater there be applied a parallelogram equal to the 
fourth part of the square, on the less and deficient by a 
square figure, and if it divide it into parts which are 
incommensurable, the square, on the greater will be 
greater than the square, on the less by the square, on a 
straight line incommensurable with the greater. 

And, if the square, on the greater be greater than the 
square, on the less by the square, on a straight line 
incommensurable with the greater, and if there be applied 
to the greater a parallelogram equal to the fourth part of 
the square, on the less and deficient by a square figure, it 
divides it into parts which are incommensurable. 



A = 4.00050 cm 
BC = 5.73617 cm 
BE = 4.92354 cm 
EC = 0.81263 cm 
DE = 2.05546 cm 
DC = 2.86808 cm 
EF = 4.11091 cm 
BE-EC = 4.00100 cm 2 



((BEEC)+DE 2 )-DC 2 = 0.00000 cm 2 
((4(BEEC))+(4DE 2 ))-(4DC 2 ) = 0.00000 cm 2 
(BEEC)-4-A 2 = 0.00000 cm 2 
EF 2 -4DE 2 = 0.00000 cm 2 
BC 2 -4DC 2 = 0.00000 cm 2 
(A 2 +EF 2 )-BC 2 = 0.00000 cm 2 






B F D EC 

Let, 

a, bc, be two unequal straight lines, of which 
bc is the greater, 

AND LET, 

to bc there be applied 

a parallelogram equal to the fourth part of 

the square, on the less, a, and 

deficient by a square figure. 

[cf. Lemma before x. 17] 

Let, 

this be the rectangle, bd, dc, 

AND LET, 

BD BE INCOMMENSURABLE, IN LENGTH, WITH DO, 

I SAY THAT; 

THE SQUARE, ON BC, IS GREATER THAN 

THE SQUARE, ON A, BY THE SQUARE, ON A STRAIGHT LINE 

INCOMMENSURABLE WITH BC. 



For, with the same construction as before, 



we can prove similarly that; 

the square, on bc, is greater than 
the square, on a, by the square, on fd. 

It is to be proved that; 

bc is incommensurable, in length, with df. 

Since, 

bd is incommensurable, in length, with dc, 

[x. 16] 

THEREFORE, 

BClS, ALSO, INCOMMENSURABLE, IN LENGTH, WITH CD. 

[x.6] 

But, 

dc is commensurable with the sum, of bf, do, 

[x. 13] 

THEREFORE, 

BClS, ALSO, INCOMMENSURABLE WITH THE SUM, OF BF, DC, 

[x. 16] 

SO THAT, 

bcls, also, incommensurable, in length, with 
the remainder, fd. 

And, 

the square, on bc, is greater than 
the square, on a, by the square, on fd; 

therefore, 

the square, on bc, is greater than 

the square, on a, by the square, on a straight line 

incommensurable with bc. 

Again, let, 

the square, on bc, be greater than 

the square, on a, by the square, on a straight line 

incommensurable with bc, 

AND LET, 

there be applied, to bc, 

a parallelogram equal to the fourth part of 

the square, on a, and deficient by a square figure. 

Let, 

this be the rectangle bd, dc. 

It is to be proved that; 

bd is incommensurable, in length, with dc. 



For, with the same construction, 

we can prove similarly that; 

the square, on bc, is greater than 
the square, on a, by the square, on fd. 

But, 

the square, on bc, is greater than 

the square, on a, by the square, on a straight line 

incommensurable with bo, 

therefore, 

bc is incommensurable, in length, with fd, 

[x. 16] 

SO THAT, 

BClS, ALSO, INCOMMENSURABLE WITH THE REMAINDER, 
THE SUM, OF BF, DC. 

[x.6] 

But, 

the sum of 

bf, dc, is commensurable, in length, with do, 

[x. 13] 

THEREFORE, 

BClS, ALSO, INCOMMENSURABLE, IN LENGTH, WITH DC, 

[x. 16] 

so that, separando, 

bd is, also, incommensurable, in length, with dc. 

Therefore etc. 

[Lemma. 

Since it has been proved that straight lines 
commensurable in length are always commensurable in 
square also, while those commensurable in square are 
not always commensurable in length also, but can of 
course be either commensurable or incommensurable in 
length, it is manifest that, if any straight line be 
commensurable in length with a given rational straight 
line, it is called rational and commensurable with the 
other not only in length but in square also, since straight 
lines commensurable in length are always commensurable 
in square also. 

But, if any straight line be commensurable in square 
with a given rational straight line, then, if it is, also, 



COMMENSURABLE IN LENGTH WITH IT, IT IS CALLED IN THIS CASE, 
ALSO, RATIONAL AND COMMENSURABLE WITH IT BOTH IN LENGTH 
AND IN SQUARE; BUT, IF AGAIN ANY STRAIGHT LINE, BEING 
COMMENSURABLE IN SQUARE WITH A GIVEN RATIONAL STRAIGHT 
LINE, BE INCOMMENSURABLE IN LENGTH WITH IT, IT IS CALLED IN 
THIS CASE, ALSO, RATIONAL BUT COMMENSURABLE IN SQUARE, 
ONLY.] 



Proposition 19. 




The rectangle, contained by 
rational straight lines 

commensurable in length, is rational. 

For let, 

the rectangle ac be contained 

BY 

THE RATIONAL STRAIGHT LINES AB, 

B BC, 

commensurable, in length; 

i say that; 

ac is rational. 

For let, 
on ab, the square, ad, be described; 

[x. Def. 4] 

therefore, 

ad is rational. 

And, since, 

ab is commensurable, in length, with bc, while 

AB = BD, 

THEREFORE, 

BD IS COMMENSURABLE, IN LENGTH, WITH BC. 

[VI. 1] 

And, 

as BD is to BC, 
so is DA to AC. 

[x. 11] 

Therefore, 

da is commensurable with ac. 

But, 

DA is rational; 

[x. Def. 4] 

therefore, 

ac is, also, rational. 

Therefore etc. 



Proposition 20. 

If a rational area be applied to a rational straight line, 
it produces as breadth a straight line rational and 
commensurable, in length, with the straight line to which it 
is applied. 



BC = 0.86603 
AC = 1.73205 
AB = 2.00000 
N = 3.00000 
AD = 4.00000 
DB = 2.00000 




For let, 

the rational area, ac, be applied, to ab, 
a straight line once more rational 
in any of the aforesaid ways, 
producing bc, as breadth; 

i say that; 

.bc is rational, and commensurable, in length, with ba. 

For let, 

on ab, the square, ad, be described; 

[x. Def. 4] 

therefore, 

ad is rational. 

But, 

AC is, also, rational; 



THEREFORE, 



DA IS COMMENSURABLE WITH AC. 
[VI. 1] 

And, 

as DA is to AC, 
so is DB to BC. 

[x. 11] 

Therefore, 

dbls, also, commensurable with bo, and 
DB = BA; 

therefore, 

ab is, also, commensurable with bc. 

But, 

AB is rational; 

therefore, 

bcls, also, rational, and 
commensurable, in length, with ab. 

Therefore etc. 



Proposition 21. 

The rectangle contained by rational straight lines 
commensurable in square only is irrational, and the side of 
the square equal to it is irrational. let the latter be called 

MEDIAL. 



AB 2 = 2.00000 
BD 2 = 2.00000 
BC 2 = 3.00000 
AC = 2.44949 
SAC 2 = 2.44949 
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BC 
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AC 
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AB = 1.41421 




BD= 1.41421 
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AC = 2.44949 
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AD = 2.00000 
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N 2 = 3.00000 




X 





= 0.81650 
= 0.81650 
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N 2 = 1.56508 



1 AB 



(N r N 2 ) 4 -SAC = 0.00000 



SAC BC N l AC N 2 




For let, 

the rectangle, ac, be contained by 
the rational straight lines, ab, bc, 
commensurable, in square, only; 

i say that; 

ac is irrational, and 

the side of the square equal to it is irrational; 

AND LET, 

the latter be called medial. 

For let, 

on ab, the square, ad, be described; 

[x. Def. 4] 

THEREFORE, 

AD IS RATIONAL. 



And, since, 

ab is incommensurable, in length, with bc, 

FOR, 

BY HYPOTHESIS, 

THEY ARE COMMENSURABLE, IN SQUARE, ONLY, 

WHILE, 

AB = BD, 

THEREFORE, 

DBlS, ALSO, INCOMMENSURABLE, IN LENGTH, WITH BC. 

[VI. 1] 

And, 

as ZIBis to BC, 
so is AD to AC; 

[x. 11] 

therefore, 

da is incommensurable with ac. 

But, 

DA is rational; 

THEREFORE, 

AC IS IRRATIONAL, 

[x. Def. 4] 

SO THAT, 

the side of the square equal to ac is, also, irrational. 

And let, 

the latter be called medial. 

Q.E. D. 
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BD- 
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AB 2 - 2.00000 
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(N r N 2 ) 4 -SAC -0.00000 



Lemma. 

If there be two straight lines, then, as the first is to the 
second, so is the square, on the first to the rectangle 
contained by the two straight lines. 

F E G 



FD = 0.23090 
FE = 0.48052 
DG = 0.85495 
EG = 1.77922 
EG 
FE 
DG 



EG DG 
FE FD 



= 0.00000 



= 3.70270 



FD 



= 3.70270 




Let, 

fe, eg be two straight lines. 

i say that; 

as FE is to EG, 

so is the square, on fe, to the rectangle, fe, eg. 

For let, 

on fe, the square, df, be described, 

AND LET, 

GD BE COMPLETED. 



[VI. 1] 



Since then, 

as FE is to EG, 

so is FD to DG, AND 

FD IS THE SQUARE, ON FE, AND THE RECTANGLE, DE, EG, 

THAT IS, 

THE RECTANGLE FE, EG, 

THEREFORE, 

as FE is to EG, 

so is the square, on fe, to the rectangle, fe, eg. 

Similarly also, 

as the rectangle, ge, ef, is to the square, on ef, 

THAT IS, 

as GD is to FD, 
so is GE to EF. 

Q.E. D. 



Proposition 22. 

The square, on a medial straight line, if applied to a 
rational straight line, produces as breadth a straight line 
rational and incommensurable, in length, with that to 
which it is applied. 



B 



CD = 1.22474 
A = 1.56508 
N x = 2.00000 
GF = 2.44949 
N 2 = 3.00000 
BC = 2.00000 
BD = 2.44949 
EF= 1.41421 
GE = 1.73205 

A 2 = 2.44949 

l 

(N! n 2 ) 4 -A = 0.00000 



Nj-EF 2 = 0.00000 
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BD-GF = 0.00000 
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— -- — - = 0.00000 = 0.00000 

GE 2 CD 2 CD 2 N 2 

Let, 

a be medial and, 
cb rational, 

AND LET, 

A RECTANGULAR AREA, BD, EQUAL TO THE SQUARE, ON A, 
BE APPLIED, TO BC, PRODUCING CD, AS BREADTH; 

I SAY THAT; 

CD IS RATIONAL AND 
INCOMMENSURABLE, IN LENGTH, WITH CB. 

[x.21] 

For, since, 
a is medial, 



the square, on it equal to a rectangular area 
contained by rational straight lines 
commensurable, in square, only. 

Let, 

the square, on it be equal to gf. 

But, 

the square, on it is also equal to bd; 

therefore, 
BD = GF. 

But, 

it is, also, equiangular with it; 

[VI. 14] 

AND, 

IN EQUAL AND EQUIANGULAR PARALLELOGRAMS 

THE SIDES ABOUT 

THE EQUAL ANGLES ARE RECIPROCALLY PROPORTIONAL; 

THEREFORE, PROPORTIONALLY, 
AS BC IS TO EG, 

so is EF to CD. 

[vi. 22] 

Therefore, also, 

as the square, on bc, is to the square, on eg, 
so is the square, on ef, to the square, on cd. 

But, 

the square, on cb, is commensurable with 
the square, on eg, 

FOR, 

EACH, OF THESE STRAIGHT LINES IS RATIONAL; 

[X. 11] 

therefore, 

the square, on ef, is, also, commensurable with 
the square, on cd. 

But, 

the square, on ef, is rational; 

[x. Def. 4] 

THEREFORE, 

THE SQUARE, ON CD, IS, ALSO, RATIONAL; 

THEREFORE, 



cd is rational. 

And, since, 

efls incommensurable, in length, with eg, 

[Lemma] 

FOR, 

THEY ARE COMMENSURABLE, IN SQUARE, ONLY, AND 

as EF is to EG, 

SO IS THE SQUARE, ON EF, TO THE RECTANGLE, FE, EG, 
[X. 11] 

therefore, 

the square, on ef, is incommensurable with 
the rectangle, fe, eg. 

But, 

the square, on cd, is commensurable with 
the square, on ef, 

FOR, 

THE STRAIGHT LINES ARE RATIONAL, IN SQUARE; AND 
THE RECTANGLE, DC, CB, IS COMMENSURABLE WITH 
THE RECTANGLE, FE, EG, 

FOR, 

THEY ARE EQUAL TO THE SQUARE, ON A; 

[x. 13] 

therefore, 

the square, on cd, is, also, incommensurable with 
the rectangle, dc, cb. 

[Lemma] 

But, 

as the square, on cd, is to the rectangle, dc, cb, 
so is DC to CB; 

[x. 11] 

therefore, 

dc is incommensurable, in length, with cb. 

Therefore, 

cd is rational and 
incommensurable, in length, with cb. 

Q.E. D. 



Proposition 23. 

a straight line commensurable with a medial straight 
line is medial. 
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Let, 

a be medial, 

AND LET, 

B BE COMMENSURABLE WITH A; 

I SAY THAT; 

BlS, ALSO, MEDIAL. 

For let, 

a rational straight line, cd, be set out, 

AND LET, 

to CD, 

THE RECTANGULAR AREA, CE, EQUAL TO 

THE SQUARE, ON A, BE APPLIED, PRODUCING ED, AS BREADTH; 

[X. 22] 

THEREFORE, 



ed is rational, and 
incommensurable, in length, with cd. 

And let, 

the rectangular area, cf, equal to 
the square, on b, be applied, to cd, 
producing df, as breadth. 

Since then, 

a is commensurable with b, 

the square, on a, is, also, commensurable with 

the square, on b. 

But, 

ec = the square, on a, and 
ce = the square, on b\ 

therefore, 

ec is commensurable with cf. 

[VI. 1] 

And, 

as EC is to CF, 
so is ED to DF; 

[x. 11] 

therefore, 

ed is commensurable in, length, with df. 

But, 

ed is rational and 
incommensurable, in length, with do, 

[X. DEF. 3] 

THEREFORE, 

DFlS, ALSO, RATIONAL 

[x. 13] 

AND, 

incommensurable, in length, with dc. 

Therefore, 

cd, df are rational and 
commensurable, in square, only. 

[x.21] 

But, 

the straight line, the square, on which = 
the rectangle contained by rational straight lines 
commensurable, in square, only, is medial; 



therefore, 

the side of the square equal to 
the rectangle, cd, df, is medial. 

And, 

b is the side of the square equal to 
the rectangle, cd, df; 

therefore, 
b is medial. 

PORISM. 

From this it is manifest that an area commensurable 
with a medial area is medial. 

[And in the same way as was explained in the case of 
rationals [lemma following x. 18] it follows, as regards 
medials, that a straight line commensurable in length 
with a medial straight line is called medial and 
commensurable with it not only in length but in square 
also, since, in general, straight lines commensurable in 
length are always commensurable in square also. 

But, if any straight line be commensurable in square 
with a medial straight line, then, if it is, also, 
commensurable in length with it, the straight lines are 
called, in this case too, medial and commensurable in 
length and in square, but, if in square, only, they are 
called medial straight lines commensurable in square, 

ONLY.] 



Proposition 24. 

The rectangle contained by medial straight lines 
commensurable in length is medial. 
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AB = 0.78254 ABBC = 1.22474 N x = 2.00000 
BC = 1.56508 AB 2 = 0.61237 N 2 = 3.00000 

For let, 

the rectangle, ac, be contained by 
the medial straight lines, ab, bc, 
which are commensurable, in length; 

i say that; 

ac is medial. 

For let, 
onAB, 
the square, ad, be described; 

therefore, 
ad is medial. 

And, since, 

ab is commensurable, in length, with bc, while 

AB = BD, 

THEREFORE, 

DBlS, ALSO, COMMENSURABLE, IN LENGTH, WITH BO, 

[VI. 1,X. 11] 

SO THAT, 

da is, also, commensurable with ac. 

But, 

DA is medial; 

[x. 23, Por.] 



THEREFORE, 

AC IS, ALSO, MEDIAL. 

Q.E. D. 



Proposition 25. 

The rectangle contained by medial straight lines 
commensurable in square, only is either rational or medial. 

1 1 

VN2 (Ni N 2 ) 4 -AB = 0.00000 (N r N 2 ) 4 -BC = 0.00000 
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AD 

2-AD = 0.00000 

T00000 N 2 HK-AC = 0.00000 

N 2 = 3.00000 N 2 KL-BE = 0.00000 

AB = 2.71081 AD 

BC = 1.56508 AC 

BE = 2.44949 AC 

AD = 7.34847 BE 

AC = 4.24264 FH 

FH = 2.44949 HK 

HK= 1.41421 HK 



= 1.73205 



= 1.73205 



= 1.73205 



KL = 0.81650 KL 



= 1.73205 



For let, 

the rectangle, ac, be contained by 

the medial straight lines, ab, bc, which, 

are commensurable, in square, only; 

i say that; 

ac is either rational or medial. 

For let, 

on AB, BC, 

THE SQUARES, AD, BE, BE DESCRIBED; 

THEREFORE, 

EACH, OF THE SQUARES, AD, BE, IS MEDIAL. 



Let, 



A RATIONAL STRAIGHT LINE, FG, BE SET OUT, 

LET, 

TO FG, THERE BE APPLIED 

THE RECTANGULAR PARALLELOGRAM, GH, 

EQUAL TO AD, PRODUCING FH, AS BREADTH, 

LET, 

to hm, there be applied 

the rectangular parallelogram, mk, 

equal to ac, producing hk, as breadth, 

and further let, 

to kn, there be, similarly, applied 

nl, equal to be, producing kl, as breadth; 

therefore, 

fh, hk, kl are in a straight line. 

Since, 

then each, of the squares, ad, be, is medial, and 
AD = GH, and 
BE TO NL, 

therefore, 

each, of the rectangles, gh, nl, is, also, medial. 

And, 

they are applied to the rational straight line eg, 

[X. 22] 

therefore, 

each, of the straight lines, fh, kl, is rational and, 
incommensurable, in length, with fg. 

And, since, 

ad is commensurable with be, 

therefore, 

ghls, also, commensurable with nl. 

[VI. 1] 

And, 

as GH is to NL, 
so is FH to KL; 

[x. 11] 

therefore, 

fhls commensurable, in length, with kl. 

Therefore, 

fh, kl are rational straight lines, 



COMMENSURABLE, IN LENGTH; 

[x. 19] 

therefore, 

the rectangle, fh, kl, is rational. 

And, since, 

DB = BA, AND 
OB=BC, 

THEREFORE, 

as DB is to BC, 
so is AB to BO. 

[vi. 1] 

But, 

as DB is to BC, 
so is DA to AC, 

[ID.] 
AND, 

as AB is to BO, 
so is AC to CO; 

THEREFORE, 

AS DA IS TO AC, 

so is ac to co. 

But, 

AD = GH, 

AC TO MK, AND 

CO TO iVL; 

THEREFORE, 

AS GH IS TO MK, 

so is MKto iVL; 
[vi. l,v. 11] 

THEREFORE ALSO, 

as FH is to HK, 
so is HK to KL; 

[vi. 17] 

therefore, 

the rectangle, fh, kl = the square, on hk. 

But, 

the rectangle, fh, kl, is rational; 

therefore, 



the square, on hk, is, also, rational. 
Therefore, 

HKlS RATIONAL. 

[x. 19] 

And, 

if it is commensurable, in length, with fg, 
HNis rational; 

BUT, 

IF IT IS INCOMMENSURABLE, IN LENGTH, WITH FG, 
KH, HM ARE RATIONAL STRAIGHT LINES 
COMMENSURABLE, IN SQUARE, ONLY, 

[x.21] 

AND THEREFORE, 
HNlS MEDIAL. 

Therefore, 

hnls either rational or medial. 

But, 

HN=AC; 

THEREFORE, 

AC IS EITHER RATIONAL OR MEDIAL. 



Therefore etc. 
o 
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Proposition 26. 

a medial area does not exceed a medial area by a 
rational area. 
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For, if possible, let, 

the medial area, ab, exceed the medial area, ac, by 
the rational area, db, 

AND LET, 

A RATIONAL STRAIGHT LINE, EF, BE SET OUT; 

LET, 

TO EF, THERE BE APPLIED, 

THE RECTANGULAR PARALLELOGRAM, FH, 

EQUAL TO AB, PRODUCING EH, AS BREADTH, 

AND LET, 

THE RECTANGLE, FG, EQUAL TO AC, BE SUBTRACTED; 

THEREFORE, 

THE REMAINDERS, BD = KH. 



But, 

DB is rational; 

THEREFORE, 

KHlS, ALSO, RATIONAL. 

Since, 

then, each, of the rectangles, ab, ac, is medial, and 
AB = FH, and 
AC TO FG, 

therefore, 

each, of the rectangles, fh, fg, is, also, medial. 

And, 

they are applied to the rational straight line, ef, 

[X. 22] 

therefore, 

each, of the straight lines, he, eg, is rational and 
incommensurable, in length, with ef. 

And, since, 

[db is rational, and 
= KH, 

therefore] , 

KHis [also] rational; and 

IT IS APPLIED TO THE RATIONAL STRAIGHT LINE, EF, 

[x. 20] 

therefore, 

ghls rational and commensurable, in length, with ef. 

But, 

eg is, also, rational, and 

is incommensurable, in length, with ef, 

[x. 13] 

therefore, 

eg is incommensurable, in length, with gh. 

And, 

as EG is to GH, 

SO IS THE SQUARE, ON EG, TO THE RECTANGLE, EG, GH, 

[X. 11] 

THEREFORE, 

THE SQUARE, ON EG, IS INCOMMENSURABLE WITH 
THE RECTANGLE, EG, GH. 



But, 

the squares, on eg, gh, are commensurable with 
the square, on eg, for both are rational; 

[x.6] 

AND, 

TWICE THE RECTANGLE, EG, GH, IS COMMENSURABLE WITH 
THE RECTANGLE, EG, GH, FOR IT IS DOUBLE OF IT; 

[x. 13] 

THEREFORE, 

THE SQUARES, ON EG, GH, ARE INCOMMENSURABLE WITH 
TWICE THE RECTANGLE, EG, GH, 

[II. 4] 

THEREFORE ALSO, 

THE SUM OF THE SQUARES, ON EG, GH, AND 
TWICE THE RECTANGLE, EG, GH, 

[x. 16] 

THAT IS, 

the square, on eh, is incommensurable with 
the squares, on eg, gh 

But, 

the squares, on eg, gh, are rational; 

[x. Def. 4] 

therefore, 

the square, on eh, is irrational. 

Therefore, 

eh is irrational. 

But, 

it is, also, rational: 

WHICH, 

is impossible. 

Therefore etc. 

Q.E. D. 



Proposition 27. 

to find medial straight lines commensurable in square 
only which contain a rational rectangle. 
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A = 


3.00000 
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= 1.34164 
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2.23607 
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= 1.34164 
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n = 3.00000 
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A 
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„ = 1-8 
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A B 

— -— =0 

C D 



C B 

— -— =0 

B D 

C D-B 2 = 

CD = 5 



Let, 

two rational straight lines a, b, 
commensurable, in square, only, 
be set out; 

[VI. 13] 

LET, 

C, BE TAKEN A MEAN PROPORTIONAL BETWEEN A, B, 

[VI. 12] 

AND LET, IT BE CONTRIVED THAT; 
AS A IS TO B, 

SO IS CtoD. 

[vi 17] 

Then, since, 

a, b are rational and commensurable, in square, only, 
the rectangle, a, b, 

[x.21] 

THAT IS, 

THE SQUARE, ON C, IS MEDIAL. 

[x.21] 



Therefore, 
C is MEDIAL. 

And since, 
as A is to B, 
so is Cto D, and 
A, B ARE COMMENSURABLE, in square, only, 

[X. 11] 

THEREFORE, 

C, Dare, also, commensurable, in square, only. 

And, 

C is medial; 

[x. 23, addition] 

THEREFORE, 

DlS, ALSO, MEDIAL. 

Therefore, 

c, d are medial and commensurable, in square, only. 

i say that; 

they, also, contain a rational rectangle. 

For since, 
as a is to b, 
so is Cto D, 

[v. 16] 

THEREFORE, ALTERNATELY, 
AS A IS TO C, 

so is Bro D. 

But, 

as A is to C, 
so is Cto B; 

THEREFORE ALSO, 
AS C IS TO B, 

so is Bro D; 

therefore, 

the rectangle, c, d, = the square, on b. 

But, 

the square, on b, is rational; 

therefore, 

the rectangle, c, d, is, also, rational. 

Therefore, 



MEDIAL STRAIGHT LINES COMMENSURABLE, IN SQUARE, ONLY 
HAVE BEEN FOUND WHICH CONTAIN A RATIONAL RECTANGLE. 

Q.E. D. 
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Proposition 28. 

to find medial straight lines commensurable, in square, 



ONLY WHICH CONTAIN A MEDIAL RECTANGLE. 

1 



(mn) 4 -D = 
l l 



p 2 m 4 

l 

4 



E = 



A 

B 
C 

D 

E 



A= 1.41421 
B = 1.73205 
C = 2.23607 
D = 1.56508 
E = 2.02052 



l a A DB EC 

r-<r 




m = 2.00000 
n = 3.00000 
p = 5.00000 
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B 2 

C 2 

B D 
C~E 
B D 
DA 
D C 
A~E 
(AC) 2 = 10 



= 0.6 



= 



= 



= 



Let, 



THE RATIONAL STRAIGHT LINES A, B, C, 
COMMENSURABLE, IN SQUARE, ONLY, BE SET OUT; 

[VI. 13] 

LET, 

D BE TAKEN A MEAN PROPORTIONAL BETWEEN A, B, 

[vi. 12] 

and let it be contrived that; 
as b is to c, 
so is d to e. 

Since, 

a, b are rational straight lines 
commensurable, in square, only, 

[VI. 17], 
THEREFORE, 

[x.21] 

THE RECTANGLE, A, B, THAT IS, 
THE SQUARE, ON D, IS MEDIAL. 

[x.21] 

Therefore, 
d is medial. 



And since, 

b, c are commensurable, in square, only, and 
as b is to c, 
so is D to E, 

[X. 11] 

THEREFORE, 

D, Eare, also, commensurable, in square, only. 

But, 

D is medial; 

[x. 23, addition] 

THEREFORE, 

ElS, ALSO, MEDIAL. 

Therefore, 

d, e are medial straight lines 
commensurable, in square, only. 

i say next that; 

they, also, contain a medial rectangle. 

For since, 
as b is to c, 
so is D to E, 

[v. 16] 

THEREFORE, ALTERNATELY, 
AS B IS TO D, 

so is CtoE. 

But, 

as b is to d, 
so is D to A; 

THEREFORE ALSO, 
AS D IS TO A, 

so is CtoE; 

[vi. 16] 

therefore, 

the rectangle, a, c, = 
the rectangle, d, e. 

[x.21] 

But, 

the rectangle a, c is medial; 

therefore, 



the rectangle, d, e, is, also, medial. 

Therefore, 

medial straight lines commensurable, in square, only 
have been found which contain a medial rectangle. 

Q.E. D. 



Lemma 1. 

to find two square numbers such that their sum is, also, 

SQUARE. 

AB = 24 (AB BC+CD 2 )-BD 2 = 

AC = 18 1 VaB-BC* = 144 

BC = 6 (AB-BC) 2 = 12 CD 2 = 81 

CD = 9 7 ABBC = 12 BE>2 = 225 

BD= 15 

A 2 D C B 



C DE F G 




V^Z: 



C = 2 E = 4 G = 8 1=16 

D = 3 F=6 H=12 J=24 

Let, 

two numbers, ab, bc, be set out, 

AND LET, 

THEM BE EITHER BOTH EVEN OR BOTH ODD. 

[ix. 24, 26] 

Then since, 

whether an even number is subtracted 
from an even number, or an odd number 
from an odd number, the remainder is even, 

therefore, 

the remainder, ac, is even. 

Let, 

ac be bisected at d. 

Let, 

ab, bc, also, be either similar plane numbers, or 
square numbers, 



WHICH ARE THEMSELVES, ALSO, SIMILAR PLANE NUMBERS. 

[ii. 6] 
Now, 

THE PRODUCT, OF AB, BC, TOGETHER WITH 

THE SQUARE, ON CD, EQUALS THE SQUARE, ON BD. 

[IX. 1] 

And, 

the product, of ab, bc, is square, 

inasmuch as it was proved that, 
if two similar plane numbers, 
by multiplying one another, 
make some number the product is square, 

Therefore, 

two square numbers, 

the product, of ab, bc, and the square, on cd, 

have been found which, 

when added together, make the square, on bd. 

And it is manifest that; 
two square numbers, 

the square, on bd, and the square, on cd, 
have again been found such that 
their difference, the product, of ab, bc, is a square, 

whenever, 

ab, bc are similar plane numbers. 

But, 

when they are not similar plane numbers, 
two square numbers, 

the square, on bd, and the square, on dc, 
have been found such that their difference, 
the product, of ab, bc, is not square. 

Q.E. D. 



Lemma 2. 

to find two square numbers such that their sum is not 

SQUARE. 



AB = 24 


HC = 14 


(AB BC+CD 2 )-BD 2 = 


BD 2 = 225 


AC= 18 


CF = 7 


l 


AB BC+CE 2 = 208 


BC = 6 


BH = 20 


(AB BC) 2 = 12 


BE 2 = 196 


CD = 9 


BF= 13 


VAB BC = 12 


(BG BC+CE 2 )-BE 2 = 


BD= 15 
CE = 8 


BE= 14 
BG = 22 


VABBC 2 = 144 
CD 2 = 81 


(BH BC+CF 2 )-BF 2 = 



D E F 



For let, 

the product, of ab, bc, as we said, be square, and 

CA EVEN, 
AND LET, 

ca be bisected by d. 

[See Lemma 1] 

It is then manifest that; 

the square, product of ab, bc, together with 
the square, on cd, = the square, on bd. 

Let, 

the unit, de, be subtracted; 

therefore, 

the product, of ab, bc, together with 

the square, on ce, is less than the square, on bd. 

i say then that; 

the square, product of ab, bc, together with 
the square, on ce, will not be square. 

For, 

if it is square, 

it is either equal to the square, on be, or 

less than the square, on be, 

BUT, 

CANNOT ANY MORE BE GREATER, 
LEST THE UNIT BE DIVIDED. 



First, if possible, let, 

the product, of ab, bc, together with 

the square, on ce ,be equal to the square, on be, 

AND LET, 

ga be double of the unit, de. 

Since then, 

the whole, ac, is double of the whole, cd, and 
in them, ag, is double of de, 

therefore, 

the remainder, gc, is, also, double of 
the remainder, ec; 

therefore, 

gc is bisected by e. 

[ii. 6] 

Therefore, 

the product, of gb, bc, together with 
the square, on ce, = the square, on be. 

But, 

the product, of ab, bc, together with 
the square, on ce, is also, by hypothesis, 
equal to the square, on be; 

therefore, 

the product, of gb, bc, together with 
the square, on ce, = 
the product, of ab, bc, together with 
the square, on ce. 

And, 

if the common square, on ce, be subtracted, 
it follows that ab = gb: 

WHICH, 

is absurd. 

Therefore, 

the product, of ab, bc, together with 

the square, on ce, is not equal to the square, on be. 

i say next that; 

neither is it less than the square, on be. 

For, if possible, let, 

it be equal to the square, on bf, 

AND LET, 



HA BE DOUBLE OF DF. 

NOW, IT WILL AGAIN FOLLOW THAT; 
HC IS DOUBLE OF CF; 

SO THAT, 

CH HAS, ALSO, BEEN BISECTED AT F, 

[ii. 6] 

and for this reason, 

the product, of hb, bc, together with 
the square, on fc, = the square, on bf. 

But, by hypothesis, 

the product, of ab, bc, together with 
the square, on ce, = the square, on bf. 

Thus, 

the product, of hb, bc, together with 
the square, on ce, will, also, be equal to 
the product, of ab, bc, together with 
the square, on ce: 

WHICH, 

is absurd. 

Therefore, 

the product, of ab, bc, together with 

the square, on ce, is not less than the square, on be. 

And it was proved that; 

neither is it equal to the square, on be. 

Therefore, 

the product, of ab, bc, together with 
the square, on ce, is not square. 

Q.E. D. 



Proposition 29. 

to find two rational straight lines commensurable, in 
square, only and such that the square, on the greater is 
greater than the square, on the less by the square, on a 
straight line commensurable in length with the greater. 



AB 2 = 25 

AF 2 = 13.88889 

BF 2 = 11.11111 



AB = 5 

AF = 3.72678 

BF= 3.33333 



AB 2 CD 




m 2 
1— = 0.74536 
n 



[Lemma 1] 

For let, 

there be set out any rational straight line, ab, and 

two square numbers, cd, de, 

such that their difference, ce, is not square; 

LET, 

THERE BE DESCRIBED, ON AB, THE SEMICIRCLE, AFB, 

[X. 6, POR.] 

AND LET IT BE CONTRIVED THAT; 

as DC is to CE, 

so is the square, on ba, to the square, on af. 

Let, 

fb be joined. 



Since, 

as the square, on ba, is to the square, on af, 
so is DC to CE, 

THEREFORE, 

THE SQUARE, ON BA, HAS TO THE SQUARE, ON AF, 

THE RATIO WHICH 

THE NUMBER, DC, HAS TO THE NUMBER, CE; 

[x.6] 

THEREFORE, 

THE SQUARE, ON BA, IS COMMENSURABLE WITH 
THE SQUARE, ON AF. 

[X. DEF. 4] 

But, 

the square, on ab, is rational; 

[ID.] 

therefore, 

the square, on af, is, also, rational; 

therefore, 

apis, also, rational. 

And, since, 

dc has not to ce, the ratio which 

a square number has to a square number, 

neither has the square, on ba, to the square, on af, 

the ratio which, 

a square number has to a square number; 

[x.9] 

therefore, 

ab is incommensurable, in length, with af. 

Therefore, 

BA, AFare rational straight lines 
commensurable, in square, only. 

And since, 

as DC is to CE, 

SO IS THE SQUARE, ON BA, TO THE SQUARE, ON AF, 

[v. 19, Por. in. 31,1. 47] 

THEREFORE, CONVERTENDO, 

as CD is to DE, 

so is the square, on ab, to the square, on bf. 

But, 



CD HAS TO DE, THE RATIO WHICH, 

A SQUARE NUMBER HAS TO A SQUARE NUMBER: 

THEREFORE ALSO, 

THE SQUARE, ON AB, HAS TO THE SQUARE, ON BF, 

THE RATIO WHICH, 

A SQUARE NUMBER HAS TO A SQUARE NUMBER; 

[x.9] 

therefore, 

ab is commensurable, in length, with bf. 

And, 

the square, on ab, = 
the squares, on af, fb) 

therefore, 

the square, on ab, is greater than 

the square, on af, by 

the square, on bf, commensurable with ab. 

Therefore, 

there have been found two rational straight lines, 
ba, af, commensurable, in square, only, and 

such that, 

the square, on the greater ab, is greater than 
the square, on the less af, by the square, on bf, 
commensurable, in length, with ab. 
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Proposition 30. 

to find two rational straight lines commensurable in 
square, only and such that the square, on the greater is 
greater than the square, on the less by the square, on a 
straight line incommensurable in length with the greater. 




= 3.25 



= 3.25 



= 



= 1.44444 



BF 2 



= 1.44444 



[Lemma 2] 

Let, 

there be set out a rational straight line, ab, and 
two square numbers, ce, ed, such that 
their sum, cd, is not square; 

LET, 

THERE BE DESCRIBED, ON AB, THE SEMICIRCLE, AFB, 

[X. 6, POR.] 

LET IT BE CONTRIVED THAT; 

as DC is to CE, 

SO IS THE SQUARE, ON BA, TO THE SQUARE, ON AF, 

AND LET, 

FB BE JOINED. 



Then, in a similar manner to the preceding, 



WE CAN PROVE THAT; 

BA, AFare rational straight lines 
commensurable, in square, only. 

And since, 

as DC is to CE, 

SO IS THE SQUARE, ON BA, TO THE SQUARE, ON AF, 

[v. 19, Por. in. 31,1. 47] 

THEREFORE, CONVERTENDO, 

as CD is to DE, 

so is the square, on ab, to the square, on bf. 

But, 

cd has not to de, the ratio which, 

a square number has to a square number; 

therefore, neither has 

the square, on ab, to the square, on bf, 

the ratio which, 

a square number has to a square number; 

[x.9] 

therefore, 

ab is incommensurable, in length, with bf. 

And, 

the square, on ab, is greater than 

the square, on af, by 

the square, on fb, incommensurable with ab. 

Therefore, 

AB, AFare rational straight lines 

COMMENSURABLE, IN SQUARE, ONLY, AND 
THE SQUARE, ON AB, IS GREATER THAN 
THE SQUARE, ON AF, BY THE SQUARE, ON FB, 
INCOMMENSURABLE, IN LENGTH, WITH AB. 

Q.E. D. 
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Proposition 31. 

to find two medial straight lines commensurable in 
square, only, containing a rational rectangle, and such 
that the square, on the greater is greater than the square, 
on the less by the square, on a straight line commensurable 
in length with the greater. 
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Let, 

there be set out two rational straight lines, a, b, 
commensurable, in square, only 

[x. 29] 

and, such that; 

the square, on a, being the greater, 

is greater than the square, on b, 

the less, by the square, on 

a straight line commensurable, in length, with a. 

And let, 

the square, on c, be equal to the rectangle, a, b. 

[x.21] 

Now, 

THE RECTANGLE, A, B, IS MEDIAL; 

THEREFORE, 

THE SQUARE, ON C, IS, ALSO, MEDIAL; 

[x.21] 

THEREFORE, 

CIS, ALSO, MEDIAL. 



Let, 

the rectangle, c, d, be equal to the square, on b. 

Now, 

the square, on b, is rational; 

therefore, 

the rectangle, c, d, is, also, rational. 

And since, 
as a is to b, 

so is the rectangle, a, b, to the square, on b, while 
the square, on c, = the rectangle, a, b, and 
the rectangle, c, d, = the square, on b, 

therefore, 
as a is to b, 
so is the square, on c, to the rectangle, c, d. 

But, 

as the square, on c, is to the rectangle, c, d, 
so is CtoD; 

THEREFORE ALSO, 
AS A IS TO B, 

SO IS CtoD. 

But, 

a is commensurable with b, in square, only; 

[X. 11] 

therefore, 

cis, also, commensurable with d, in square, only. 

And, 

C is medial; 

[x. 23, addition] 

THEREFORE, 

DlS, ALSO, MEDIAL. 

And since, 
as a is to b, 
so is CtoD, and 

THE SQUARE, ON A, IS GREATER THAN 

THE SQUARE, ON B, BY 

THE SQUARE, ON A STRAIGHT LINE COMMENSURABLE WITH A, 

[x.14] 

THEREFORE ALSO, 

THE SQUARE, ON C, IS GREATER THAN 



the square, on d, by 

the square, on a straight line commensurable with c. 

Therefore, 

two medial straight lines, c, d, 

commensurable, in square, only, and 

containing a rational rectangle, have been found, and 

the square, on c, is greater than 

the square, on d, by the square, on a straight line 

commensurable, in length, with c. 

[x. 30] 

Similarly also, it can be proved that; 
the square, on c, exceeds 
the square, on d, by 
the square, on a straight line incommensurable with c, 

WHEN, 

THE SQUARE, ON A, IS GREATER THAN 

THE SQUARE, ON B, BY 

THE SQUARE, ON A STRAIGHT LINE INCOMMENSURABLE WITH A. 



Proposition 32. 

to find two medial straight lines commensurable, in 
square, only, containing a medial rectangle, and such that 
the square, on the greater is greater than the square, on 
the less by the square, on a straight line commensurable 
with the greater. 



A 

B 
C 

D 

E 



E C BD A 





B 



A = 5.00000 
B = 4.08248 
C = 3.72678 
D = 4.51801 
E = 3.36753 
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— = 1.50000 
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Vd 2 -e 2 

= 0.66667 

D 



[x. 29] 

Let, 

there be set out three rational straight lines, a, b, c, 

commensurable, in square, only, and such that; 

the square, on a, is greater than 

the square, on c, by 

the square, on a straight line commensurable with a, 

AND LET, 

the square, on d, be equal to 
the rectangle, a, b. 

Therefore, 

the square, on d, is medial; 

[x.21] 



THEREFORE, 

DlS, ALSO, MEDIAL. 

Let, 

the rectangle, d, e, be equal to 
the rectangle, b, c. 

Then since, 

as the rectangle, a, b, is to 
the rectangle, b, c, 
so is a to c, 

WHILE, 

the square, on d, = 
the rectangle, a, b, and 
the rectangle d, e = 
the rectangle b, c, 

therefore, 
as a is to c, 

so is the square, on d, to 
the rectangle d, e. 

But, 

as the square, on d, is to 
the rectangle, d, e, 
so is D to E; 

THEREFORE ALSO, 
AS A IS TO C, 

so is D to E. 

But 

a is commensurable with c, in square, only; 

[X. 11] 

THEREFORE, 

D IS, ALSO, COMMENSURABLE WITH E, IN SQUARE, ONLY. 

[x. 23, addition] 

But, 

D is medial; 

THEREFORE, 

ElS, ALSO, MEDIAL. 

And, since, 
as A is to C, 
so is D to E, 

WHILE, 



THE SQUARE, ON A, IS GREATER THAN 

THE SQUARE, ON C, BY 

THE SQUARE, ON A STRAIGHT LINE COMMENSURABLE WITH A, 

[x. 14] 

THEREFORE ALSO, 

THE SQUARE, ON D, WILL BE GREATER THAN 

THE SQUARE, ON E, BY 

THE SQUARE, ON A STRAIGHT LINE COMMENSURABLE WITH D. 

I SAY NEXT THAT; 

THE RECTANGLE D, E IS, ALSO, MEDIAL. 

[x.21] 

For, since, 

the rectangle, b, c, = 
the rectangle, d, e, 

WHILE, 

the rectangle, b, c, is medial, 

therefore, 

the rectangle, d, e, is, also, medial. 

Therefore, 

two medial straight lines, d, e, 

commensurable, in square, only, and 

containing a medial rectangle, 

have been found such that 

the square, on the greater is greater than 

the square, on the less by the square, on a straight 

LINE 

COMMENSURABLE WITH THE GREATER. 

[x. 30] 

Similarly again, it can be proved that; 
the square, on d, is greater than 
the square, on e, by 

the square, on a straight line incommensurable with d, 
when the square, on a, is greater than 
the square, on c, by 
the square, on a straight line incommensurable with a. 



Lemma. 

Let ABC be a right-angled triangle having zA, right, 

AND LET THE PERPENDICULAR, AD, BE DRAWN; 




E = BD x DC 
F = BC x BD 
G = BC x AD 
1 H = BC x CD 
K = BA x AC 
L = ROOT E 
M = ROOT F 
N = ROOT G 
P = ROOT H 
Q = ROOT K 



ABM = 0.00000 
AC-P = 0.00000 
AD-L = 0.00000 
N-Q = 0.00000 



i say that; 

the rectangle, cb, bd, = the square, on ba, 

the rectangle, bc, cd, equal to the square, on ca, 

the rectangle, bd, dc, equal to the square, on ad, 

and, further, 

the rectangle, bc, ad, equal to 
the rectangle, ba, ac. 

And first that; 

the rectangle, cb, bd, = 
the square, on ba. 

For, since, 

in a right-angled triangle, ad, has been drawn 
from the right angle perpendicular to the base, 

[VI. 8] 
THEREFORE, 



the triangles, abd, adc, are similar both to 
the whole, abc, and to one another. 

And since, 

AABC, is similar to AABD, 

[vi. 4] 

THEREFORE, 

as CB is to BA, 
so is BA to BD; 

[vi. 17] 

therefore, 

the rectangle, cb, bd, = 
the square, on ab. 

For the same reason, 

the rectangle, bc, cd, = 
the square, on ac. 

[VI. 8, POR.] 

And since, 

if in a right-angled triangle a perpendicular be drawn 
from the right angle to the base, 
the perpendicular so drawn is a mean proportional 
between the segments of the base, 

therefore, 

as BD is to DA, 
so is AD to DC; 

[vi. 17] 

therefore, 

the rectangle, bd, dc, = the square, on ad. 

i say that; 

the rectangle, bc, ad, = 
the rectangle, ba, ac. 

For since, as we said, 
abc is similar to abd, 

[vi. 4] 

THEREFORE, 

as BC is to CA, 
so is BA to AD. 

[vi. 16] 

Therefore, 



THE RECTANGLE, BC, AD, = 
THE RECTANGLE, BA, AC. 

Q.E. D. 



Proposition 33. 

to find two straight lines incommensurable, in square, 
which make the sum of the squares on them rational but the 
rectangle contained by them medial. 




= 3.25 



= 1.44444 



[x. 30] 

Let, 

there be set out two rational straight lines, 

ab, bc, commensurable, in square, only 

and such that; 

the square, on the greater ab, is greater than 
the square, on the less bc, by 
the square, on a straight line, 
incommensurable with ab, 



LET, 



BC BE BISECTED AT D, 



LET, 



THERE BE APPLIED TO AB, A PARALLELOGRAM EQUAL TO 

THE SQUARE, ON EITHER OF 

THE STRAIGHT LINES, BD, DC, AND 

DEFICIENT BY A SQUARE FIGURE, 



[vi. 28] 

AND LET, 

IT BE THE RECTANGLE, AE, EB; 

LET, 

THE SEMICIRCLE, AFB, BE DESCRIBED ON AB, 

LET, 

EF BE DRAWN AT RIGHT ANGLES TO AB, 

AND LET, 

af, fb be joined. 

Then, since, 

ab, bc are unequal straight lines, and, 

the square, on ab, is greater than 

the square, on bc, by 

the square, on a straight line 

incommensurable with ab, while 

there has been applied to ab, 

a parallelogram equal to the fourth part of 

the square, on bc, 

THAT IS, 

TO THE SQUARE, ON HALF OF IT, AND 
DEFICIENT BY A SQUARE FIGURE, 
MAKING THE RECTANGLE AE, EB, 

[x. 18] 

therefore, 

ae is incommensurable with eb. and 

as ae is to eb, 

so is the rectangle, ba, ae, to 

the rectangle, ab, be, while 

the rectangle, ba, ae, = 

the square, on af, and 

the rectangle, ab, be, to the square, on bf; 

therefore, 

the square, on af, is incommensurable with 
the square, on fb; 

therefore, 

af, fb are incommensurable, in square. 

And, since, 

ab is rational, 

[I. 47] 

THEREFORE, 



the square, on ab, is, also, rational; so that 

the sum of the squares, on af, fb, is, also, rational. 

And since, again, 

the rectangle, ae, eb, = 

the square, on ef, and, by hypothesis, 

the rectangle, ae, eb, = 

the square, on bd, 

therefore, 
EF=BD; 

THEREFORE, 

BC IS DOUBLE OF FE, 

SO THAT, 

THE RECTANGLE, AB, BC, IS, ALSO, COMMENSURABLE WITH 
THE RECTANGLE, AB, EF. 

[X.21] 

But, 

the rectangle, ab, bc, is medial; 

[x. 23, Por.] 

therefore, 

the rectangle, ab, ef, is, also, medial. 

[Lemma] 

But, 

the rectangle, ab, ef, = 
the rectangle, af, fb; 

therefore, 

the rectangle, af, fb, is, also, medial. 

But, 

it was, also, proved that the sum of 

the squares on these straight lines is rational. 

Therefore, 

two straight lines, af, fb, 

incommensurable, in square, 

have been found which make the sum of 

the squares on them rational, but 

the rectangle contained by them medial. 

Q.E. D. 



AEAF AB 

, -J-J- 1 




AF AB 



Proposition 34. 

to find two straight lines incommensurable, in square, 
which make the sum of the squares on them medial but the 
rectangle contained by them rational. 




AB'BC 
ABAF-AD 2 = 0.00000 cm 2 = 2.00000 



AB BF-BD 2 = 0.00000 cm 2 



ABDF 
ABDF-ADBD = 0.00000 cm 2 



[X. 31, AD FIN.] 

Let, 

there be set out two medial straight lines, ab, bc, 
commensurable, in square, only, 

such that, 

the rectangle which they contain is rational, and 

the square, on ab, is greater than 

the square, on bc, 

by the square, on a straight line 

incommensurable with ab; 

LET, 

THE SEMICIRCLE, ADB, BE DESCRIBED, ON AB, 

LET, 

BC BE BISECTED AT E, 

[vi. 28] 

LET, 

THERE BE APPLIED TO AB, A PARALLELOGRAM EQUAL TO 
THE SQUARE, ON BE, AND DEFICIENT BY A SQUARE FIGURE, 

NAMELY, 

THE RECTANGLE AF, FB\ 

[X. 18] 

THEREFORE, 

APIS INCOMMENSURABLE, IN LENGTH, WITH FB. 



Let, 



FD BE DRAWN, FROM F, AT RIGHT ANGLES, TO AB, 



AND LET, 

ad, db be joined. 

Since, 

af is incommensurable, in length, with fb, 

[X. 11] 

therefore, 

the rectangle, ba, af, is, also, incommensurable with 
the rectangle, ab, bf. 

But, 

the rectangle, ba, af, = 

the square, on ad, and 

the rectangle, ab, bf, to the square, on db; 

therefore, 

the square, on ad, is, also, incommensurable with 
the square, on db. 

And, since, 

the square, on ab is medial, 

[in. 31,1. 47] 

therefore, 

the sum of the squares, on ad, db, is, also, medial. 

And, since, 

bc is double of df, 

therefore, 

the rectangle, ab, bc, is, also, double of 
the rectangle, ab, fd. 

But, 

the rectangle, ab, bc, is rational; 

[x.6] 

therefore, 

the rectangle, ab, fd, is, also, rational. 

[Lemma] 

But, 

the rectangle, ab, fd, = 
the rectangle, ad, db; 

SO THAT, 

the rectangle, ad, db, is, also, rational. 

Therefore, 

two straight lines, ad, db, 



INCOMMENSURABLE, IN SQUARE, HAVE BEEN FOUND WHICH 
MAKE THE SUM OF THE SQUARES ON THEM MEDIAL, 

BUT, 

THE RECTANGLE CONTAINED BY THEM RATIONAL. 

Q.E. D. 



Proposition 35. 

to find two straight lines incommensurable, in square, 
which make the sum of the squares on them medial and the 
rectangle contained by them medial and moreover 
incommensurable with the sum of the squares on them. 



AB-BC 

ABAF-AD 2 = 0.00000 cm 2 = 2.00000 

AB-DF 

AB BF-BD 2 = 0.00000 cm 2 A „ „„ A „ „^ n nnnnn o 

AB-DF- AD-BD = 0.00000 cm 2 

[x. 32, AD fin] 

Let, 

there be set out two medial straight lines, ab, bc, 
commensurable, in square, only, 
containing a medial rectangle, 

and such that, 

the square, on ab, is greater than 

the square, on bc, by the square, on 

a straight line incommensurable with ab; 

LET, 

THE SEMICIRCLE, ADB, BE DESCRIBED, ON AB, 

AND LET, 

THE REST OF THE CONSTRUCTION BE AS ABOVE. 

[x. 18] 

Then, since, 

af is incommensurable, in length, with fb, 

[X. 11] 

ad is, also, incommensurable, in square, with db. 

And, since, 

the square, on ab, is medial, 

[in. 31,1. 47] 

THEREFORE, 
THE SUM OF 
THE SQUARES, ON AD, DB, IS, ALSO, MEDIAL. 



And, since, 

the rectangle, af, fb, = 

the square, on each, of the straight lines, be, df, 

therefore, 
BE = DF; 

THEREFORE, 

BC IS DOUBLE OF FD, 

SO THAT, 

the rectangle, ab, bc, is, also, double of 
the rectangle, ab, fd. 

But, 

the rectangle, ab, bc, is medial; 

[x. 32, Por.] 

THEREFORE, 

THE RECTANGLE, AB, FD, IS, ALSO, MEDIAL. 

[Lemma after x. 32] 

And, 

it = the rectangle, ad, db; 

therefore, 

the rectangle, ad, db, is, also, medial. 

And, since, 

ab is incommensurable, in length, with bc, while 
cb is commensurable with be, 

[x. 13] 

THEREFORE, 

AB IS, ALSO, INCOMMENSURABLE, IN LENGTH, WITH BE, 

[X. 11] 

SO THAT, 

THE SQUARE, ON AB, IS, ALSO, INCOMMENSURABLE WITH 
THE RECTANGLE, AB, BE. 

[I. 47] 

But, 

the squares, on ad, db, are equal to 

the square, on ab, and 

the rectangle, ab, fd, that is 

the rectangle, ad, db, = 

the rectangle, ab, be; 

therefore, 



the sum of 

the squares, on ad, db, is incommensurable 

with the rectangle, ad, db. 

Therefore, 

two straight lines, ad, db, 

incommensurable, in square, 

have been found which make the sum of 

the squares on them medial and 

the rectangle contained by them medial and 

moreover incommensurable with 

the sum of the squares on them. 

Q.E. D. 



Proposition 36. 

If two rational straight lines commensurable, in square, 
only be added together, the whole is irrational; and let it 
be called binomial. 

AB = 1.73205 AB ABBC 
BC= 1.41421 



= 0.00000 




For let, 

two rational straight lines, ab, bc, 
commensurable, in square, only, be added together; 

i say that; 

the whole, ac, is irrational. 

For, since, 

ab is incommensurable, in length, with bc — 

FOR, 

THEY ARE COMMENSURABLE, IN SQUARE, ONLY — AND 

as AB is to BC, 

SO IS THE RECTANGLE AB, BC TO THE SQUARE, ON BC, 

[X. 11] 

THEREFORE, 

THE RECTANGLE, AB, BC, IS INCOMMENSURABLE WITH 
THE SQUARE, ON BC. 

[x.6] 

But, 

twice the rectangle, ab, bc, is commensurable with 
the rectangle, ab, bc, and 

the squares, on ab, bc, are commensurable with 
the square, on bc — 

[x. 15] 



FOR, 

AB, BC ARE RATIONAL STRAIGHT LINES 
COMMENSURABLE, IN SQUARE, ONLY — 

[x. 13] 

therefore, 

twice the rectangle, ab, bc, is incommensurable 
with the squares, on ab, bc. 

And, componendo, 

twice the rectangle, ab, bc, together with 
the squares, on ab, bc, 

[ii. 4] 

THAT IS, 

[x. 16] 

the square, on ac, is incommensurable with 
the sum of the squares, on ab, bc. 

But, 

the sum of the squares, on ab, bc, is rational; 

therefore, 

the square, on ac, is irrational, 

[X. DEF. 4] 
SO THAT, 

ac is, also, irrational. 

And let it be called binomial. 



Proposition 37. 

If two medial straight lines commensurable, in square, 
only and containing a rational rectangle be added 
together, the whole is irrational; and let it be called a 
first bimedial straight line. 




= 0.00000 



n "R 

— - — = 0.00000 
B m 

B Dm 2 = 0.00000 



For let, 

two medial straight lines, ab, bc, 

commensurable, in square, only and 

containing a rational rectangle be added together; 

i say that; 

the whole, ac, is irrational. 

For, since, 

ab is incommensurable, in length, with bc, 

[cf. x. 36, ii. 9—20] 

THEREFORE, 

THE SQUARES, ON AB, BC, ARE, ALSO, INCOMMENSURABLE 
WITH TWICE THE RECTANGLE, AB, BO, AND, COMPONENDO, 
THE SQUARES, ON AB, BC, 
TOGETHER WITH TWICE THE RECTANGLE, AB, BC, 

[II. 4] 

THAT IS, 

THE SQUARE, ON AC, 



[x. 16] 

is incommensurable with the rectangle, ab, bc. 

But, 

the rectangle, ab, bc, is rational, 

for, by hypothesis, 

ab, bc are straight lines 
containing a rational rectangle; 

[X. DEF. 4] 

therefore, 

the square, on ac is irrational; 

therefore, 

ac is irrational. 

And let, 

it be called a first bimedial straight line. 

Q.E. D. 



Proposition 38. 

If two medial straight lines commensurable, in square, 
only and containing a medial rectangle be added together, 
the whole is irrational; and let it be called a second 
bimedial straight line. 
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AC 2 -DG DE = 0.00000 cm 2 
(AB 2 +BC 2 )-DE DH = 0.00000 cm 2 
2 AB BC-HG DE = 0.00000 cm 2 



ABBC 



For let, 

two medial straight lines, ab, bc, 

commensurable, in square, only, and 

containing a medial rectangle be added together; 

i say that; 

ac is irrational. 

For let, 

a rational straight line, de, be set out, 

[I. 44] 

AND LET, 

THE PARALLELOGRAM, DF, EQUAL TO 
THE SQUARE, ON AC, BE APPLIED TO DE, 
PRODUCING DG, AS BREADTH. 

[II. 4] 

Then, since, 

the square, on ac, = 

the squares, on ab, bc, and 



TWICE THE RECTANGLE, AB, BC, 
LET, 

eh, equal to the squares, on ab, bc, 
be applied to de; 

therefore, 

the remainder, 

hf= twice the rectangle, ab, bc. 

And, since, 

each, of the straight lines, ab, bc, is medial, 

therefore, 

the squares, on ab, bc, are, also, medial. 

But, by hypothesis, 

twice the rectangle, ab, bc, is, also, medial. and 
eh = the squares, on ab, bc, while 
fh = twice the rectangle, ab, bo, 

therefore, 

each, of the rectangles, eh, hf, is medial. and 
they are applied to the rational straight line, de; 

[X. 22] 

therefore, 

each, of the straight lines, dh, hg, is rational and 
incommensurable, in length, with de. 

Since then, 

ab is incommensurable, in length, with bc, and 

AS AB IS TO BC, 

SO IS THE SQUARE, ON AB, TO THE RECTANGLE, AB, BC, 

[X. 11] 

THEREFORE, 

THE SQUARE, ON AB, IS INCOMMENSURABLE WITH 
THE RECTANGLE, AB, BC. 

[x. 15] 

But, the sum of 

the squares, on ab, bc, is commensurable with 
the square, on ab, 

[x.6] 

AND, TWICE 

THE RECTANGLE, AB, BC, IS COMMENSURABLE WITH 
THE RECTANGLE AB, BC. 

[x. 13] 



Therefore, the sum of 

the squares, on ab, bc, is incommensurable with twice 
the rectangle, ab, bc. 

But, 

eh = the squares, on ab, bc, and 
hf = twice the rectangle, ab, bc. 

Therefore, 

eh is incommensurable with hf, 

[VI. 1,X. 11] 
SO THAT, 

dhls, also, incommensurable, in length, with hg. 

Therefore, 

dh, hg are rational straight lines 
commensurable, in square, only; 

[x. 36] 

SO THAT, 

DG IS IRRATIONAL. 

[cf. x. 20] 

But, 

DE is rational; and 

THE RECTANGLE CONTAINED BY AN IRRATIONAL, AND 
A RATIONAL STRAIGHT LINE IS IRRATIONAL; 

[X. DEF. 4] 

therefore, 

the area, df, is irrational, and 

the side of the square equal to it is irrational. 

But, 

ac is the side of the square equal to df, 

therefore, 

ac is irrational. 

And let, 

it be called a second bimedial straight line. 

Q.E. D. 
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A= 1.41421 
B = 1.73205 
C = 2.23607 
D = 1.56508 
E = 2.02052 



= 0.60000 
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(AB 2 +BC 2 )-DH DE = 0.00000 cm 2 A c 



A B-D 2 = 0.00000 



DE 



= 1.00000 



Proposition 39. 

If two straight lines incommensurable, in square, which 
make the sum of the squares on them rational, but the 
rectangle contained by them medial, be added together, the 
whole straight line is irrational; and let it be called 

MAJOR. 




[x. 33] 

For, 

let two straight lines, ab, bc, 

incommensurable, in square, and 

fulfilling the given conditions, be added together; 

i say that; 

ac is irrational. 

[X. 6 AND 23, POR.] 

For, since, 

the rectangle, ab, bc, is medial, twice 
the rectangle, ab, bc, is, also, medial. 



But, the sum of 

the squares, on ab, bc, is rational; 

therefore, twice 

the rectangle, ab, bc, is incommensurable with 
the sum of the squares, on ab, bc, 

[x. 16] 

SO THAT, 

THE SQUARES, ON AB, BC, TOGETHER WITH TWICE 
THE RECTANGLE, AB, BC, THAT IS 

THE SQUARE, ON AC, IS, ALSO, INCOMMENSURABLE WITH 
THE SUM OF THE SQUARES, ON AB, BO, 

THEREFORE, 

THE SQUARE, ON AC, IS IRRATIONAL, 

[X. DEF. 4] 

SO THAT, 

ac is, also, irrational. 

And let, 

it be called major. 

Q.E. D. 



Proposition 40. 

If two straight lines 

- ? ° incommensurable, in square, which 



MAKE THE SUM OF THE SQUARES ON THEM 
MEDIAL, BUT THE RECTANGLE CONTAINED BY THEM RATIONAL, BE 
ADDED TOGETHER, THE WHOLE STRAIGHT LINE IS IRRATIONAL; AND 
LET IT BE CALLED THE SIDE OF A RATIONAL PLUS A MEDIAL AREA. 

[x. 34] 

For let, 

two straight lines, ab, bc, 

incommensurable, in square, and 

fulfilling the given conditions, be added together; 

i say that; 

ac is irrational. 

For, since, 

the sum of the squares, on ab, bc, is medial, while 
twice the rectangle, ab, bc, is rational, 

therefore, the sum of 

the squares, on ab, bc, is incommensurable 
with twice the rectangle, ab, bo, 

[x. 16] 

SO THAT, 

the square, on ac, is, also, 
incommensurable with twice 
the rectangle, ab, bc. 

But, 

twice the rectangle, ab, bc, is rational; 

therefore, 

the square, on ac, is irrational. 

[X. DEF. 4] 

Therefore, 

ac is irrational. 

And let, 

it be called the side of a rational plus a medial area. 

Q.E. D. 



Proposition 41. 




-r 



If two straight lines incommensurable, 
in square, which make the sum of the 
squares on them medial, and the 
rectangle contained by them medial and, 
also, incommensurable with the sum of 
the squares on them, be added together, 
the whole straight line is irrational; and 
let it be called the side of the sum of 
two medial areas. 

[x. 35] 
For let, 



two straight lines ab, bc, 

incommensurable, in square, and 

satisfying the given conditions be added together; 

i say that; 

ac is irrational. 

Let, 

a rational straight line, de, be set out, 

and let, there be applied to de, 
the rectangle, df, equal to 
the squares, on ab, bc, and 
the rectangle, gh, equal to twice 
the rectangle, ab, bo, 

[II. 4] 

THEREFORE, 

THE WHOLE, DH, = THE SQUARE, ON AC. 

NOW, SINCE, THE SUM OF 

THE SQUARES, ON AB, BC, IS MEDIAL, AND 

-DF, 

THEREFORE, 

DFlS, ALSO, MEDIAL. 

[X. 22] 

And, 

it is applied to the rational straight line, de; 

therefore, 

dg is rational and 
incommensurable, in length, with de. 



For, the same reason 

gkls, also, rational, and 
incommensurable, in length, with gf, 

THAT IS, 

DE. 

And, since, 

the squares, on ab, bc, are incommensurable with 
twice the rectangle ab, bc, 
dfls incommensurable with gh; 

[VI. 1,X. 11] 

SO THAT, 

DGlS, ALSO, INCOMMENSURABLE WITH GK. AND 
THEY ARE RATIONAL; 

THEREFORE, 

DG, GK ARE RATIONAL STRAIGHT LINES 
COMMENSURABLE, IN SQUARE, ONLY; 

[x. 36] 

therefore, 

dkls irrational and what is called binomial, 

But, 

DE is rational; 

[x. Def. 4] 

therefore, 

dh is irrational, and 

the side of the square which = it is irrational. 

But, 

ac is the side of the square equal to hd; 

therefore, 

ac is irrational. 

And let, 

it be called the side of the sum of two medial areas. 

Q.E. D. 

Lemma. 

And that the aforesaid irrational straight lines are 

divided only in one way 



A DEC B INTO THE STRAIGHT LINES OF 

WHICH THEY ARE THE SUM 
AND WHICH PRODUCE THE TYPES IN QUESTION, WE WILL NOW 
PROVE AFTER PREMISING THE FOLLOWING LEMMA. 



Let, 

the straight line, ab, be set out, 

LET, 

THE WHOLE BE CUT INTO UNEQUAL PARTS 
AT EACH, OF THE POINTS, C, D, 

AND LET, 

ac be supposed greater than db; 

i say that; 

the squares, on ac, cb, are greater than 
the squares, on ad, db. 

For let, 

ab be bisected at e. 

Then, since, 

ac is greater than db, 

LET, 

dc be subtracted from each; 

therefore, 

the remainder, ad, is greater than 
the remainder, cb. 

But, 

AE = EB; 

THEREFORE, 

DE IS LESS THAN EC; 

THEREFORE, 

THE POINTS, C, D, ARE NOT EQUIDISTANT FROM 
THE POINT OF BISECTION. 

[ii. 5] 

And, since, 

the rectangle, ac, cb, together with 
the square, on ec, = 
the square, on eb, 

[ID.] 

AND, FURTHER, 

THE RECTANGLE, AD, DB, TOGETHER WITH 
THE SQUARE, ON DE, = 
THE SQUARE, ON EB, 

THEREFORE, 

THE RECTANGLE, AC, CB, TOGETHER WITH 



the square, on ec, = 

the rectangle, ad, db, 

together with the square, on de. and of these 

the square, on de, is less than 

the square, on ec; 

therefore, 

the remainder, 

the rectangle, ac, cb, is, also, less than 

the rectangle, ad, db, 

so that, twice 

the rectangle, ac, cb, is, also, less than twice 
the rectangle, ad, db. 

Therefore, also, 
the remainder, 

the sum of the squares, on ac, cb, is greater than 
the sum of the squares, on ad, db. 

Q.E. D. 



Proposition 42. 

a binomial straight line is divided into its terms at one 

i POINT ONLY. 

A C B 

Let, 

ab, be a binomial straight line 
divided into its terms at c; 

[x. 36] 

therefore, 

ac, cb are rational straight lines 
commensurable, in square, only. 

i say that; 

ab is not divided at another point into 
two rational straight lines 
commensurable, in square, only. 

For, if possible, let, 
it be divided at d also, 

SO THAT, 

ad, db are, also, rational straight lines 
commensurable, in square, only. 

It is then manifest that, 

ac is not the same with db. 

For, if possible, let, 

IT BE SO. 

Then, 

ad will, also, be the same as cb, and 

AS AC IS TO CB, 

so will BD be to DA; 

THUS, 

ab will be divided at d, also, 

in the same way as by the division at o. which 

is contrary to the hypothesis. 

Therefore, 

ac is not the same with db. 

For this reason also, 

the points, c, d, are not equidistant from 
the point, of bisection. 

Therefore, that by which 

the squares, on ac, cb, differ from 

the squares, on ad, db, is, also, that by which twice 



THE RECTANGLE, AD, DB, DIFFERS FROM TWICE 
THE RECTANGLE, AC, CB, 

[II. 4] 

because both, 

the squares, on ac, cb, together with twice 

the rectangle, ac, cb, and 

the squares, on ad, db, together with twice 

the rectangle, ad, db, are equal to 

the square, on ab. 

But, 

the squares, on ac, cb, differ from 

the squares, on ad, db, by a rational area, 

FOR, 

BOTH ARE RATIONAL; 

THEREFORE, TWICE 

THE RECTANGLE, AD, DB, ALSO, DIFFERS FROM TWICE 
THE RECTANGLE, AC, CB, BY A RATIONAL AREA, 

[x.21] 

THOUGH, 

THEY ARE MEDIAL: 

WHICH, 

IS ABSURD, 

[x. 26] 

FOR, 

a medial area does not exceed 
a medial by a rational area. 

Therefore, 

a binomial straight line is not divided 
at different points; 

therefore, 

it is divided at one point only. 

Q.E. D. 



Proposition 43. 



A FIRST BIMEDIAL STRAIGHT LINE 
~B IS DIVIDED AT ONE POINT ONLY. 



[x. 37] 

Let, 

ab be a first bimedial straight line, 
divided at c, 

SO THAT, 

ac, cb are medial straight lines 
commensurable, in square, only, and 
containing a rational rectangle; 

i say that; 

ab is not so divided at another point. 

For, if possible, let, 

it be divided, at d, also, 

SO THAT, 

ad, db are, also, medial straight lines 
commensurable, in square, only, and 
containing a rational rectangle. 

Since, then, 

that by which twice 

the rectangle, ad, db, differs from twice 

the rectangle ,ac, cb, is that by which 

the squares, on ac, cb, differ from 

the squares, on ad, db, while twice 

the rectangle, ad, db, differs from twice 

the rectangle, ac, cb, by a rational area — 

FOR, 

BOTH ARE RATIONAL — 

THEREFORE, 

THE SQUARES, ON AC, CB, ALSO, DIFFER FROM 
THE SQUARES, ON AD, DB, BY A RATIONAL AREA, 

THOUGH, 

THEY ARE MEDIAL: 

[x. 26] 

WHICH, 

is absurd. 
Therefore, 



A FIRST BIMEDIAL STRAIGHT LINE IS NOT DIVIDED 
INTO ITS TERMS AT DIFFERENT POINTS; 

THEREFORE, 

IT IS SO DIVIDED AT ONE POINT ONLY. 



Proposition 44. 

a second bimedial straight line is divided at one point 

ONLY. 

A D C B 

1 1 — — 

M H N 



' ~L Q » 



[x. 38] 

Let, 

ab be a second bimedial straight line, 
divided at c, 

SO THAT, 

AC, CB ARE MEDIAL STRAIGHT LINES, 
COMMENSURABLE, IN SQUARE, ONLY, AND 
CONTAINING A MEDIAL RECTANGLE; 

IT IS THEN MANIFEST THAT; 

C IS NOT AT THE POINT OF BISECTION, 

BECAUSE, 

the segments are not commensurable, in length. 

i say that; 

ab is not so divided at another point. 

For, if possible, let, 
it be divided at d also, 

SO THAT, 

AC IS NOT THE SAME WITH DB, 

BUT, 

AC is supposed greater; 

[Lemma] 

it is then clear that; as we proved above, 

the squares, on ad, db, are, also, less than 
the squares, on ac, cb; 

and suppose that; 

ad, db are medial straight lines 
commensurable, in square, only, and 
containing a medial rectangle. 

NOW LET, 



A RATIONAL STRAIGHT LINE, EF, BE SET OUT, 

LET, 

THERE BE APPLIED, TO EF, 

THE RECTANGULAR PARALLELOGRAM, EK, EQUAL TO 

THE SQUARE ,ON AB, 

AND LET, 

EG EQUAL TO THE SQUARES, ON AC, CB, 

BE subtracted; 

[ii. 4] 

therefore, 

the remainder, hk, = twice 
the rectangle, ac, cb. 

Again, let, 

there be subtracted el, equal to 
the squares, on ad, db, 

[Lemma] 

which, were proved less than 
the squares, on ac, cb; 

therefore, 

the remainder, mk, = twice 
the rectangle, ad, db. 

now, since, 

the squares, on ac, cb, are medial, 

therefore, 

EG is medial. And 

IT IS APPLIED TO THE RATIONAL STRAIGHT LINE, EF; 
[X. 22] 

therefore, 

eh is rational and 
incommensurable, in length, with ef. 

For the same reason, 

hnls, also, rational and 
incommensurable, in length, with ef. 

And, since, 

ac, cb are medial straight lines, 
commensurable, in square, only, 

therefore, 

ac is incommensurable, in length, with cb. 

But, 



AS AC IS TO CB, 

SO IS THE SQUARE, ON AC, TO THE RECTANGLE, AC, CB; 

[X. 11] 

therefore, 

the square, on ac, is incommensurable with 
the rectangle, ac, cb. 

But, 

the squares, on ac, cb, are commensurable with 
the square, on ac; 

[x.5] 

FOR, 

AC, CB ARE COMMENSURABLE, IN SQUARE. 

[x.6] 

And, 

twice the rectangle, ac, cb, is commensurable 
with the rectangle, ac, cb. 

[x. 13] 

Therefore, 

the squares, on ac, cb, are, also, 
incommensurable with twice 
the rectangle, ac, cb. 

But, 

eg = the squares, on ac, cb, and, 
hk= twice the rectangle, ac, cb; 

therefore, 

eg is incommensurable with hk, 

[VI. 1,X. 11] 
SO THAT, 

eh is, also, incommensurable, in length, with hn. 

And, 

they are rational; 

therefore, 

eh, hn are rational straight lines 
commensurable, in square, only. 

[x. 36] 

But, 

if two rational straight lines 

commensurable, in square, only, be added together, 



the whole is the irrational which is called binomial. 

Therefore, 

en is a binomial straight line divided at h. 

In the same way, 

em, mn will, also, be proved to 
be rational straight lines 
commensurable, in square, only; and 
en will be a binomial straight line, 
divided at different points, hand m. 

And, 

eh is not the same with mn 

For, 

the squares, on ac, ce, are greater than 
the squares, on ad, db. 

But, 

the squares, on ad, db, are greater than twice 
the rectangle, ad, db) 

therefore, 

also the squares, on ac, cb, 

THAT IS, 

EG, ARE MUCH GREATER THAN TWICE 
THE RECTANGLE, AD, DB, 

THAT IS, 
MK, 

SO THAT, 

eh is, also, greater than mn 

Therefore, 

eh is not the same with mn 



Q.E. D. 



Proposition 45. 

d c a major straight line is 

s divided at one and the same point 

ONLY. 



H h 



[x. 39] 

Let, 

ab be a major straight line divided at c, 

SO THAT, 

AC CB ARE INCOMMENSURABLE, IN SQUARE, AND 

MAKE THE SUM OF 

THE SQUARES, ON AC, CB, RATIONAL, 

BUT, 

the rectangle, ac, cb, medial; 

i say that; 

ab is not so divided at another point. 

For, if possible, let, 
it be divided at d also, 

SO THAT, 

ad, db are, also, incommensurable, in square, and 

make the sum of 

the squares, on ad db, rational, but 

the rectangle contained by them medial. 

Then, since, that by which 

the squares, on ac, cb, differ from 

the squares, on ad, db, is, also, that by which twice 

the rectangle, ad, db, differs from twice 

the rectangle, ac, cb, while 

the squares, on ac, cb, exceed 

the squares, on ad, db, by a rational area — 

FOR, 

BOTH ARE RATIONAL — 

THEREFORE, TWICE 

THE RECTANGLE, AD, DB, ALSO, EXCEEDS TWICE 
THE RECTANGLE, AC, CB, BY A RATIONAL AREA, 

THOUGH, 

THEY ARE MEDIAL: 

[x. 26] 

WHICH, 



is impossible. 

Therefore, 

a major straight line is not divided at different points; 

therefore, 

it is only divided at one and the same point. 

Q.E. D. 



Proposition 46. 

The side of a rational plus a 
. ...j medial area is divided at one point 

ADC B 

W ONLY. 

[x. 40] 

Let, 

ab be the side of a rational plus 
a medial area divided at c, 

SO THAT, 

AC, CB ARE INCOMMENSURABLE, IN SQUARE, AND 
MAKE THE SUM OF THE SQUARES, ON AC, CB, MEDIAL, 

BUT, 

twice the rectangle, ac, cb, rational; 

i say that; 

ab is not so divided at another point. 

For, if possible, let, 

it be divided, at d, also, 

SO THAT, 

ad, db are, also, incommensurable, in square, and 
make the sum of the squares, on ad, db, medial, 

but, twice 

the rectangle ,ad, db, rational. 

Since then, that by which twice 

the rectangle, ac, cb, differs from twice 
the rectangle, ad, db, is, also, that by which 
the squares, on ad, db, differ from 
the squares, on ac, cb, while twice 
the rectangle, ac, cb, exceeds twice 
the rectangle, ad, db, by a rational area, 

therefore, 

the squares, on ad, db, also, exceed 
the squares, on ac, cb, by a rational area, 

THOUGH, 

THEY ARE MEDIAL: 

[x. 26] 

WHICH, 

is impossible. 
Therefore, 



THE SIDE OF A RATIONAL PLUS 

A MEDIAL AREA IS NOT DIVIDED AT DIFFERENT POINTS; 

THEREFORE, 

IT IS DIVIDED AT ONE POINT ONLY. 

Q.E. D. 



Proposition 47. 

The side of the sum of two medial areas is divided at one 
point only. 



0- 

c 




Let, 

ab be divided, at c, 

SO THAT, 

ac, cb are incommensurable, in square, and 

make the sum of 

the squares, on ac, cb, medial, and 

the rectangle, ac, cb, medial and, also, 

incommensurable with the sum of 

the squares on them; 

i say that; 

ab is not divided, at another point, 
so as to fulfil the given conditions. 

For, if possible, let, 
it be divided at d, 

so that again, 

ac is of course not the same as bd, 

BUT, 

AC is supposed greater; 

LET, 

A RATIONAL STRAIGHT LINE, EF, BE SET OUT, 

AND LET, 

THERE BE APPLIED, TO EF, 
THE RECTANGLE, EG, EQUAL TO 
THE SQUARES, ON AC, CB, AND 
THE RECTANGLE, HK, EQUAL TO TWICE 
THE RECTANGLE, AC, CB; 



[II. 4] 



therefore, 

the whole, ek, = 
the square, on ab. 

Again, let, 

el, equal to the squares, on ad, db, 
be applied to ef; 

therefore, 

the remainder, 

twice the rectangle, ad, db, = 

the remainder, mk. 

And since, by hypothesis, 

the sum of the squares, on ac, cb, is medial, 

therefore, 

eg is, also, medial. 

And, 

it is applied to the rational straight line, ef; 

[x. 22] 

therefore, 

he is rational and 
incommensurable, in length, with ef. 

For the same reason, 

hnls, also, rational and 
incommensurable, in length, with ef. 

And, since, the sum of 
the squares, on ac, cb, 

IS INCOMMENSURABLE with twice 
THE RECTANGLE, AC, CB, 

THEREFORE, 

EG IS, ALSO, INCOMMENSURABLE WITH GN, 

[VI. 1,X. 11] 

SO THAT, 

eh is, also, incommensurable with hn. 
And they are rational; 

therefore, 

eh, hn are rational straight lines, 
commensurable, in square, only; 

[x. 36] 

THEREFORE, 

EN IS A BINOMIAL STRAIGHT LINE DIVIDED, AT H. 



Similarly, we can prove that; 
it is, also, divided at m. and 
eh is not the same with mn) 

therefore, 

a binomial has been divided at different points: 

[X. 42] 
WHICH, 

is absurd. 

Therefore, 

a side of the sum of two medial areas is not divided 
at different points; 

therefore, 

it is divided at one point only. 



